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PREFACE 


Tits text presents a course in clumeutary mathematics adapted to 
the needs of students in the freshman year of an ordinary college or 
technical schoo] course, aud of students in the first year of «a junior 
college. The material of the text includes the essential and vital 
features of the work commonly covered in the past in separate courses 
in college algebra, trigonometry, and analytical geometry. 

The fundarnental idea of the development is to cmphasize the fact 
that mathematics canuot be artificially divided into compartments 
With separate labels, as we have been in the habit of doing, and to 
show the esscntial unity and harmony and interplay between the two 
great fields into which mathematics may properly be divided; viz., 
analysis and geometry. 

A further fundameutal feature of this work is the insistence upon 
illustrations drawn from fields with which the ordinary student has 
real experience. ‘Ihe authors belicve that an illustration taken froin 
life adds (0 the cultural value of the course in mathematica in which 
this illustration is discussed. Mathematics is essentially a mental 
discipline, but it is also a powerful tool of science, playing a won- 
derful part in the development of civilization. Both of these facts 
are continually emphasized iv this text and from different points of 
approach. 

The student who has in any sense mastered the material which is 
presented will at the same time, aud without great effort, have 
acquired a real appreciation of the mathematical problems of physics, 
of engineering, of the science of statistics, and of science in general. 

A distinctly new feature of the work is the introduction of series of 
“ timing exercises” in types of problems in which the student may be 
expected to develop an almost mechanical ability. The time which 
is given in the problems is wholly tentative; it is hoped, in the 
interest Of definite and scientific knowledge concernivg what may be 
expected of a freshman, that instilutions using this text will keep a 
sotnewhat detailed record of the time actually made by groups of 
their students. Tho authors invite the codperation of teachers of ele- 
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nentary college mathematics in the attempt to sccure this valuable 
nformation. The authors will make every effort to put informatiou 
hus secured at the service of the public interested. 

In general, the diagrams are carefully drawn on paper with sub- 
livisions of twenticths of un inch. It is expected that this kind of 
paper Will be used as far as possible in the graphical work, as students 
vill be Sound to acquire rapidly the ability to use intelligently this 
ype of cvdrdinate paper. Considerable attention should be paid by 
she teacher to the intelligent reading and interpretation of the dia- 
trams which appear in the text, as the student will in this way gain 
yower to handle his own diagrams, and appreciation of the vital 
importance of the method. The photographic illustrations should 
ilso be used in a somewhat sitnilar manner. 

The matcrial can be covercd without systematic omissions in a 
course which devotes five hours per week for one year to the study of 
mathematics. Iu a four-hour course there are certain omissions 
which can be made by the teacher ut his own discretion; the three 
chapters on solid analytical geometry are not commonly presented iv 
the ordinary four-hour course; the chapter on “Poles and Polars” 
may also be omitted. The exercises are so nwwacrous that any teacher 
can make a selection, which can be varicd, if desired, in succeeding 
y Cars. 

No attempt has been made to introduce the terminology of the 
calculns a3 it is found that there is ample materia? in the more ele- 
mcotary field which should be covered before the student embarks 
upon what may properly be called higher mathematics. Jlowever, 
the fundamental idea of the derivative is presented and utilized with- 
out the new termiuolory. 

The suthors are greatly-indebted to a large nnmber of their col- 
leagmes who have been most generous in furnishing real illustrations 
in various ficlds| Professor N. Il. Williains of the Department of 
Physics at the University of Michigan has given very pertinent and 
valuable comment on numerous sections, in addition to furnishing 
the beautiful oscillograms of alternating currents, Professor W. J. 
Hussey of the Detroit Observatory furnished the temperature and ba- 
rometer chart, and has given generously of his time in the discussion of 
astronomical problems adapted to an elementary text. Professors J. 
J. Cox, HW. E. Riggs, A. F. Greiner, HL. 1. Higbie, J. C. Parker, Leon 
J. Makielski, FE. M. Bragg, H. W. King, and L. M. Graw of the De 
partment of Enginvering, University of Michigan, have given valu- 
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able advice and suggestions. The diagram iJlustrating the use of the 
ellipse in determiuing the proper amounts of sand and gravel to usc 
from given pita to obtain the best results was furnished by Professor 
Cox. To Professor Greiner we ace indebted for the cut of the six 
cylinders of an automobile engine, and for criticising the piston- 
rod motion. To Mr. Makiclski, tho well-known artist, we are 
indebted for the drawing ot a box which is reproduced. Professor 
James W. Glover of the Actuarial and Statistical Departinent, Uni- 
versity of Michigan, has read aud corrected the material relating to 
his field. To Professor C. f.. Meader of the Department of Lin- 
guistics, and to Professors Pillsbury and Shepard of the Jepartment 
of Psychology, University of Michigan, we are indebted for the tuniny- 
fork records aud for the vowel and consonant records To Professor 
F. G. Novy of the Hygienic Laboratory we are indebted for certain 
information concerning bacterial growth. Captain Peter Field, Coast 
Artillery, U.S.A., has indicated to us certain simple problems con- 
nected with artillery work. To Mr. H. J. Narpinski we owe the 
photographs of the Rialto aud the Colossenm. To the Albert Kahn 
Company of Detroit we are indebted for information concerning de 
tails of the Fill] Auditorium, and to the Tyrrell Kugineering Company 
of Detroit for permission to reproduce na number of photographs of 
bridges, Werender to these gentlemen and to our colleagues who 
have been generous in giving tine and thought to our inquiries our 
sincere appreciation for their fnendly codperation. In every field 
which we touch, we assume full responsibility for all errors, and we 
shall be grateful to teachers who will assist in removing the in- 
evitable blemishes in a bouk of this size and character. 

The proof has been carefully read by Professor E. V. Huntington 
of Warvanl University and by Professor C. N. Moore of the University 
of Cincinnati. Many blemishes have been removed and many impor 
tant additions aud changes have been made on their advice,  DPro- 
fessor J. W. Bradshaw of the University of Michigan and Professor 
J.D. Bond of the Texas Agricultural College have read the galley 
proof and given mtunerons and excellent suggestions. Professor 
W. W. Beman of the University of Michigan has read the page proof 
and has thade numerous vital corrections and suggestions. Professor 
J. L. Markley has given advice on the carly chapters To all of 
these gentlemen we acknowledge our real indebtedness. 

Jn putting the work through the press, the responsible editorship 
has been placed.in the hands of Professor Karpinski, as the exigencies 
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of time and space — Texas to Michigan to New York to Boston— 
would have delayed the book for a full year with a divided responsi- 
bility. Certain chapters, including the chapter on the applications 
of the conic sections, the chapters on the sinc curve, on the growth 
enrve and on complex muimbers, the treatment of solid analytics, 
the tables and most of the problems, are due entirely tv Professor 
Karpinski. 

The drawings have heen made at the University of Michigan, chiefly 
by Mr. E. T. Cranch, an engineer now in the service, USA. Most 
of the photographs are by Miss F. J. Dunbar of the University of 
Michigan Lanteru Slide Shop, aud a few are by Mr, G. RB. Swain. 
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UNIFIED MATHEMATICS 


CHAPTER I 
NUMBERS OF ALGEBRA 


“5 <—4 -3 -2 «1 o +41 +42 +43 44 48 


1. Representation of points on a line, — With any given unit 
of length and a fixed point of reference, called the origin, the 
points upon a given line are located by numbers. The unit of 
length and parts thereof are Jaid off in hoth directions from the 
origin to locate further points. To each point corresponds one 
number (a syinbol) and only one, and to cach number corre- 
sponds one and only one point. We call this a one-to-one corre- 
spondence. Toany point upon the line of reference corresponds 
evidently another point symmetrically placed with respect to 
the origin. This symmetry is indicated in the symbols by 
using the same sct of symbols twice, distinguishing by two 
‘gquality” signs + and —. All points on one side of 0 have the 
+ siga prefixed to the symbols designating them, while the 
corresponding points on the other side take the same symbols, 
pretixing the ucgative sign. Thus +a and —u represent sym- 
metrically placed points on the scalar line. The line of refer- 
ence ig now called a directed line. Of two numbers represented 
by points on this line, the one represented by that one of the 
two points which lies to the right hand is called the greater. 
Such a line is the line on an ordinary thermometer ; to each 
number, then, there corresponds further a certain tempcer- 
ature. Thousands of physical aud material interpretations of 
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the points upon such a line and the corresponding numbers 
are possible. 

his scalar line, as the above is termed, is not necessarily a 
straight linc. Thus the equator is a scalar line as it is repre- 
sented upon any globe, with the zero at the intersection with 
the meridian of Greenwich, and distances given in degrees, 
each vepresenting sl, part of the equatorial circumference of 
the earth; + and — are represented on this line by E. and W. 


PROBLEMS 


1. Interpret a scalar Jine as representing distance upon the 
main Jine of the Michigan Central Railroad from Detroit, 
east and west. 


2. What is the significance of points to the left of the origin 
when the line represents your bank account ? 

3. Interpret the line as representing weights. 

4. Interpret the line as the prime meridian. \What length 
is represented by 1° (circumference of carth is 25,000 milus) ? 

5. Interpret the scale as representing percentage of fat in 
foods. 

6. Represent the Fahrenheit scale on one side of such a 
line and the Centigrade upon the other, making the zero and 
the 100° of the Centigrade scale fall npon the 32° and 212° of 
the Fabrenheit; note that for « convenient total length 20° 


Fahrenheit may be taken as corresponding to 1 centimeter or 
to one half an inch. 


2, Real numbers; positive integers. —The symbols repre- 
senting the points upun a Jine, as above, are called real unim- 
vers. Elementary algebra is largely a study of such numbers, 
combined according to certain rules. The rules of the game 
of algebra, as we may term it, can be studied entirely apart 
from any physical application, but the study is of funda- 
mental importance because of the part which algebraic num- 
bers play in the scicnevs. However, a knowledge of the laws 
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of algebra, apart from the applications, is necessary to enable 
one to apply the nusnbers effectively to physical problems. 

Lhe real numbers are subdivided into positive and negative 
mwmnbers ; another classification is into rational and irrational 
numbers, the rational numbers being further subdivided into 
integers and fractions. Numbers are represented by the letters 
a, b,c, ++ &, ¥, 2, ete. 

Integers were undoubtedly conceived long before man began 
to write. ‘Ihe idea of au integer involves the notion of a 
group of individual objects, and of one-to-one correspondence. 
The idea or notion which is common to all groups of objects 
which can be placed in one-to-one correspondence with the 
objects of a given group is called the number of the given 
group of objects. hus the pennies OOOOO ean be placed 
in one-to-one correspondence with some segments of our line, 
or with the gronp of symbols which correspond to these 


segments, or with the individuals of any one of infinitely 
many other groups, of number jive, which have the one corm- 
mon property that they can be placed in one-to-one correspond- 
ence with each other. ‘he definition is recent; the idea is 
old. One-to-one correspondence appears frequently in physical 
problems, as in the one-to-one correspondence between degrees 
Centigrade and degrees }*alurenheit above. 

Integers can be used to represent segments of our line of 
yeference, from O as reference point, with some length as 
unit of measure (or as individual of the group). The ex- 
tremity farthest from O is marked with the integer corre- 
sponding to the number of the segments between that point 
and O. ‘Evidently certain groups of segments include as sub- 
groups other groups of segments. ‘Lhe number of the includ- 
ing group is called greater than the number of any included 
group; the included group is smaller, and its number is less 
than the number of the including group. Thus the group 
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called eight, 8, has the smaller sul-groups, 1, 2, 3, 4, 5, 6, 
and 7, 
1 2 3 4 5 0 7 8 


3. Positive integers; fundamental laws, definitions, assumptions, 
and theorems. — Griven two positive integers, a and 0, the single 
group composed of the individuals from two distinct groups 
of objects, represented by @ and 6 respectively, is represented 
by another number g, the sum of a and b, which latter we term 
summands. The process of finding such a number is called 
addition, and is indicated by writing the sign + between the 
tivo given numbers a and b. By the sum of three numbers is 
meant the number obtained by adding the third to the sum of 
the first two, and similarly for more numbers than three. The 
following are assumptions and theorems coucerning integers. 


I. rz=a+8, given two integers, the sum exists. 


Il. a+6=0+4+4, addition is commutative, i.e. the order of 
addition is iminateria]. 


Ill. wtd+e =(a+b)+c=a+(b + 0); the associative law 
for addition. 


a 
“ 


IV. «+b=a. Given the sum a and one of the summands, 
the other summand exists: zis the number which added to b 
gives a. This defines the operation of subtraction, which is 
represented by the sign —, to be placed between the sum and 
the given suminand, as ina@—b = 72. 

By definition, (a ~¥)+b=a, and for the present this has 
meaning only when 0 is less than «; @ is termed minuend, b is 
termed sublrahend, and a— b is the remainder. 

Thus, given z + 2 = 7, z is evidently 5, as one remembers that in the 
operation of addition 5 added to 2 gives 7, Givenz+2=2, orz+2=—1, 
we have, at this stage of developinent, nO number 2 which satisfies the 


given condition. 
V. Ifa+c=b+e,a=b, and conversely. 


The converse is equivalent to the axiom, if equals be added 
to equals the sums are equal. 
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VI. w=a-b. Suppose that each individual of a group of 
a objects consists of b individuals of another type, e.g. 4 rows, 
each of 7 dots, then the single group 
consisting of all the second type of *“ °* * * ° * ° 
individuals involved is called tho prod- «+ * © « « «© « 
uctofaand b. ‘The operationisealled . . . . ww 
multiplication and is represented by 
the sign x betweon @ and 3d, or by a 
“period (slightly elevated) between a and 8b, or by simple juxta- 
posifion of ‘the two numbers, a and 8, called factors; a is 
termed multiplier, aud b is multiplicand. 


VIL a-b=b-a, the commutative law for multiplication, 
evident from the figure. 


VIII. a-b-c=+(a-b)-c=a (}-c), the associative law for 
multiplication. 


IX. a(b+c¢) =ab+ ac, multiplication is distributive with 
respect to addition. This corresponds precisely to our ordi- 
nary method of multiplication. 


X. b:x=a. Given the product a, and one factor b, x is de- 
fined by this relation as the number which multiplied by b gives 
a, ‘Jthis operation is limited when dealing with integers to num- 
bers a and b, which are so related that a@ is one of the products 
obtained by multiplying } by an integer. 

The process of finding 2 is called division, and is represented 


by the sign +, or by placing a@ over 3, d a =a; b is termed 


the divisor, a is the dividend, and x is termed the quotient. 
These laws concerning positive integers constitute simply a 
restatement of facts with which the student is familiar. The 
four fundamenta) operations to this point have been confined 
to the field of positive integers; evidently the operation of 
division when b is tho divisor applies only to those positive 
integers which are multiples of b. Similarly the operation of 
subtraction of & from a is limited to integers so related that 
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a>b. We extend our field of numbers by removing these 
limitations. Thus if you wish to have 2 number 2 which 
roultiplied by 8 gives 5 you do not find it among the positive 
integers; you may then decide to create sucha nuinber, calling 
it &, the two symbols indicating the detinition and genesis of 
the new number. Such extensions of the number field are 
briefly indicated in the next section. 


4. Rational numbers ; zero, fractions, and negative integers. — 
These fundamental equalities and definitions from I to X are 
now extended by removing all] limitations (except one, as noted 
below) upon the numbers, a, b,c, and z. Note that only the 
operations of addition, subtraction, wultiplication, and division 
are included at this point. 

Extension of IV. x«+b=a, when b=a defines zero, 
written 0. By definition then,0O+a=a. x+b6=0, defines 
a negative nomber which is written — 6. The negative here 
is a sign of quality; by definition — bis the result of subtract- 
ing U from 0, and —’+b=0. 

~+b=a, when b >a, defines the negative number a — 8, 
which is the negative of b — a. 

Subtracting a negative number can now be shown to be 
equivalent to adding a positive number, and similarly the other 
rules of eleinentary algebra relating to the addition and sub- 
traction of positive and negative quantities. hat the product 
of two numbers with like signs is positive and the product of 
two numbers with unlike signs is negative follows from the 
above development. 

A negative number — ais placed in our line of reference 
symmetrically to the corresponding positive number a, with 


respect to the origin; of two negatives, the one toward the 
vight is called the greater, 


Extension of X. b- 5 = a, for all values of b except 0. 


; “ & : rae 
This extension of 7, $0 mean a number which multiplied hy 
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b gives a introduces now numbers of the type ; , rational frac- 


tions in which a@ and b are positive or negative integers. 
Integers are included in this definition if b is a factor of a or 
if & is equal to one. Division by 0 is explicitly excluded. 


A rational number is any number which can be expressed as 
the quotient of two integers, the denominator not to be zero. 


All of our rules for operating with fractions follow from the 


definition of 2 and from the preceding development. Thus 


=——=—, further, by definition, 
>—, when both are positive if ad > bc; 


when both are positive if ad = be; and 


ll 


me 


fe 
d 
c 
a 
c 
a’ 


when both ave positive if ad < be. 


A 


Positive fractions can thus be arranged in a determined order 
upon our line of reference ; the value of tho fraction determinos 


the position and a graphical method of locating ; on the 


scalar line ig indicated in tho next section; negative fractions 
are placed symmetrically to the corresponding positive frac 
tions, with respect to the origin. 

Of any two rational numbers @ and b, @ is greater than b 
(a > bd) if a— bis positive; for when a — dis positive, a posi- 
tive length must bo added to b to give a, aud consequently @ 
must lic to tho right of b. If on the line of reference two 
points x, and , are taken (fixed points), 2 — x, gives the dis- 
tance from the first povit to the second; this expression is 
positive if z,> 2%, aud negative if 2%<2. 

That there is 2 distinction between + and — usod as signs 
of operation, as with positive integers in the preceding section, 
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and + and — used as quality signs is apparent. Thus — b 
may indicate that b is to be subtracted from some preceding 
number, or —b may indicate that the distance d is taken on 
the negative side of the origin. he fact that a+(—), the 
addition to a of negative b, gives the saine result as subtract 
ing b from a, or a—B, is readily shown by the graphical 
method of section 9 below. ‘his type of relationship obviates 
any need for careful distinction between the two possible mean- 
ings of these signs and makes separate symbols not necessary. 
When no sign is used with a number syinbo} the + sign is 
understood. 


EXERCISES 
1. Explain the distinction between Sal an -" between 
i 
com —3 
- and —— 
~ Hi 
2. Write ——— in the three forms corresponding to = 
ao - and —— 
b - aN 


3. Is —3>—2? Which is greater, 0 or —3? Exyplaw. 

4. What is the difference between 4 and —3? 4 and 3? 
4 and 11? 

5. What fundamental law is assumed in the common process 
of inultiplication, e.g. as in 325 by 239 and also z—7 by s—2? 
Is there a corresponding assainption in division ? 

6. Which is greater, 4 or —3? Is 43 greater or less than 
33? Explain. 

7. What is the product of 0 hy 7; by —8; by 3; by 5&? If 
a product is zero, what limitation is imposed. upon the factors? 


5. Representation of a rational number, = On cross-section 


paper any rational fraction can be represented, using ruler and 
compass. Using 5 divisions to represent unity, each division 


NUMBERS OF ALGEBRA 


represents 4 of a unit. To represent 12, one measures off 13 


units, 
second line through the origin (for convenience, 


e, and’ 


referenc 


on the line of 


3 


OA 


7 units, OB, on a 


use Cross-sec- 


Heer aA VEEL 


. by 


yaar : 


Graphical division 
4 to ¢ of 13 represented on horizontal line of reference. 


af. 


one unit from O on the second line, draw a line parallel to AB, 


B, and through the point 
The intersection point on the reference line represents the 


A 


Connect the ends, 


tion paper). 


can be represented. 


Pp 
g 


first T unit points 


on the vertical axis will cut off: (plane geometry theorem) 7 


sue parts of 13 on the horizontal axis. 


The series of parallels to AB through the 


fraction 48. Similarly any fraction 


Graphical division 
} to 4° expressed decimally. 
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On cross-section paper a somewhat better method of indicat 
ing any quoticnt is to move out on the line of reference b 


units and up 1 unit; connecting this point with the origin O 
gives a straight lino which can be used to read the desired 
quotients. Thus, since OB=7 units, BO =1, and OA = 13, 
AP _ OA or ign ek whence AP equals AS 
BC OB 1 i 7 


To obtain S24 you find the point 8.5 units from O, and the 
4 


it follows that 


8.5 
vertical distance to the oblique line represcnts —, or 1.2. 
4 


6. Irrational numbers. 27 = 2 is a simple and familiar illus- 
tration of a relation which is not satistied by any rational 


number, 2, with a and b integers; geometrically, the diagonal 
" of a square with side unity 

is not represented by any 
rational number, Tf you wish 
the length of this diagonal 
for any practical purpose, you 
use 44, or Ay, or $98, or $4, 
Hee aratiiaiit on davis cet test NAS 
SPAM eH ht penter uses 1 foot 5 inches, 
sy AabsatseseneHeesisesl +H or 155 feet, in the diagonal 
2 4 6 8 1 1244 for every foot of side, with 
Graphical representation of V2 an error of ,3; of one per 
cent. The scrics of rational 

numbers 1, 34, 492, 4844, 44342, which can be indefinitely ex- 
tended always increasing, and the series, always decreasing, 
2, b> TOG) 14s, 44444, with a constantly decreasing difference 
of limit 0 between corresponding terms, together define the 
irrational nnmber called the squaro root of 2. No rational 


number satisfies the relation; no number is at the end of 


either series, but either series determines a definite point on 
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our line, aud algebraically defines our number, which we will 
cal] the square root of 2. 


Proof of the irrationality of V2.— Assume that V2 = a 
rational fraction in lowest terms, with p and g integers. Both 
p and g cannot be even numbers, either p is odd or q is odd. 
If pis odd, squaring and clearing of fractions, 2 gt = p?; but 
p is odd and you have an even number equal to an odd 
number. Hence p cannot be an odd number. Now assume 
that p is even and that q is odd, and further Jet p=2 a. 
Then 2 g2?=4m?, @=2m*, and again we have an odd nunm- 


ber equal to an even number. Our assumption that V2 =+ 


leads to an absunlity, that an odd number equals an eren 
nutaber. 

Describe about the origin with a radius 10 a circle, and 
using a protractor measure an angle of 20 degrees. The 
length of the perpendicular and 
the part cut off by the perpen- 
dicwar from the end of this 
line are definite and precise 
points which can be computed 
to any degree of accuracy de- 
sired. No rational number rep- 
resents these Jengths, which are 
trigonometric irrationalities. A 
series of constantly increasing 
rational numbers cau be found, 
such that there is no greatest 
of the series, to represent lincs 
which are always shorter than the given line; and another 
series of terins constantly decreasing, but approaching to the 
terms of the first series, can be found. No largest number 
can be found in the first series and no smallest in the second ; 
both sequences together define, we may say, an irrational 
number. 


= 


A trigonometric irrational 
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EXERCISES 
1. Write 6 terins of tho decreasing series defining V2; V3; 
V5. 
2. How is the sories for defining the length of the circum- 
feronce of a circle obtained? What assumption is »nade ? 


3, Tind the series defiving the square root of 3673 by suc- 
cessive approximations. 

4. Inscribe a square and an equilateral triangle in the 
circle of radias 10; find the sides. 


7. Constants and variables. — Every fixed point on the line 
of referonce is at a fixed distance from the point of reforenco, 
O; the distance is constaut. We can think of a point as mor- 
ing on the line OX in either direction. The distance from O 
then varies and we speak of the distance as a variable. Thus, 
also, the price of wheat during a terin of years or in different 
parts of the world is a variable; the weight of an animal at 
different ages is a variable. We think of the variable quantity 
as taking a series of values under diverse conditions. We can 
represent the variable distance of a point from O on our }ine 
by the single letter x, which may then in the various possible 
positions on the line be thought of as positive, or negative, or 
zero, as rational or irrational. This letter ¢ represents then a 
variable quantity and is essentially a number, subject to all 
the operations on algebraic quantities as noted above. In gen- 
eral, we designate the variable point by the single letter P, 
the distance from O is OP, of which the length and direction 
from 0 is indicated by the number or variable z. A point on 
the line A’X is represented by a single letter x, called the 
abscissa of the point. The fixed points on the line aro fre- 
quently represented by the letters a, b, c, ad, «+ or Dy acer 
%, ++, oach of which may represent any point upon the line. 


8. Historical note.— Modern algebra with the systematic 
employment of literal coefficionts, letters to represent general 
constants, was introduced by the great french mathematician 


NUMBERS OF ALGEBRA 13 


and statesman, Frangois Victe (1540-1603); Viéte uscd the 
consonants to represent known quantities and vowels to re- 
present unknowns, using capitals for both. The use of the 
symbols of operation in equations dates also from about the 
same time; our equality sign was introduced by Kobert 
Rocorde, an English physician and mathematician, whose 
“ Whetstone of Witte,” 1557, is the first treatise in tie Eng- 
lish language on algebra. The + and — symbols are due to 
“ German, \WWidmann, and date from 1489. 


9. Geometricak equivalents of the four fundamental operations. 
a. Addition. — ‘lhe operation of addition of 2, and a, is repre- 
sented graphically by placing the length OP, upon the line 


oe 


aise gemiassns Snr 


ae 
a 
aoe 


aE EEE te 


LS EREEE 


B=== Ss 


OPr= Ti Gre ee oO, se 


from the point 24 in the direction of OP, Physically, 
addition is the result in gener) of two different causes. 
Thus a weight of 3 pounds +a weight of 5 pounds; a vertical 
velocity due to the action of gravity (on a falling body) + a 
vertical velocity due to some other force; a transportation 
(translation) from ove point to another + another translation 
in the same direction; two successive rotations of a whieel 
about its axis; these are familiar examples of addition. 

b, Subtraction. OP, + P,P, = OP;; P,P, = OP; — OP. 

Whatever the relative positions on the hne OX of P, and Pe, 
with respect to the position of O, O12, + PP, = OP», all of 
these representing directed line segments. 11 words, the 
equality P,P, = OP, — OP, states that the distance from any 
point P, on a dirccted line to a second point on the Jine is 
given by the abscissa of the second pomt minus tho abscissa of 
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the first, with respect to any third point O, on the line, as 
origin. 

If we represent the distance from 7, to J’. by the letter d, 
we have x, + d = %, ord = % —%. Subtraction is represented 
by the distance from the first pe to the second point, which 
rt 


See ee eanneane +7 
af 


OF, + Bke= OP2 
Fundamental property of any three points on a directed line 


equals OP; — OP, Since in physical problems the distance 
represents the rise or fall in numerical value of physical values, 
graphical subtraction is anure frequently noted than addition. 
We say the temperature has risen 10 degrees or fallen 10 
degrees, having in mind the original and the final reading; 
the iron bar has expanded an inch, has a precise and valuable 
physical meaning when the initial and the final length of the 
bar are known. The operation involved in measuring the 
expansion is strictly subtraction. 

¢. Multiplication and division. — Graphical multiplication 
and division upon cross-section paper, involving theorems con- 
ceming similar triangles, lends itself to numerical work where: 
great accuracy is not necessary. Some convenient length is 
taken fo represent 1 unit on the horizontal scale and a con- 
venient length as unit on the vertical scale; for three-place 
accuracy a sheet of cross-section paper considerably larger 
than the page of this book would be necessary. If multiples 
and quotients of 27 (2.7 or 270 or 2700 ...) are desired, 
take the unit on the horizontal scale so as to use 8 to 10 
inches to represent the numbers up to 10; ona vercal line 
above the 10 on the horizontal scale represent 27. On our 
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diagram below we have used 1 horizontal unit to repre- 
sent 10 on the vertical swale; greater accuracy would be 
attained by using a longer length as nuit on the vertical scale. 
The tenths of 27 are represented by the vertical lengths from 
the points 1, 2, 3, 4, ..., 9 on the horizontal scale to the line 
joining the intersoetion ‘of the two scalos to the point 27 units 
above the point 10 on the horizontal scale. To inultiply 2.7 
by 3.6 you find the vertical length above the point 3.6 on the 


TA 
a Ht HHH ae Teese rs i e ae 
ee tf a Pot 


Graphical multiplication 
Tenths and liundredtis of 27 represented by the vertical lines, 


horizontal scale and this Jength is 9.7; for 27 x 36 you inter- 
pret this as 970 and similarly for .27 x 36 you interpret this 
s 097. Evidently MP:3.6 = AG:10, or ALP:3.6 = 27 : 10, 
whence AJP = 3.6 x 2.7. In division the length ALP corre- 
sponds to the dividend and 27 to the divisor; the quotient is 
then given as the horizontal distance corresponding to the 
given dividend (MP). Thus 20+ 27 is obtained graphically 
by finding the horizontal distance at which: the line 20 units 
above our horizontal scale cuts the given oblique Jinc; this 
appears to be al 7.4 units and must be interpreted as .74; 
the position of the decimal poimt must be fixed by the com- 
puter. The explanation would be a trifle easier if the line of 
length 27 were placed directly above the unit distance, but a 
slight error in the position of the upper point would produce 
large errors at the right end of the line; a line to be used as 
indicated must be kept on the paper and }t must bo drawn 
between points which arc not close together. 
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PROBLEMS 


1. Represent the squire root of 2 geometrically, taking 10 
quarter-inches as 1. Represent the square root of 3 on codrdi- 
nate paper, using the same scale. Represent the square root 
of 5, 6,7, and 5. 


2. Ou codrdinate paper take a horizontal length of 10 half- 
inches and at the right extremity draw a vertical line 7 half- 
inches long. Draw the line connecting the extremity of the 
vertical line to the left extremity of the horizontal line drawn. 
Use the divisions of the cross-section paper to read tenths of 7. 
Find 43x 7. What change must you make to read 4.3 x 7? 
or 43 x7? 


3. Make the vertical line 7.4 in length, and read tenths of 
7.4. Find approximately .88 x 741. Interpret as 8.3 x 1.4 
and as 83 x 74. 


4. On the oblique line of problems 2 and 3 find where the 
vertical distance above the horizontal line is 5. How far out 
is this on the horizontal line? ‘This, read as tenths per half- 


inch, represents the quotient of = and a respectively. Find 
4 c 
the quotient of 5.3 divided by 7. Find 5.3 divided by 7.4, 


5. Draw a semicircle on a diameter of 10 halfinches, Note 
that the perpendicular at any point on this diameter is, by 
plane geometry, a mean proportional between the segments 
of the diameter. Read the mean proportional between 1 and 
9, as the vertical line drawn at the point on the diaineter 4 
units ont from the center. Read the mean proportional between 
2 and 8, similarly; between 3 and 7; between 4 aud 6. 


6. wi the preceding circle as having a radius 10 quar- 
ter-inches, Find approximately, from it, V19, V6, V51 

her = ad seb ) » , 
V64, V75, V31, V91, V96, V99, and V100. ‘These are the 
vertical Jengths at the points dividing the diameter in the 
yatio 19 to 1; 18 to 2; 17 to3; 10 to 10. 
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7. Take a circle of diameter 12 half-inches; from it ap- 
proximate V11, V20, V27, V32, V35, and V36. Note 
that V20 =2V5, V27 = 3V3, and V32=4V2: from these 
approximate V2, V8, and V5. See diagram on page 72. 


$. On the preceding circle check the geometrical fact that 
either side of a right triangle is a mean proportional betwcen 
the whole hypotenuse and the adjaceut segment of the hypote- 
nuse cut off by the perpendicular from the vertex of the right 
angle. 


CHAPTER II 


APPLICATION OF ALGEBRA TO ARITHMETIC 


1. Arithmetic in science. —In science definite progress 1s usu- 
ally intimately associated with the arithmetical investigation of 
the data of the science. Even jn mecicine, biology, sociology, 
apd chemistry, arithinctic plays a large role; in physics, astron- 
omy, and engineering, computation is absolutely essential. The 
student of minathematics inust take account of the numerical 
side of mathematical work, constantly applying the theoretical 
work to definite, numerical problems. 

‘The accuracy of computed results in scientific work depends 
upon the accuracy of the observation measurements upon which 
these computations are based. This can be taken as almost 
axiomatic. Whenever numbers are given representing meas- 
urements, the computations involving these numbers should 
not be carried beyond the point which these measurements 
justify. 


2. Arithmetical application of algebraic formulas. — Algebraic 
formulas and methods cau frequevtly be applied to arithineti- 
cal problems with a great saving of labor; practice with nu- 
merical examples is absolutely essential for success. 

Lhe student is expected to use constantly the rules given in 
elementary arithmetic for multiplying and dividing by 5, 25, 
12.5, 333, and by these numbers multiplied by integral powers 
of 10. Thus, to multiply by 5, multiply by 5 as 49, annexing 
au zero und dividing by 2; similarly, 25, either as multiplier or 
divisor, is considered as 122, and so with the other aliquot parts 
of 100 which have been inentioned. Lt is better, iu general, to 
use these rules with the few numbers mentioned. and their 
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decimal multiples, rather than to extend this work to other 
aliquot parts whose occurrence is less frequent. 


9350 
ILtusTration.—25 x 874 is written 4)37400; 2.5 x 875 is written 
987.5 
4)3750.0 ; 173 ~ 250 is written .173 x 4 = .602 ; 75 ~« 375 is written: 
18750 (50 times 370, dividing 376 by 2 and extending 2 places.) 
0379 (25 times 370, or ¥ of 50 times.) 
28125 (75 tines 375.) 


The four formulas of clementary algobra which enjoy the 
widest use are undoubtedly : 
(x + a)? = 2? + Zaz + a? 
(c— a)? = 2? — 2ar+4+ a. 
(x + a)(x — a)= 2 — at. 
(2 + a)(a + 6) = 2? + (a+ b)x + ab. 
(2 + a)(%+ b) gives a simple rule for the product of two 
“teens,” eg. 19 x 17. 


Thua, (10 + @)(10 + 6) = 10? + (a@+b)10+ab, or =10(104 a+b) +40. 


Put into words, this formula states that the product of two 
numbers between 10 and 20 is equal to the whole of one plus 
the units of the other; this sum is to bo multiplied by 10; 
to this product is to be added the product of the units. 


Ruin. — To find the product of two “-teens,” add the whole 
of one to the units of the other and annex u zero; to this number 
add the product of the units. 

19 

ie 

260 
63 


If 2 ig taken as 20, 30, 40, 50, ..., the corresponding rule for 
the product of two two-place numbers having the same tens’ 
digit is to add to the one of two numbers the units of the 
other; the sum.is to be multiplied by the tens’ digit, and a 
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zero annexcd to the product; to this number add the product 
of the units. 


‘Thus, (87 x 35) = 30 x 42 + 35 = 1260 + 35 
= 1295. 


Such products are most easily found, evidently, if the two 


units’ digits sum to 10. 
87 x 83=8 x 9 x 100+ 21 
= 7221. 
04 x 66= 0 x 7 x 100 + 24 
= 4224. 


In mental work with numbers work from left to right, and 
not frown right to left, dealing first with the numbers of greater 
significance. 

(a + a)? and (@ — a)? are particularly useful in the computa- 
tion of squares of numbers of three places beginning with 1 


or 9). 
(10.7)? = 1004+ 2x 10x .7 4.49 


= 114.49. 
(11.3)? = 121 + 6.6 + .09 = 127.69, 
or = 100 + 26 + 1.69 = 127.69. 
(1.57)? = 2.25 + ,21 + .00:19, 


where .21 is obtained as 1.5 x .14 by the rule for the product of two 
techs. ”? 
(.97)* =(1.00 ~ .03)2 = 1 — .06 + .0009 
= .9409. 
(8.70)? =(10 — 1.3) = 100 — 26 4 1.69 = 75.69. 


Frequently it is more convenient to use these formulas re- 
arranged as follows : 


(z+ aj?=z(e+a+a)+ ar. 
(4-a@)?=2z(z—u—a)+ a. 
Thus, (84)? = 100(100 — 16 — 16) + 162 
= 100(81 — 16)+ 162 
= 0800 + 258 = 7058. 
(25.7)? = 20(25.7 + 5.7) + (5.7)? 
= 628 + $2.49 
= 060.49. 
(25.7)? = 25(25.7 + .7) + .49 = 25(26.4) + .49 
= 660.0 fsince 25 = 192) + .49. 
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The square of any number between 26 and 75 is obtained 
irom (a + «)%, as follows: 


(50 + @)? = 2500 + 1004 + a = 100 x (23 + a) + a. 
Thus, (37)? = 2500 — 1300 + 169 
= 1369. 


Ruwir.— To jind the square of any number between 25 and 
75; find the difference between the given number and 50; add, if 
the given number ts greater thun 50, or subtract, if the given 
number is less than 50, this difference from 25 and annex to this 
two zeros. <Add to this number the square of the difference. 


"Thus, (85)* =(25 4+ 15) x 100 + 16? 
= 4225. 


For numbers between 75 and 150 the squares may bo ob- 
tained as 100(100 —@—a)+ a? or (100)(100 + a+ a)+ a?, 
noting that 100 —a ov 100 +a is your. given number whose 
square is sought. 


Thus, 112? = 12,400 4 144. 
13.7% = 174.00 + 3.72 = 174.00 + 13.20 + .49 = 187.69. 


¥requently, of course, only three or four significant figures 
are desired, and the methods montioned give the significant 
figures first. 

(x + a)(a — a) may also be used for squares, thus: 


g=(%+a)(rT— 2) + 2%, 
(87) = (87 + 18)(87 — 13) 4 132. 

(2.83)? = (2.33 + .17) (2.33 — .17) + .17? 
= 5.4 + .0289. 

(41.7)? =(41.7 + 8.3) (41.7 — 8.3) + (8.3)? 
= 6 x 33.4 + 8.8? 
= 1670 + 68.89 
= 1738.89. 

(41.72)? = 1738.89 + (.0£) (41.7) + .0004 

= 1738.89 + 1.0084 = 1741 to units, or 1740.6 to tenths 
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PROBLEMS 
1. Multiply mentally 19 x 18, 217 x 15, 18 x 14. 


2. Use the rule given above to give the table of 18’s from 
18 x 11 to 18 x 19. 


3. Multiply mentally 12 x 13, 36 x 34, 45 x 45, 82 x 88, 
91 x 99. 

4, Multiply mentally 27 x 25, 34 x 32, 54 x 58, 92 x 98. 

5. What is the product of 44 x 36 or (40 + 4) x (0 — 4), 
58 x 62, 44 x 37 or (40 + 4) x (10 — 3)? 

6. Whatare the first three figures of (114)*, (107)?, (131), 
and (118)?? Note (114)? is 12,800 + 142, and the tirst three 
figures 129; in (116)? to 13,200 you must add (16)?, which in- 
creases the first 13,200 to 13,400. 


7. From the preceding answers in 6 write the first three 
figures of (J.14)%, (107), (1.31), (1180)? 


8, Write the squares of 9.7, 88, 940, 8.7, and 9.2. 


9. Approximately how inueh greater is (9.71)? than (9.7)? ? 
(88.2)? than (88)?? (941)? than (940)?” (8.75)? than (8.7)?? 
(9.26)? than (9.2)2? 

Note that (88.2)? differs from (88)? first by .4 x 88, or by 
a little more than 35 units; the .04 is usually negligible. 


10. Square 43, 47, 52, 63, and 62 by using the difference 
between these numbers and 50 according to the rule. 


11. Using the preceding answers, square 4.3, .47, .052, 630, 
and 6.2. 


Note, — Use common sense rules to determine the position of tho 
decimal point. 


12. Using the formulas for (50 + a)’, (2 + a)’, (100 + a)?, 


write the following 25 squares. Time yourself on writing 


simply the answers; the exercise should be completed in 6 
minutes. 
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Br = I? = 24° = 33° = 67 = 
63° = 40? — 39° = 52? = Or = 
$7 = 63° = 59? — iVv= 82? — 
43 = 10.8" = 21? = t= 19 = 
93? — 16é’ = y2? — 55° = TG 


13, Using the results of the preceding exercise, compute to 
four significant figures the following squares, timing yourself. 


i711’ = 17.3? = 215° = 33.1° = 62.4? = 
63.2? = 42.5° = 39.7? = 52.9 = 67.7? = 
87.4? = 63.3" = 50.2 = 713° = $2.9? = 
43.5" = 10827= 214= 66.77 = 1.92? = 
98.6 = 16.6’ = 12.6 = 53.8? = 49.8’ = 


14. !mploying the formula for («+a)(e+) write the 
following products; the exercise should be completed in 6 
ininutes. 


16 x 19 22 x 22 32 x 38 51 x 52 66 x G4 
15 x 14 23 x 26 43 x 42 B35 xeol 88 x 82 
13 x 18 24 x 29 46 xX 44 27 x 24 97 x 93 
ita xh le 28 x 28 54 x 59 24 x 22 oT xX 58 
16 x 18 36 x 33 82 x 87 17 x 13 19 x 71 


3. Extraction of roots. —In extraction of square root, the 
method of successive approximation should frequently be 
employed. 

Thus, V179.63 > 13 and <14. 

V169 + 10.68 =13+ a, wherein @ must be a number such that 
2a x 13 equals approximately 10.6. A glance shows that .4 x 13 equals 
5.2, which doubled gives 10.4. Hence, (13.4)? = 169 + 10.4 + .16. 

(13.4)? = 170.56, or 179.63 — .07. 
(13.4 + u)? = 179.56 +2a x 18.4 + a? 

a Tow is less than .01 ; hence, a? is Jess than .0001 ; « is to be a number 
af hundredths or thousandths, cvideutly, so that 2a x 13.4 is approxi- 
nately .07 ; @ is ronghly .003, slightly too large. 

(13.408)? = 170.66 + .0804 + .000000 
= 179.6413. 
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The rule is commonly given to take 2 + = as first approxi- 


mation of V2? 4a, wherein @ is small as compared with 2, 
The process illustrated follows this rule, but suggests thinking 
multiplication instead of division. ‘Lhus in the square root of 
300, as V17?+ 11, approximately 44 is to be added to 17; 
however it is easier to think 34 x a=11, whence a=.3}, or 
vot quite .33; trying .32 (since the a? tern is to be added) 
gives 17,32 of which the square is 


289 + 10.88 (or .32 x 34) + (.32)? = 299.9829. 
Similarly, V3000 = V3025—25 = V552— 25 =55—a, wherein 
qa must be a nunber such that 2 x 55 x a will give approxi- 
mately 25; a is evidently .2 to one decimal place or .23 to 


C= 


two; 54.77 is correct to four significant figures as given. 


4, Approximate roots. — Another method of approximating 
square root is to divide the given number by the first approxi- 
mation, then to use the arithmetic mean of the two numbers 
as a second approximation, Thus, 179.63+13=—13.82; taking 
18 + 13.82 

2 
approximation. 179.63 + 13.41 gives 13.3952 and the average 
13.4026 is within .0001 of the correct value. 

Sunilurly the cube root may be obtained. ‘Thus in 179.63, 
6 is the first approximation. 5%=25; 179.63 +25 =7.2 
nearly, Taking the average of 5, f, and 7.2 gives 5.7 as second 
approximation; (5.7)?= 32.49; 179.63 + 32.49 = 5.529; the 
average of 5.7, 5.7, and 3.529 gives 5.643, which is correct 
within .OO1. 


as the approximate root gives 13.41 as a second 


PROBLEMS 
1. What is the approximate square root of 1.26? 128? 


2. Is the square root of 1.35 nearer to 1.16 or to 1.17? 
Note. (1.16)? = 1.82 + .0258 and (1.17)? = 1.34 + .0289. 
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8. By successive approximations find »/1.26 to four decimal 
places and compare with ordinary process of extraction of 
root. 

Hint. — Use 1.12 as first approximation. 

4, find the cube root of 1.26 by this process, using 1.08 as 
first approximation. 

5. Hind theapproximation to one decimal place of the square 
roots of 65, 63, 8.30, 8.76, and 27.32. 

Hint. — Regard 8.30 as (3 — 2)%, whence 2 must be roughly .12. 

6. Write the square roots of the following numbers, correct 
to 2 decimal places. Time yourself, 


9.9 35 65 140 200 
16.8 3t 68 150 300 
32 37.2 78 125 10.4 
25.8 39.4 85 108 20.8 
28. 48 90 112 30.6 


5. Synthetic division and remainder theorem. — The ordinary 
process of division, and particularly the abbreviated process 
by detached coefficients, can frequently be applied to com- 


putation. 97442416 
g—2)323— 22° + 72—5 
323 — Ga? 
+47 
+42°?-— 82 
+ 152 
+152 — 30 
+ 25 
Notice that the 3 of $22 has been written threo tines ; the 4 of the 427 
has been written three times; the 15 of the 152 has been written three 
times. Each of these, 3, 4, and 15, represents not simply the cocfficicnt of 
the highest remaining term, but also the coefficient of the corresponiing 
tenn in the quotient. Further, noto dat — 2 has been multipiivd by 3.27, 
by 4z, and by 18, and the product with sign changed his been added to 
the corresponding term of the dividend. 
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This represents the division of 323-2224 72—Sbyz—2; the — 2 
has been replaced by + 2, subtraction has been replaced by change of 
sign and addition ; the remainders have not been written but are merged 
in the quotient, which is written below. 

Divide 524+ 8247 hy x+ 2. 

— 2) 50-0 mS ee |, 
—10+20—40 + 64 
5— 10 + 20— 32(+71 

Interpreted : 5244+ 82+4+7 divided by z +2 gives as quotient 
523 — 0x2 4+ 202 — 32 and 71 as remainder. 

The ahove operations may also he interpreted : 

}, 3a. —292472—H= (I—2)(822 +424 16) +25. 

2. 646+8247 = (24+ 2)(5 23 — 1022 4+ 20% — 32) 4+ 71. 

Substituting iu (1) 2 = 2, the right-hand member reduces to the con- 
stant term, and tho left-hand member is the original expression with 2 
substituted forz, Siroilarly in (2), substituting — 2 for x shows that tie 
reminder obtained by dividing by z 4 2 is equa) to the original expres- 
sion with — 2 substituted for z. 

If a rational, integral, algebraic expression in x is divided 
by 2—a (@ may be negative), the division being continued 
unti] the remainder does not contain 2, the remainder js equal 
to the original expression with a put for z. Let us represent 
by f(z) an expression of this kind, ie. an expression consisting 
only of the algebraic sum of positive integral powers of x 
with constants as coefficients, 

Then, you can divide f(x) by x—a, obtaining a quotient, 
Q(z), also a function of x, and a remainder which does not 
contain #; by definition of division, f(x) = (%— a)Q(z)+ BR; 
substituting a for a, f(a) = (a — u)Q(a) + R. 

J(a) = 0 + I, 
or = f(a). QD. 


The common “check by nines” may readily bo proved by 
the remainder theorem : 


When 12,738, which inay be written 


1x10'+2 x 105 +7 x 10°+3 x 10+8, 
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in powers of 10, is divided by 10 ~1, the remainder is oqual 
to the original expression with 1 put for 10, Hence the re- 
mainder when 12,738 is divided by 9 is 142474348, or 
21, or 3 (since 21 divided by 9 gives 3 as remainder, or 2+ 1). 

Thus, @ x 10°+ dx 10.) +6¢ x 109-24 ..-9xI0+4 divided by 
10 —1 givesa+b+¢4 --- +49+h as remainder, 


Division by 11, 1041, gives as remainder the sum of the 
odd coefficients less the sum of the oven cocfiicients, counting 
from units’ place ; a suin to 11 can, of course, be dropped as it 
occurs, or 11 can be added to make the remainder a positive 
nuinher. 


Illustrative examples. — J)ividing by the method of detached 
coefficients : 


1. Divide 528+ 3224+22+6 by «—2 and by zx 4 2. 


2)5+ 3+ 2+ 6 
$+J0426406 6294822742246 
5 +13 + 28(+ 62 = (2 — 2)(5 22 + 13 24 28) + 62. 


+2 
—2)6+ 3+ 2+ 6 
—104+14 —382 52943277+22+4+6 
5 — "7+ 16(— 26 = (z42)(52?~7z + 16) — 26. 


2. Divide 5326 by 98 and 102; te. by 100 —2Z and 100 + 2. 


10-2 _S54 5326 = 08 x 64 + 34. 

SP EVIE Note that the 500 is subtracted mentally, and sinco 
—~ 5 x 2 too much has been takon away, 5 x 2, or 10, is 
added to the remainder $2; again, 4 x Z too much has 
cats been taken away, lence, 8 fs added to the remaindor. 


34 
100+2 52 
— 2)5826 5826 = 102 x 62 + 22. 


ane Ilere, when 600 is taken away, there still remains 
& x 2 to be subtracted, since the divisor is 102. 
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3. Divide 127,384 by 96, by 103, by 124. 
96 1326 127,384 = 96 x 1326 + 88. 

4)127384 
“ue 
313 
iP, 
258 

8 

O64 

“A 

88 rein, 


A little practice will enable one to perform the additions 
mentally, writing: 


9G 1826 
4)12738-+4 
31 
20 
UG 
88 rem. 
103 = 1236 103 = 1236 
— 3)127384 or, abbreviated, — $)1273884 
=: 24 
248 37 
= OF 6a 
378 76 rein, 
meal 
694 
eu: 
76 rem 
120+4 1027 
— 4)127384 In this division the remainders when dividing 
—4d by 120 raust be noted mentally ; Uvus, 330 leas 2:40 
338 gives 10, whence 98 as remainder, from whieh 8 is 
—8 to besubtracted. Similarly, 000 less 840 gives 60, 
0%) 4 fo which the 4 is added ainentally, and 28 sub- 
reat ate tracted leaves 86 as remainder. 
36 rem. 


A number of two places ending in 9 or 8 can be used as divi- 
sor in short division form. Thus, 
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Think 60 in 127, 2, with remainder 7; add 
2169 with 3rum. 2 to 7, giving 9; 93 by 60 givea 1, with re- 
69)12738-£ mainder 33; 33+) = 34; 348 divided by 60 
gives 5, with remainder 48; 48 + 5 = 58; 684 

by 60 is 9 less 6; add 9 to — 6 gives + 3. 


BB 1447. Think of 90 — 2 as divisor. 
2)127384 127 + 90 = 1, remainder 37 ; 37 + 2 = 39. 
2 
393 393 + 90 = 4, remainder 33 ; 33 + 8 (since 4 x 2 wo 
Bs). ninech has been subtracted) = 41. 
418 418 + 90 = 4, remainder 68; 58 + 8 = 66. 
§ 
O64 O64+00= 7, remainder $4; 84+ 14 = final re- 
if inainder, 48. 
48 rem, 
PROBLEMS 


1. Divide 22°4322-—9a—5 by z—1, c— 2, x—3, +1, 
2+2,and by x— 3, employing synthetic division, and inter- 
pret results. 


+2)243— 9- 5 —2)243-9 — 5 
+4414 +10 = 656s SUK 
2417+ 5(4+ 3 2-1—7(+ 9 


284 3x3—-9x—5 = (ce —2)(2a? +724 5) 4+ 5. 
When a = 2, 22+ 3a?—92—5=+45. 
28432 —9e—H=(e#+2)27—4-%)+ 9. 
When « =— 2,224 32°7-92—5=+45. 


2. Divide 22—82742a2~—5 by 2-1, »—2, and 2—3. 
What is the value of this function of x for ¢=1,%=2,¢=3? 


3. Divide 2! —3a?— 18 by x—2 and by z— 4. 


4. Divide 2 — 1,289,000 by z— 100 and 2—110. What is 
the value of 2° — 1,289,000 for « = 100 and «= 110? 


5, Divide 2 +822 —72%—2 by « —1 by synthetic division. 
6. Divide 222 — 522 +72 —10 by x — 2. 
7. Vivide 38,942 by 96 (as 100 — 4). 
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g. Divide 38,942 by 59 (as 60 — 1) by short division. 
9, Divide $8,942 by 104 (as 100 + 4). 
10. Divide 8¢¢—28—18#4+ 64-11 by ¢—1. Find the 
quotient and remainder. 


11. Find the value of 2—179.63 when a = 5.6. 


12. Vind the square root of $21.62 by repeated division and 
approxiiwation, as indicated. 


13. What is the approximate value of the square rout of 
(a) 145; (6) 147; (©) 150; (ct) 26; (e) 2615? 

14. Approximate the cube root of 126; 8.1; 27.4; 64.2; 
127; 218; 350; 520; 735; and 1004. 

15. Perform the following divisions by synthetic division ; 
give quotient and remainder; thine yoursol£; 20 minutes is an 
ample allowance. 


a @—-32+4+T72e—5 by x—2. 

b. 208442°—-T2+8 by «3, 

ce Sa —2a%—8a+10 by x4+2. 
d. 4x —2a'+8a—5 by x—.h. 

e. Hh— 7224+ 8a—5 by x—2. 

f. #2 — 18,700 by x — 25. 

g. 22'—100 2 — 1§,700 by x — 300. 
h. 8—.22—.05 by 2—.8. 

% #&—322—100 by z—3. 

J. 2% — 2,000,000 by a — 140. 


16. Divide by the method corresponding to synthetic divi- 
sion; time yourself; carry the division to four signihicant 
figures. 

a. 1375 by 100 — 2 (or 98). 
b. 1375 by 60 —2, 

ce 4356 by 100 + 2. 

d. 8.736 by 5.9. 

€. 6248 by 7.9, 


APPLICATION OF ALGEBRA TO ARITHMETIC 31 


6. Percentage of error. — When any measurement of physi- 
eal objects is given, the measurement has a certain limit of 
accuracy, determined in part by the instruments and methods 
of measurement and in part by the very nature of the thing 
measured. In meaguring the distance to the sun from the 
earth, at sone fixed time, the measurement may be given as 
93,000,000 miles + 1,000,000 miles, or 93,000,000 miles, within 
a inillion miles; the enichness of w watch spring may be meas- 
ured as .014 inch with a possible crror of one thousandth of 
au inch, or .014-+ .001 inch. However, from the point of 
view of the physicist and mathematician, the distance to the 
sun is more accurately given than the thickness of the watch 
spring, for the percentage of error — ratio of possible error to 
measured value—in the case of the sun’s distance ts slightly 
more than 1% of the distance, while in the other case it is 
more than 7 % of the thickness of the spring. 

Every number which represents a measurement involves 
this type of error. Obviously, in any computations with such 
numbers, results are significant only within limits determined 
by the percentage of crror. 


7. Significant figures. — The significant figurcs in any numn- 
ber representing a measutement.are those which are given by 
the measurement, and do not include those initial or terminal 
zeros Which are determincd by the unit in which the mceasure- 
ment is made. The termina] zeros in 93,000,000 are not sig- 
nificant figures, as the unit of measurement here is evidently a 
million miles; as the measurement can be made to one further 
place, the distance may be written, in “standard form,” 9.3 x 
10’ sniles or 9.30 x 10° miles in which only significant digits 
appear in the first factor combined with powers of 10. In the 
thickness .014 inch, the initial zero is nota significant figure, as 
it is apparent that the mcasurements arc made in thousandtbs 
of an inch; iu “ standard form,” this is 1.4 x 10- inches. 


8. Measurement computations. Products. —If the length of 
a rectangle is measured with an error of Icss than 1% of its 
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true valuc, and if the breadth is given absolutely, the true 
arca will be given with the same percentage of crror as the 


length. But if the breadth 


is also only approximately meas- 


ured, the possible error in the area obtained as the product 
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LOR T IS S19 M20 
Measurement of an area 
A rectangle incasured as 21.5 
cm. by 12,2 cm, 


mensions .1 em. by 21.4 em. 


will be greater than if only one 
factor involves a possible error. 
The graph represents the right 
hand end of a rectangle whosc 
length and breadth aro measured 
as 21.5 cm. and 12.2 cm. respec- 
tively, where if is understood 
that the measurement only pre- 
tends to give these dimensions 
to within one millimeter, one 
tenth of one centimeter. The 
meaning of these figures then is 
that the length lies between 
21.4 em. and 21.6 em., and the 
breadth between 12.4 crn. and 
12.3 em. The first is an error of 
less than | of 1% and the sec 
ond of less than 1%. The un- 
certainty in area due to the pos- 
sible error in length is indicated 
by the areas at the right end 
with dimensions .1 cm. by 12.1 
cm. or .L em. by 12.3 cm.; the 
uncertainty i area due to the 
breadth measuroment is of di- 
or .d cm. by 21.6 cm. ‘The area 


uncertainty is then at most .1 em. by (21.6 + 12.2) em. or 3.39 
sq. cm. of area. This error may evidently affect the third 
figure in our computation of the area and hence in the product 
the figures beyond the third place are not significant, and give 
no real information concerning the actual area in question. 
Note that the area as the product of 12.2 by 21.5 is. 262.30 
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sq. cm., but the inaccuracy of measurement of the length 
means that there is an uncertainty of area at the right-hand 
end amounting to + 1.22 sq. em. (em2), and similarly at the 
fop an uucertainty of + 2.16 cin*.; the total uncertainty of 
are2 amounts to more than 3 cm?, and should be given as 
+ 3.38 cm*, or + 3.4 cm*. Commonly, of course, the mneasure- 
ments 12.2 cm. and 21.5 cm. mean that the area has been 
measured to one half of the last unit given; thus this area 
actually falls between rectangles of dimensions 12.25 by 21.55 
and 12.15 by 21.45; even in this case the area uncertainty 
is greater, by precisely similar reasoning, than +1.5 cm’, 
and is approxiinately 1.7 cm? To give 262.30 as the area 
of this measured rectangle is giving nonsense in the last two 
places ; it should be given as 262 or 262.3 + 1.7 cm?. 

Let A and & represent measured quantitics given with pos- 
sible errors of i% and e % respectively, ¢ and ¢ being assuined 
as smaller than unity (in common practice); the absolute 


vaJues of these measured quantities lic between K(1 ~~ ito) 


and KA =a) and between ik’ (2 sa) and k’ ero) 


100} 
lics, then, t (1+ they 2 
The true product lics, then, betwecn aa ou 100 + 300000 


Ki(i— tt 4 _%_)\. in other words, the true product 
and kk (1 700 are ; P 

ry t+€ from th ted product; —2 
may vary by 100 rom the computed product ; 70000 
disregarded, if ¢ and e are less than 1, since the fraction is less 


; ze 
thau 1% of 1% of kk'. In the graph the product 10000 x kk 


is represented by one of the smal] corner squares with dimen- 
sions .1 cm. by .1 on. 


is 


Illustrative example. — Tho product of 987 by 163 wherein each num- 
ber is correct to within 4 a unit nood be computed only to the fourth 
significant figure as the percentago orror may be as great as yy of 1 % +15 
of 1%, since $ in 987 parts is approximately y'gq OF sy of 1%, and } in 
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163 is greater than yysg OF y%5 of 1%. ‘Lhe crrorin the product may bo 
ag grert aS (245 + yi) of 1% or gy of 1 Fo; Wut yi of I 9% of any number 
certainly affects the fourth place and probably affects the third place in 
the number. IIence there is no point whatever in carrying this compu- 
tation beyond four places, 


087 987 
163 163 
98700 987 begin with 100 x 987. 
60220 692 take G x 98, carrying however the 4 from 6 x 7, 
2061 v9 take 3 x 9, carrying the 2 of 3 x 8. 
160881 160800 
163 987 + 4 987 — } 
987 13 +4 108 ~ 4 
1467 160881 + 3(V87 + 163) 4+ 4 180, 881 — 4(987 + 163) 4 4 
130 = 161456} = 160306} 
Bi 


160800 ans. 


The product of 987 x 163 is 160,881; 987} x 1633 gives 163,456}; 
986} x 1624 gives 160,306} ; the actual area, if these represent diinensions 
of a rectangle measured to threo significant figures lics between 160,396} 
and 161,456}. In practice we take the product 987 x 163 to four signifi- 
cant fignres, which gives the arca slightly more accurately than our 
mcasurements justify. 


9, Abbreviated multiplication of decimals. — The abbreviated 
process of iuultiplication applies particularly well to decimal 
fractions, but the method cm be extended to integers quite as 
well. ‘To find .9873 x .1346 correct to four decimal places. 


9873 
1846 
9873 begin with the highest digit of the multiplier; first x fowth 
decimal place gives fifth decimal place. 
7898 continue with 8 x 7 (second x third places), carrying the 2 from 
& x 3. 
395 take 4 x & (third x second place) carrying 8 frou 4 x 7, or 28, 
Which js more than 2 units in the fifth place. 
__ 50 69, or 54, + 5 carried from the 6 x 8. 
18225 Jt assists in the process wo cross out the last upper digit as it is 


used ; thus here 3 would be crossed out first, then 7, then 8, and 
finally 9. 
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If a check is desired, multiply again, reversing the order of the 
factors ; hus; 


.1844 
168614 ~— begin with 9 x 6. 
1477s take 8 x 4, culding 6 from the 8 x 6 prodnet. 
129 take 7 x 8, adding 3 from the 7 x 4 product. 
6 take 3 x 1, adding 2 from the 8 x 8 product. 
-18225 ead tls as .1828 to four places. 


Obviously, if theso were integers, you conld proceed in the same way, 
writing the final product with four zeros, a3 18,230,000. 


A similar abbreviation can be effected in division by drop- 
ping each time the Jast figure of the divisor used, and using 
the reinaining part of the origina] divisor as new divisor. 

Thus, to divide .18225 by .9873 or by .1846 you procced as 
follows: 


1844 .9873 
O87) 18225 1846). 18226 
9873 16014 
8352 XO14 
7808 1477 
454 “184 
305 129 
59 s 
69 5 


Here 0873 is used as tho first divisor ; then 187 is used, but to the partial 
product, 8 x 987, is added the tens’ digit of 8 x 3, the digit just crossed 
out ; then 08 is taken as divisor and to tho product is added the tens’ digit 
of 4 x 7 (28 is taken us giving a tens’ digit of 3); then 9 is used and 5 
carried over from 6 x 8. 


10. Percentage effect of errors in divisor. —If a divisor is 
known to be too large or too small] by a definite percentage of 
itself, the quotient will be respectively smaller or larger than 
the correet quotient, for sinall per cents, by approximately the 
same per cent. 
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ee ees 


° 


By division, rT 


eS ihe hae ee ihe en 
1L—i 

For values of ¢ less than .05, is less than .0025, or } of 
1%; #, i, and ® are Jess than .000125, .00000625, and 
0000003125, respectively. Hence an error of from 1% to 
5 % of excess in the divisor means an orror of deficiency vary- 
ing also from 1% to 5%, within 4 of 1%, or from 99% to 
4.75%, or from .9901% to 4.7625% in the quotient. lor 
values of é between 4 of 1% and 1%, an error of deficiency 
in the divisor means the same orror of excess in the quotient, 
within 4, of this error. The meaning in physical measure- 
ments of these results is that when the divisor is correct only 
to the third significant figure, with a possible error of $ to 1 
unit in the third place, the quotient will be correct to about 
the same degree of aceuracy. 

For three-place nuimhers the divisor may vary from 100 to 
999. The possible error of } unit, + 4, means that 100 must 
be replaced by (100 + .5) or 100(1 + .005) aml 999 by 999 + .5, 
or approximately 999(1 + .0005); the quotient will vary from 
1 — .005 to 1 — .0005 times the obtained quotient. Hence the 
quoticnt obtained is valuahle at most to the fourth place, and 
frequently not beyond the third place. 


Illustration. — Given that 76,480 is divided by 180; what variation 
76,430 = 180 = 424.6. in the quotient would a change of 1 in the divisor 

produce ? 

Suppose that instead of 180, 179 should have been used. What is the 
error in the‘quotient 2? 180 — 1 = 180(1 — .006), the error in the divisor 
is nore than .5 % and Jess than .6% of the @ivisor; the error jn the 
quotient is no more than 2.5 and no Jess than 2.1, since 1 9 vf 424.6 is 
4.246 aud .6 % and .5 % are respectively 2.5 and 2.1 ; the quotient may 
bo taken as 427.1, whereas 420.9 is obtained by actual division Jiven an 
error of } 2 unit in the divisor 180 affects the third place in the quotient. 
In obtaining .5% and .0% of 424.6, there is nn point in carrying the 
work beyond two places ; the values show that the crtor is belween 2.) 
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and 2,4, and further places add nothing to the accuracy. The fraction 
ats, Or in the case of the 4 unit error of ,4,, might just as well be used 
ws per centr. This gives in the latter case $y of 424.6, or 4 1.2 as cor- 
rection, giving 425.8 as quotient; the actual quotient is 425.794. 

Do not. carcy divisions and multiplications beyond the degree of accu- 
racy warranted by the data. 


Ilustrative examples. —- Yon can multiply 3.14159 by 140.8 and 
obtain the result sumerically correct to six decimal places, But if the 
140.8 represents tho diameter of a circle, measured correetly to the tenth 
of an inch (or of a foot, or of a meter) the product of 140.8 by 3.14159 
gives a valuable result. onty lo the first decimal pluce; the circmnference 
cannot bo computed correctly to any further percentags of accuracy 
than that with which tho dinmneter is measured. The aren can be coin- 
puted here with any meaning only to four significant figures ; in fact an 
error of 4.05 inch im tho diameter makes a possible crror of + 10 
square inches in the areca, It is convenient to write the products from 
left to right, dropping work beyond the second, decimal place. 


140.8 140.8 
__ 3} 8.14159 the .00059 is of no wse as ft 
422.4 422.4 does not igure in the product, 
20.1 14.1 
442.5 cirenmference 5.6 
1 


442.2 virciunference 


For most practical purposes 32 is sufficiently accurate, ax In finding 
this area, r7?: 
70.4 
40.4 
4928 
28 
4956 only 4 places to vo retained. 


4956 4956 

3) 3.14159 
14868 14868 
A A900 
15576 area. 198 
5 


15567 area. 
Area as found tw eorrespond to data, 15570. 
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PROBLEMS 


1. ‘Che distanee of the carth from the sun varies between 
91.4 x 108 miles and 94.4 x 10 miles. The length of the 
earth’s orbit lies between circles having these lengths as radii. 
Between what values docs this orbit lie? What is the ap- 
proximate orbital specd of the earth in niles per hone ? 

2. The mean distance of the earth from the sun is 
92.9 x 10% niles. Compute the circumference and the mean 
speed and compare by percentages with the preceding. 

3. Compute the speed of a point on the earth due to the 
rotation, taking that at latitude 45° the radius of the circle of 
latitude is 3050 miles. Compare the rotationa) speed with the 
tevolutional speed. 

4. What effect on the computed velocity would it have to 
take $65.25 imstvad of 365? Wow would you correct your 
division for 365.25 as divisor after having obtained the quo- 
tient, dividing by 3657 what ecliange would using 365.26 in- 
stead of 365.25 effect in the computed velocity? 

5. The distance of the moon from the earth varies between 
221,000 and 260,000 miles, mean 238,000; discuss the Jengt)s 
of the path of the moon and the velocity of the moon which 
has @ periodic time of 27.32 days. 

6. A man whose salary is $3000 pays $480 for rent. 
What per cent is this of his salary? Suppose that he carns 
$275 in addition to his salary, what per cent is the rent paid 
of his income? Compute only to tenths of one per cent. 

7. Ifa.anan with an income $3275 pays $1100 per annuin 
for food, $630 for clothes, $ 240 for life insuranee, $ 200 for 
‘higher life,” and saves the balance, compute his budget by 
per cents. 

8. Given that a pendulum of length 7 em. makes onc beat, 
one oscillation, in ¢ seconds, connected by the relation, 


find the length J to two decimal places when ¢ = 1. 
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9. What effect on does a change from 980 to 981 pro 
duce? What decimal place in 2 would be affected ? 

10. What error would the use of 3} instead of 3.14159 
introduce ? 

11. The number n of vibrations of a pendulum of length 
99.89 em. is 86100, when g = 980.96; g is the acceleration 
due to gravity, and the formula for the number of vibra- 
tions is given by the formula, 

86-100. ig 
\ 1’ 


wT 


— 
— 


or for the seconds’ pendulum, when J = 99.39, g = 980.96, it 
is m = 86,100. Suppose that at the top of a wountain (y di- 
minishes) this penduluin of length 99.39 loses 86 heats per 
day, what is the approximate percentage of lossinn? The 
percentage of loss in g is approximately double this since 

———— , 52 
Vt—t=1-— = “. What is the approximate loss in g? 
Take 86 as +, of 1 % of $6,400. 

12. Given g = 980, = 50, compute n in the formula of 
problem 11. What maximum effect on » would a-change 
from ? = 50 to 7 = 50.5 em. produce ? 

13. Compute the weight of a table top, hardwood, dimen- 
sions correct to .05 foot, top 48.1 x 36.4 x 2.1 inches. Weight 
of wood 48 pounds per cubic foot, 

14. If a table top similar to the above weighs .97 pounds, 
compute the weight per cubic foot of the wood. 

15. If water weighs 62.4 pounds per cubic foot, compute 
the specific gravity of each of the preceding woods. 


Sz wt, of cnbic foot of wood 
~ Wt. of cubic foot of water 

16. The path of the carth is approximately a circle of radius 
92.9 x 10® miles, of which the center is approximately 1} mil- 
lion miles from the sun. Compute this circumference and 


compare with the results in problems 1 and 2. 


CHAPTER II 


EXPONENTS AND LOGARITHMS 


1. Exponent laws. —For convenience the product of a by 
itself, a x a, is represented by a2, axa xa by a, ..., and a-a 
-a-a tom factors by a". In this notation mis called the ex- 
ponent and a the base. ‘The following laws evidently hold: 


Lat GUase, 
a™ 
I —=a"™, when m > n. 
a* 


III. (a™)" =a™", 
IV. (a- 8)" =a". b. 


In the definition as given, m represents the number of 
factors and is assumed to be a positive integer. However, it 
is found possible to define «™ for all real values (fractional, 
negative, zero, irrational) of m so as to have the resulting 
numbers combine according to the four laws given above. 

Thus, & + a" = a" = a7, if Law I is to continue to hold; 
hence, a® must be defined to equal 1, since multiplying a 
number, a”, it gives that number. To be justified in using a 
zero exponent with this meaning the other exponent laws must 
be shown to hold when either m or n is zero, but in IT only 
n could be zero at this point. 

For a negative integer, —n, if Law I is to hold, @ must be 
defined as such a number that a*. a7 =q-t7 = @=1 ; hence 


we define a-* as the reciprocal of a”, om=1t. an the laws 
’ a*™ 


I to IV can be shown to hold under this extension of the 
Ineaning of a". 
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P 
Similarly, a?, if Law III is to hold, must represent a number 
P 


which raised to the gth power equals a’; a4 is thus defined as 
the gth root of tho pth power of a. Taking this definition of 


P 
at, Laws I to 1V can be shown to hold with this extension in 


possible values of m and 2; pand g are assumed to be integers. 
2 
For fractional exponents a fifth law is Introduced, a@=a™, 


For irrational values of 1, a” is defined by a limiting process. 
Thus, a¥? is defined as the limit of tho series a, al, a", .., 
wherein the successive rational exponents define the sqnare 
root of 2, 

The operations of elementary algebra with radicals are 
made subject to the exponent laws. 


Thus, 2V3 = 2-3! =(22)?.3! =(2?.3)! = 12) = V2, 
by successive application of V, III, and IV. 


The operation of raising to a power indicated by a*, with 
m integral, is called involution. The inverse operation of 
finding x when 2” is given equal to a js called ovolution. 


2. Logarithms. — A logarithm is an caponent. 
The relation «= a” may be written m= log, =. 


mis the exponent which applied to @ gives x; 


mis the logarithin of x to tho base a. 


3. Fundamenta!? laws of logarithms. 
a, Logarithm of a product. 
If s=a”™ and y=a’, 
ey 0 - a =a”, 


log, (2 yYemprr= logs + logy. 
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In the language of logarithms and translated ito ordinary 
language this theorem is as follows: 


I. log, (x- y) = log, x + log, y; 


in words, the loyarithm of a product is the sum of the logarithms 
of the fuctors, 


b. Logarithm of a quotient. 
% _O" _ yr-s, log, =m —n = log, x — log, y. 
y a us 


II. log, += log, x — log, y; 
y 


in words, the logarithm of a quotient is the logarithm of the 
dividend minus the logarithm of the divisor. 


c. Logarithm of a power. 
ec, PSAP GOs ay oS gpome lee 
Ill. log, x*=nlog, x; 


the logarithn of a power of a number is the index of the power 
times the logarithm of the number. 


Since our exponent laws hold for all values of m and 2, these 
theorems hold for all values of m and n. 

z aud y are assumed to be positive numbers and for compu- 
tution purposes 10 is commonly taken as the base. 

We assuino that as the Jogarithin inereases the number 
increases. This can be readily proved from the fact that 
107 - 10° = 10"*"; no matter how sinall the 2 is, as a positive 
quantity, 10° is greater than 1. For any positive fraction, 


a 10” represents the qth root of the pth power of 10, wherein 


p and q are integers. Now 107 wil) be an integer 10, or greater 
than 10, and the gth root of this integer will be a number 
groater than 1 for it will be a number which raised to the 
qth power oguals J0, 100, 1000, or somo greater number. Jt 


could not be less than 1, for every positive integral power of 
& nuinber less than 1 is also Jess than 1. 
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EXPONENTIAT, Coryan oe Cocumn oF CuLtumas oF 
Foss NvUMNFRS NOENGERB Looaeitriua 
10322 = -000000000001 log .000000000001 ~ = — 12 

fi 

104) — .00001 log .00001 =-5 
LO ct ac -0001 log .000) =—4 
,0%5 Var -001 log .001 —- —3 
1054 > = = -01 log .01 =-2 
107 = 4) Jog .1 =-1i 
10? = 1 log J = 0 
Ww = 10 log 10 aa 
1022 = 100 log 100 =2 
104 = 1000 log 1000 =F. 
10° == 10000 Jog 10000 = 

105 = 300000 Jog 100000 = 5 
10!2 = + 1000000000000 log 1000000000000 «== 12 


These positive numbers, middle columns, are arranged 
vertically in order of magnitude; the expouents (left) or 
logarithms (right) also are arranged vertically in order, in- 
ercasing from — 12 (or from — @ indicated by dots above) to 
—5,to —+t, to —3,-- to 0, tol, - to12,+. too As the num- 
ber increases the logarithm increases. Placing auy nuinber, 
not an integral power of 10, in its proper place as to magnitude 
on such a diagram, the logarithm has for integral part the 
logarithm of the preceding number in the table. Thus, 75.64 
falls between 10’and 100'and its logarithm will be 1*; .07564 
falls between .01 and .1 and its logarithm will be — 2*, mean- 
ing — 2 plus some positive fraction. 
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4. Logarithms, characteristic and mantissa. —Any two-place 
number }ies between 10 and 100; the logarithm wil) lie be- 
tween 1 and 2. Any four-place number lies between 1000 
and 10,000; the logarithin will lie between 3 and 4, since as 
the number increases the logarithm increases. The fraction 
07 is greater than .01 and less than .1; the logarithm is then 
greater than — 2 and less than — 1. 

The logarithm of any number between 1 and JO is a frac 
tion, expressed commonly as a decimal between 0 and 1. 

The logarithm of any given number which is expressed in 
decimal notation can be expressed as an integer, positive or 
negative, called the characteristic, plus the positive decimal 
fraction, the mantissa, which is the Jogarithm of that number 
between 1 and 10, having the sare succession of digits as the 
given number. Initial zeros are not included in the succession 
of digits. 

log 10°% = log 10* + logk 
= nlog10 + logk 
=n-+logk. 

Thus, log 3.16229 = .50000, since 3.16229 is the approximato 
square root of 10. 

log 31622.9 = log (10)*(3.16229) = log 10° + log 3.16229 

= 4 + log 3.16229 
= 4.50000. 

log .000316229 = log (10)~“(8.16229) = log (10)-* + log 3.16229 
=— 4 + .50000 
= 4.50000, only the 4 is negative 
= 6.50000 — 10, since — 4 equals 6 — 10 
= 16.50000 — 20 
= 26.50000 — 30, 


The minus Sign over the 4 indicates that only the charac- 
teristic 18 negative; the alternate forms fur writing a negative 


characteristic are frequently found convenient to use, particu- 
larly in extracting roots. 
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Rue. — The logarithm of any number greater than unity has 
as churacteristic a positive integer (0 included) which is 1 less 
than the number of digits to the left of the decimal point. 

Lhe logarithm of any decimal fraction has as characteristic 
the negative of a positive integer (0 not included) which is 1 
greater than the number of zeros between the decimal point ani 
the first significant digit (1.c. digit other than 0) to the right of 
the decimal point. 


5, Computation of logarithms. — Logarithms are actually cal- 
culated hy a series derived from formulas obtained in higher 
mathematics. IWowever, a simple although Jaborious method 
of computing logarithms approximately may make the signifi- 
cance of the logarithm somewhat clearer. 


2% = 10241, 2” = 1,048,576. 


Evidently, 10° < 2” < 10’, since 1,048,576 is greater than 
1,000,000 and jess than 10,000,000. 
Extracting the twentieth root, 


10° <2 <10™, 
or 102i 032. 


Hence, 2 is greater than 10 with an exponent .30, and less 
than 2 with an exponent .35. 

2 — (1,048,576)? < 1,100,000,000,000 and greater than 
4,000,000,000,000; 2% < 1.21 x 10* (2 by 2°) and greater 
than 1x 10%, Whence 2™ < 1.33 x 10"-and greater than 
1 « 10”, whence 10” < 2'© <10", whenco 


10° < 2 < 10%, or log,,2 = .30*. 


Similarly, 3® is 3,486,783,861, or greater than 10° and less 
than 10"; hence, log 3 lies between .45 and .50, the computa- 
tion of 8” is easily made by using 34 = 81 and 3” =(81)*, mul- 
tiplying each time by 81 instead of by 3; the partial product 
by the 1 does not need to be rewritten. 
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6. Tables of logarithms. — ‘I'he exponents or logarithms to 
the base 10 of all numbers up to 100,000 have been computed 
by methods of higher mathesnatics; these logarithms are 
arranged in tabular form in the natural order of the corre 
sponding numbers, so us to be convenient for computation 
purposes. Our tables give the mantissas of the logarithms of 
all numbers between 100 and 999; by the insertion of the 
proper characteristic the logarithms of all numbers having 
one, two, or three significant figures, i.e. disregarding initial 
and terminal zeros, are given by our tables. The extension of 
the use of such a table to give logarithms of numbers having 
four significant figures is explained in the next section. ‘Lhe 
method applics to: increase in a similar manner the scope of 
any table of logarithms so as to give the logarithms of num- 
bers having at least one more significant hgure beyond those 
of the numbers in the tables. 


7. Logarithms. Interpolation. — Tables of logarithms give, in 
general, only the mantissas ; the characteristics arc to be sup- 
plied according to the rule piven above. 


4 b) 


—— | qq“) | ~—)W._.. 
me re es ere SS | SS | 


8006 | 3118 | 3139 | 3160 | 318) 
3304 | 3824 | 3345 | $365 | 3385 


This section of a logarithm table gives the logarithms of all 
numbers with three significant figures, having the succession 
of digits beginning 20 or 21. Note that the differences begin 
at 22 in the first line and drop to 19 in the second. 


i Theso logarithins lie between 2.3075 ain 
log 203 = 2.5075 2.3096; they increase steadily ; we assume that 


log 2031 = they increase by uniform Amounts, Which we sce 
log 203.2 = in the table is roughly true for numbers fron 200 

‘i — > 239. The wiform increase of these lozarithns 
log 203.9 = of 203.1 Lo 208.9 is J, of the difference vetween 


the logarithus of 203 and 204, t.e. 2.1 of the 
units in the Lut place uf our logaritums. It 


log 204 = 2.3096 


WXPONENTS AND LOGARITHMS 47 


would nol be correct to increase the number of places ju our logarithins 
as Our process is only an approximation not correct to further places even 
‘9 our logarithms are only approximations to four decimal places. ‘Ihe 
logarithm of two is to five places .80108, to ten places .38010299957, to 
twenty places .30102999566398119521. 


log 203.0 = 2.3075 log .203 = 1.8075 


208.1 = 2.3077 
203.2 = 2.3079 
203.3 = 2.3081 
203.4 = 2.3083 


2031 = 1.3077 
.2032 = 1.3079 
.2033 = 1.3081 
2034 = 1.3083 


203.5 = 2.3086 .2035 = 1.3086 
203.6 = 2.3088 .20:36 = 1.3088 
203.7 = 2.3090 .2037 = 1.3090 
203.8 = 2.3092 .2038 = 1.3092 
203.9 = 2.3094 .2039 = 1.3094 
204.0 = 2.3096 .2040 = 1.3096 


A four-place table of numbers, with Jogamthms to five 
places, gives simply : 


ee cf ee fl ft ee | ef es fl a fl | wr | 


30963 | 30084 | 31006 | 31027 | 31048 | 31060 | 31001 | 31112 | 31133) 31164 


The appropriate characteristic must be inserted by the com- 
puter. <A careful examination will show that our mterpolation 
gives an incorrect four-place result for 203.4, with an error of 
half a unit. This type of error is inevitable, using four-placc 
tables. In general, such ervors tend to equalize each other, 
where absolute accuracy to four places is necessary, five- or 
even six-place tables must be used. Even with four-place tables 
it is evident that with a difference, called the tabular difference, 
of 21 to 24 the normal <lifference will be 2 units and 1 to4 
extra units wi)) have to be distributed in the addition. 

In the illustration above it may be noted that log 203 as 
2.30835 does not inform as, strictly, as to whether log 203 to 
four places is 2.3083 or 2.3084; the latter is the case here 
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since if log 203 is found to further places than five the fifth 
decimal place is SY a 35, Whenever the five-place loga- 
rithm is a terminal 5 which has been obtained by increasing 
a 4 to 5 the four-place logarithm would not be increased by 
one unit; thus, log 2007 to 5 places is 3.30255, to 6 places 
Jog 2007 is '3.02547, and hence to four places log 2007 is 
3.3025. in some tables of Jogarithms a terminal 5 duo to an 
increase, as in log 2007 = 3.30255, is marked with a super- 
imposed negative sign or other mark. 

In physical problems, measurement to three places permits 
of computation to three places only; the fourth place by inter- 
polation assures accuracy, in general, of the third place. 

Lhe reverso process is to find the number, given the loga- 
rithm; thus, to find the number whose logarithm is 2.3088, we 
see that 


Diff. 21 
the table vives log 203 = 2.3075 1 
aod log 204 = 2.3096 2 
The tabular difference is Se1 8 
The given logarithm is ~ 2.3088 4 
The difference between it and the 5 
sinaller logarithm nearest to it is 13 6 
7 
8 
9 


The table of tenths of the tabular difference, which is fre- 
quently given in tables of logarithms, shows that 13 is nearest 
to .6 x 21. The number is 203.6. Had the given logarithm 
been 2.3087, we would find as the number again 203.6, since 
the actual difference is 12, which also is nearer to .6 of 21 than 
to .5 of 21. Note that in the table, and in the difference 
table, the logarithm or part of the logar ithm lies always to the 


right; the number, or part of the number, lies to the left or 
wbove. 


8. Historical note. — Fundamontally the notion of logarithms 
is intimatoly connected, as we have shown, with the notion of 
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exponents. The one-to-one correspondence between exponents 
and « series of successive powers of a given number was noted 


Exponents | —4]-—8]—2]-1]o!l1/e/[s|4| 5 9 | 10 
Numbers 4 1112/4/8)] 16 | 32} G4] 128 | 266 | 512] 1024 


Figure from Stifel’s Arithmetica Integra, 1644 


many years before logarithms were developed, in many arith- 
metical texthooks of the fifteenth and sixteenth centuries. 
A German mathematician, Stifel (1486-1567), published a 
work entitled Arithmetica Integra, 1544, in which these “cex- 
ponentes,”” as he termed them, werc extended to the left. 
Stifel spoke of the great possible use of such series for compu- 
tation in which addition would replace multiplication, aud sub- 
traction replace division; but he developed the idea no further. 

In 1614 John Napier, Daron of Merchiston, a Scotchman, 
revolutionized computation processes by the composition of 
logarithmic tables, based on the idea of the comparison of two 
series essentially of the kind indicated above. The adoption 
of 10 as the base of a logarithmic series was due to a friend of 
Napier, Henry Briggs, who published in 1617 the decimal 
logarithms of the first thousand numbers. 

In recent years the widcspread adoption of computing 
machines which carry multiplications and divisions to Afteen 
and twenty places is somewhat replacing logarithms in the 
offices of great insurance companies and, to some extent, in 
observatories. 


Logarithms. I1nustearivé Pxostems.—J. Find by four- 
place logarithms : 
2.03 _ OT 
a. 203 x 137; bn ===; Cc ——;3 d. (203)?. 
137’ 2003’ oa? 

a. log 203 = 2.3076 By interpolation sinco 2, the diffcrenco 

log 1387 = 2.1367 found, is in tenths nearest to .1 of 16, the tab- 
Jog product = 4.4442 ular difference. 

peoduct = 278.1 
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b. log 2.03 = 0.3075 log 2.03 = 10.3075 — 10 
log 137 = 2.1367 log 187 =_2.1367 
log quotient = 2.1708 log quoticnt = 8.1708 — 10 


quoticnt = .01482 
‘The 2 is obtained by interpolation since 
6, the difference found, is ncarest to .2 of 
29, the tabular difference. 


c. lug 137 = 2.1867 d. log 203 = 2.3076 
Jog 2.08 = .307h 3 

log quotiont = 1.8292 log (203)3 = 6.9225 

Quotient is 67.58, since the differ- (203)$ = 8,363,000 


ence 5 is in tenths nearest to .8 of 6, 
the tabular difference. 


If these numbers represent physical constants, obtained by 
measurement, our computations would be slightly more ac- 
curate than the measurements warrant. J5ven in prices, in 
general, these results would he sufficiently accurate for pnr- 
poses of business. Thus 137 pounds of cheese at 20.3 ¢ per pound 
woud be found to be worth $27.81; 137 tons of mine-ron 
coal at 32,08 per ton is worth $ 278.10, with a possible error 
of 10%; 1370 tons of coal at $2.08 would be $2781 with a 
possible ervor of 50%, which is negligible in business of this 
mInagnitude. 


IT. Vind hy logarithms, four-place, to four places: 


a. 203.8 x 137.5; b. 2038; ¢ (203.83, a. (.02038)?. 
13750 
a. log 203.8 = 2.3092 b. log 20.38 = 1.3002 
+ log 137.5 = 2.1878 — log 18750 = 4.1878 
log product = 4.4470 log quotient = 3.1714 
product = 277,900 or 7.1714 — 10 


c. log 203.8 = 2.3092 quotient = .003 484 
3 By interpolation the given differ- 
log (20.88)3 = 6.9270 ence of 11(.1714 — .1703) ig nearest 
(20.38)? = 8,464,000 in tenths to .4 of the tabular dif- 


ference, 29(.1782 — .1708). 
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d. log (.02038)> = log .02038 
log .02088 = 2.3002 8.8092 — 10 
or 
8 3 
5 6.9276 24.0276 — 30 
The division by & causes trouble because of the negative characteristic. 
To avoid the difliculty, write 6.9276 as 44.9276 — 60. Dividing this by 6 


gives 8.9855 — 10 or 2,0865 
(.020287 = .09672. 


EXERCISES 


1. By chaining, the sides of « rectangular field are found to 
measurc 413.2 feet and 618.4 feet. ind the area in squarc fect 
and in acres. What effect upon the computed area does an 
error of .1 of a foot in measurement make? Considcr this 
fact in making the coinputation, not assuming that these lengths 
are more accurately given than to .4 of one foot. 


2. Usc . Hero’s formula, =V3(3 — a)(s— b)(s — 0), 
wherein a, b, ¢ aro the sides and (othe = 8, to compute 


the area of a triangle whose sides are ee: feet, 618.4 Feet, 
and 753.2 feet. Discuss errors as before. Do all the prelimi- 
nary computation of s, s~—a, s—b, s—c before looking up 
any logaritluns. 


3. Using a watch with a second hand, timc yourself on 
Jookiug up the logarithins of the following 20 numbers; asa 
preliminary exercise look up the logarithms of these numbers 
without using the fourth significant figures, not requiring 
interpolating. 


log 314.6= log 14.32 = 
log 813.2= log 1876000 = 
log 5.462 = log 81930 = 
log .003468 = log .08764 = 
log .3085 = log 3.250 = 


sOgaeer ¢ Uy. o == log 72063 = 
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log 67870 = log 200.4 = 
log 368.60 = log 399.5 = 
log 53.85 = log 210.4 = 
log 19.26 = log .033899 = 


Trenty minutes should bo the maxiinum time on this ist; practice 
vntit you can do all 20 with interpolations within 15 minutes or cven t0 
minutes ; a)) 20 characteristics shoukl be written before you begin w use 
the tables, 


4. Kind by four-place tables the logarithms of the following 
numbers, interpolating: $26, .08342, 10,050, .008766, 5499, 
3.482 x 106, 37.04, 290.40, 9647, 38.55, 069.18, 3001, 2.777 
10+, 784.4, 6,934,000, 5.341, 70.98, .1237, 8402, 3740. 

Time yourself; the 20 should not tako more than 12 minutes; the 
problems shoukl be written down before the tablo is used, ‘rhe time 
includes only Jookiug up the logarithm and writing it down; it should 
not include copying the problem, A piece of blank paper may be placed 
alongside of each coluinn and tbe logarithins written upon the paper ; by 
foiling the paper lengthwise the two columns may be placod upon the 
same sheet. Yractice with timing, 


5. Find the numbers corresponding to the following loga- 
rithms — no interpolation is necessary. Take the time of lovok- 
ing up the numbers and writing these in a prepared form as 
answers; the time should not exceed $ minutes. 


Jog = 3.8114 log = 1.0192 
log = 0,9996 log = 5.9068 
log = 2.6866 Jog = 2,9557 
log = 1.7482 log =3.1732 
log =6.3010 log =6,2672 
log = 8.0086 — 10 log = 5.7832 
log = 4.2856 log = 1.1761 
log = 1.8837 log =9.5024 —10 
log =9,3201—10 log = 2.4786 
log = 2.7789 log =3.1673 


6. Find the numbers corresponding to the following loga- 
rithms, interpolating wherever necessary; time yourself, in 
Jooking up numbers, first writing the given logs in column 
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form, and not counting that time. The 20 should not take 
more than 15 minutes; 10 minutes is slightly better than 
average time. 


log = 3.5861 log = 8.5418 — 10 
log =5.6427 log = 2.0923 
log =1.4436 log = 2.9844 
log = 4.7320 log = 3.3080 
log = 6.9428 log = 1.2818 
log = 2.4415 log = 7.8419 — 10 
log = 6.4593 — 10 log = 0.4630 
log == 5.8662 log = 1.7848 
log =o RE AY log = 0.9618 
Jog ==) 2.0090 log = 1.7276 


7. Tiine yourself on finding the 20 numbers correspond- 
ing to the following logarithms : 


2.1120 1.2480 1.9162 2.7455 4.3925 
1.6150 5.4151 0.5132 0.0420 6.4105 
8.9312 —10 3.5674 3.3808 1,2229 2.9213 
4.8990 1.1174 7.8973 —10 1.3660 2.0621 


8, Perform the following computations, using logarithms: 
a, 54,04 x 376.2; 0. pale c. (54.04)9(3.762) 
d. VW55.01; e. V5s.04 x 376.2. 

_ 9. Find the volume in gallons of a cylindrical can, 18 inches 
in diameter and 30 inches high. (1 gallon = 231 cubic inches.) 


10. Show that the capacity of a cylindrical can in gallons 
can be written as 4 of 1% of dh + 2 % of the 4 of 1% of at, 
or as 1.02 x 0.004 x d*h, given d and h in inches. 

11. Find the volume in cubic feet of a silo 16 feet in diame- 
ter and 32 fect high. Compute for 16.9, 15.95, 16.05, and 16.1 
feetin diameter. If the measurements are correctly given within 
1 of one foot, how accurately can the volume be given, with a 
16-foot diameter ? 
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12. Kind approximate value of 2%, 2-®, ove, and 2745 by 
logaritbms. 


13. Extract the cube roots of 2, 3, 4, 5, 6, 7, and 8 by 
logarithins. Multiply the value of 2} by the valuc of 33, and 
compare with your value of 63. 


14, Given a pendulum of length / centimeters and time of 
oscillation ¢ seconds, you have the following formula connect 
ing 2, and ¢: pe 

= w\ 980° 
Given ¢=1, compute 7; given / = 60, compute ¢; given that 
t= 1 but that instead of 9SO you have 981, compute 0. 


15-30. Solve the problems at the end of Chapter IT using 
logarithms. 


9, Compound interest. — When interest is added to the prin- 
cipal at the end of stated intervals forming a new pvincipal 
which is to continue to draw interest, the total increase in 
the original principal which accuinulates by this process con- 
tinned for two or more intervals is called the compound inter- 
est on the original principal. 

Let P represent the principal, i the interest rate per inter- 
val, and » the number of intervals, and § the amount at the 
end of 2 intervals. Given interest compounded at rate 7 per 
annum for n years. 

At the end of 1 year you have J?+ iP = P(1+%). 

At the end of 2 ycars you have 


PA +1) + iP(L + 1) = Pl + 22 
At the end of 3 years you have 
P(1 + t)?+ iP + d= Pl + 93, 


. sd *) a « e e ry 


At the end of » years you have S= P47 
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Or you may say that since tho interest for 1 year in- 
creases the principal P to (1+ ¢)P, then in 1 further year this 
new principal ?(1+ 7%) will be increased in the same ratio, 
giving P(1 +2) x (1 +2) or 77(1+7)?, aud for each further year 
the factor (1+ 2) is introduced. Jience the amount at the end 
of nm years is P(1 + 7%)". 

If interest is compounded at the end of every three months, 
or cvery six months, you substitute for ¢, or a and for 2, 
4n or 2n, since the number of intervals of three months in x 
years is 4 and of six months is 2 n. 

The formula S= P{14-4)™ is uscd for an interest rate 

m 


given as j per annum, but compounded om times per annum, 


at rate - for each interval. 
mM 


Problems in compound interest lend themselves to solution 
by logarithms, 


Given, S=P(1+7)". 
log S = Jog P + log (1 + d)*. 
log S =log P+ n log (1 + 2). 
log P=log S—nlog (1 +2). 
_ log S—log P 
log (1 + 2) 


log (1 + y= tes Sate *. 

Note that it is better not to use these as formulas, memoriz- 
ing them, but rather to go back to the fundamental relation, 
S=P(1+%*. Note also that the formula holds for other 
than integral values of n; thas at 6% per annum the interest 
on the amount P for six months or eight months is defined as 
P(1 + .06)2 — Por P+ .06)¢— P, respectively. Hence for 
n+ years the amouut would be P(1+2)"(1 +itaP(i+att. 
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PROBLEMS 


1. Find the amount of $1000 at interest 4% annually, 
compounded for 20 years. Find the amount when compounded 
semixtumually at a nominal rate of 4% per annum, te. 2 % 
semi-annually. 


2. In how many years will money double itself at 4%, 
5%, 6 % interest, compounded annually ? 


3. Given that at the end of 20 years $1000 amounts to 
$1480, what is its approximate rate of interest ? 


4. Given that at 5 % interest, compounded annually, $ 1000 
amounts to $ 1480, what is the approximate number of yeurs ? 


5. Find the compound amount of $1400 at 5% interest, 
compounded semi-annually, for 10 years, 11 years, 12 years, 
up to 20 years. 


6. If $100 is left to accumulate at 3% interest, com- 
pounded annually, what will it amount to in 100 years? Solve 
by logarithms. What ainount put at 3 % interest will amount 
in 100 years to $1,000,000? What is the present equivalent 
of $ 1000 to be paid at the end of 100 years, money worth 3 %, 
compounded annually ? 


7. Solve problem 6 for 4%, 5%, aud 6% interest, com- 
pounded annually. For 6% per year, compounded semi- 
annually, for 50 years. 


8. Benjamin Franklin, who died in 1790, left 1000 pounds 
tothe town of Boston” and the same to the city of Phila- 
delphia. His will directed that this amount should be loaned 
at interest to young artisans, and thus accumulated for 100 
years until the principal should have increascd to 130,000 
pounds, He dirceted further that at that time the major por 
tion of this amount should be expended for some public im- 
provement and the residue left to accumulate, similarly, for 
another hundred years. What rate of interest did Franklin 
assume that his money would earn? In Boston the amount, 
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$ 5000 approxiinately, accumulated to about $400,000. Hind 
the average rate of interest earned annually. Assuming that 
$5000 was kept aside in 1891, as directed, what will this 
amount to in 1991, compounded at 4 % annually ? 


9. Find the amount at the end of 200 years of $5000, 
interest at 4%, 5%, and 6 %, compoundod annually. 


10. If a business doubles its capital, out of earnings, in 
12 years, what rate of interest on capital invested does this 
represent per year? If in 20 years the capital is doubled, find 
the rate of interest earned. 


11. The United States has increased in population froin 7.2 
million in 1810 to 101.1 snillton in 1910; And the approximate 
rate of increase per year, and for each ten-year period. Com- 
pare with the figures on page 6d. 


12. Lhe city of New York increased, in population from 
120,000 to 4,769,000 in the interval from 1810 to 1910. Com- 
pute the average annual rate of increase, using the formula, 
120,000(1 + 7)'!* = 4,769,000. Compute the average ten-yoar 
increase and compare with the actual statistics on page 66. 


CHAPTER IV 
GRAPHICAL REPRESENTATION OF FUNCTIONS 


1. Functional relationships. Joxprcssions of the forin 32+ 5, 
ax +b are called linear or first degree functions of the variable 
a; in elementary algebra such expressions haye heen combined 
according to the fundamental operations and subjcet to the 
Jaws given in a preceding chapter. Further, some atten- 
tion is given in clementary algebra to expressions of the 
form aa+brz+c, the general quadratic function of x, and 
expressions jnvolying higher powcrs of x Tho cxpression 
az” + bx. +4... is called an algebraic function of 2 of the 
nth degree when » js a positive integer and the coefficients 
a, b, - are constants. This represents of course a number for 
any value of 2. 

F(x), O(z), (2), A(w), --- are methods of representing 
functional relationships ; F(a), (vead F of & or F function of 2), 
means that this expression assumes various values as & varies, 
these values beiug determined by some law. In the equation, 
y=324+ 5, yis explicitly given as a function of 2; yis here 
a linear function of 2 In the equation, y = a* +42 —3, y is 
an explicit function of x; as a@ varies, so does y. In2z?4 y2= 25, 
as x takes on different values so does y, but one must solve for 
the corresponding values of y. Ilere y is called an implicit 
function of 2. 

When two variable quantities arc so related that the varia- 
tion of one of these depends upon the vuriation of the other, 
either is said to be a function of the other. ‘Thus the pro- 
duction of wheat in the United States from 1900 to 1915 is a 
variable quantity depending upon the year of production, 
The height of a given tree is a function of its age; to each 
number expressing in any convenient unit of time the age of 
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the tree corresponds a given number expressing the height 
of the tree. Similarly the weight of a tree is a function of 
the age of the tree. This type of relationship cannot be ex- 
pressed algebraically. 1t may be exhibited by the two serics 
of numbers, or it may be expressed graphically. 


2. Graphical representation of statistics. — Since two variable 
quantitics arc to he represented, two scts of numbers inust be 
indicated ; this could be done by placing the two sets upon 
two lines straight or curved, drawn parallel to cach other. 
This is the form used upon grocers’ scales wherem the vari- 
ibles of weight and corresponding price are placed upon con- 
centric circular arcs; corresponding numbers are cut by thie 
pointer. 


Series of corresponding numbers graphically represented 


It is commonly more convenient to placo the two scales for 
represcnting the two variable quantities upon two lines per- 
pendicular to each other. Upon the following figure the tem- 
perature and barometric pressure are indicated by the diagram 
for the woek, March 4-11, 1918, at Anu Arbor, Jlichigun. 
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Temperature and barometric chart by moving pointer 
The sharp break in barometer curve corresponds to a violent rainstorm. 


‘The horizontal displacement of any point on either graph, located by 
the vertical rulings, indicates tho time of the observation ; the correspond. 
ing temperature or pressure is indicated by the vertical displacement. 


ILLUSTRATIVE EXERCISES 
1. Production and price of wheat in the U. S. from 1895 to 
1916 are given in statistical form and graphically. 


ore Vsopection | Exroats | rics PRODUCTION Lxroats 
Alfiffons of Bushels Cents Millions of Burhets 
1895 467 12G 
1396 428 145 
1897 330 217 
1898 O7i zon 
13899 547 186 
1900 d22 216 
1901 748 235 
1902 G70 203 
1908 638 - i21 
1904 D52 44 
1905 693 98 
1906 738 148 


Statistics from the Yearbook of the U.S. Department of Agriculture 
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Graphical representation of wheat production (continuous hue) and price 
(broken line) in the United States, 1895-1917 


Note that the graphical fonn of these statistics brings out sevcral points 
of interest. In the first place the maximum price paid for wheat in the 
interval is lumediately found, and so also the minimum price of 514 
(50.9%) in 1893. Further, the diagram shows very pointedly that a 
large production under normal circumstances is accompanied by a fall in 
price, and an immediate diminntion of production. In 1917, uuder war 
conditions, both production and price increased greatly. 


2. ‘Lhe weight of water per cubic foot, or 60 pints, is 62.4 
pounds. For cylindrical vessels filled to a height of 12 inches 
the weight for an area 144 square inches in the base would be 

62.4 pounds; for 72 square inches in the base the weight of 
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water would be 31.2 pounds; for 0 square inches the weight is 

Q pounds. On codrdinate paper represent square inches of 
base on the horizontal linc, taking 1 major division to repre- 
sont 10 square inches, and represent weight on the vertical 
line. 


Weidhleos as AT 
in lb». riitite saeeree ECHL EEE 
109 mneie as a see pene nae 
; QEESES 
99 HTH tte ate 
: Hi 
70 "3 
6OHF en 
ry HES inal al 


20 speuuweoue 


0 10 20 30° Fis 50 ae ao AC 0) T00E 120 130 140 
Square inches in base 


Weight of water in cylindrical vessels with varying base when filled to a 
height of 12 inches or 10 inches 


Note that the weight of 32 inches of water in a vessel with a base con- 
taining 50 square inches is 21.5 pounds, and conversely if a cylindrical 
vessel contains 21.6 pounds in 12 inches of height, the base contains 50 
syuare niches, and similarly, of course, for othor values. 


PROBLEMS 


1. Plot the temperature, as vertical lengths, aud the time, 
by hours, xs horizontal lengths, for 24 hours. 


2. Plot the contents in pints of cylindrical vessels 12 
inches in height, with varying bases; take that with base 144 
square duches, the capacity is 60 pints; with 72 squaro inches 
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in the base, 80 pints; with 0 base, 0 pints. he straight line 
joining these points can be used to give the base in square 
inches of any cylindrical vesse] whose capacity for a height of 
12 inches is known. What would be the base of a vesscl that 
contains 10 quarts when hiled to the height of 12 inches? 


8. Plot cubic inches against pints, taking 1728 cubic inches 
as 60 pints. 


TNCREASE IN Vor.ume wit TEMPBRATUNR INCREASE 


As liquids are heated the voluine changes, generally increasing ; this 
water increases in volume when heated except between 0 and + 4° C. 
Given 1000 cu. cm. of water at 4° C. and 1000 cu. cm. of mercury at 0° C., 
the voluine at other temperatures is given by the following table : 


TeMeEBATURY VoO..UME OF WATER VoLtustn op Mekccny 
0” 1000.13 1000.00 
ie 1000.06 1000.2 
4° 1000.00 1000.0 
8° 1000.33 1001.4 

10” 1000.27 1001.8 
18° 1000.87 1002.7 
20° 1001.77 1003.6 
25° 1002.94 1004.5 
30° 1004.35 1065.4 
35° 1005.98 1006.5 
40° 1007.82 1007.2 


4. Plot the increase above 1000 cu. cm., or decrease, in cu. 
em. in voluine of the water, using 1 half-inch for 1° on hon- 
zontal axis und J hal€-inch for 1 cu. cm. on the vertical axis. 
Note that by adding 1000 to the given readings, actual volumes 
can be read. 

5. Plot the same curve for tho increase in volume of the 
mercury. It is evident that the increases im volume of the 
mercury are approximately proportional to the increases in 
temperature, 
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Sratisrics on Weiaur asp Meine 


From an investigation of’ tbe statistics giving characteristics of a group 
of over 200,000 mnen and 180,000 woinen, the following facts are obtained 
on average height. ‘lie facts are given for groups of 1000. 


FREQVeEsry uR Now IN 


Wesanur (ro Nragest 


HOCe | FREQUENCY oP. 
Hescws ae eye cee" Newnes 
Men | Warnon Mgiour Uf iy"! 
4) yt 0 ] 125 4 
4’ 10” 0 4 130 it 
4/ yt 0 10 185 24 
veo 2 40 140 60 
G17 2 53 145 78 
Bae ett | 0 107 150 114 
S38! 2 135 155 95 
y 4" 30 183 160 106 
Bf ptt 55 G7 165 90 
&! 6" 99 134 170 87 
ee 127 83 175 72 
sy ae 1(5) 48 180 59 
o! of ' 145 18 183 4B 
5! 10 147 8 190 37 
bl iis 104 3 195 95 
BON 645 1 200 32 
a 22 0 205 12 
ve 11 0 210 14 
ort 3 0 215 4 
EW : 0 220 g 
225 3 
230 1 
eee 


In any such group the number of individuals having any given char- 
muteristic 1s called the frequency Corresponding to the given characteristic. 


6. Plot the frequency curve of heights of men and women, 
taking z inch as corresponding to 1 inch of height on the 
horizontal axis and tuking 4 inch vertical for 30 individuals, 


TP), 3 : . 
This curve represents very nearly what is termed a normal 
symmetrical distribution. 
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7. Plot the frequency curve for weights of inen between 
35 and 39. 
AGRICULTURAL STATISTICS 
In the Yearbook of the Departinent of Agriculture statistics of proditc- 
tion aud prices of standard crops and fann products aro given, covering a 
period frequently of 50 years. Use this Yearbuok to obtain the data for 
the following curves: 

8. Plot the curve showing the production of corn in the 
United States from 1866 to the present time. Use 200,000,000 
bushels as # vertical unit, taking + inch as the unit; take one 
year as 5 of an inch. 

9. Plot prices on the diagram of 8, using a right-hand scale. 

10. Plot similarly statistics for the amount and price of 
sugar produced in the United States. 

11. Plot the aycrage price im the United States of eggs by 
mouths for the current year; plot butter prices similarly. 


PoruLatTion STAMSTICS 
The popnalation statistics of the United States by 10-year intervals as 
given by tho 1914 Statistical Atlas of the U.S. Bureau of Census are as 
follows ; 


U.S. Naw Yorr TEX43 
(Milllons) (Thousands) {Thousands) 


213 
G04 
810 

1,692 

2,236 

8,049 

8,807 


i ne me ee eee wre 

. 7 ~ 
A = EE: PIO LE, ye GO NY” WP NERS RSSGRERP STREWN 
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12. Plot the curve of population of the United States. 
13. Plot the population curve for Michigan, and estimate 


the population for the 5-year periods. 
en ey ee ee a 


Naw York City Meceninas [New Yore City 
Date. (Thoursnds) Nate (Thousands) (CThoussnds) 


NICRIQAN 
Date (Thouasnda) 


_———= 


1837 1790 49 1864 804 
1800 79 1870| 3,184 1,478 
1810 120 1874] 1,334 
) 1820 152 1880| 1,637 1,912 
1830 242 1884} 1,854 
1890 | 2,094 2,507 
1840] 212 391 1804] 2,242 
1900| 2,421 3,437 
1845| 303 1004 | 2,530 
1910] 2,810 4,769 
1850| 398 696 
1854| 507 
1860| 749 1,175 


i EEE 


14. Plot the population curve of New York City. What 
has been the average rate of increase for 10-year intervals and 
for yearly intervals, approximately, since 1810? Note that 
this requires the solution of the equations 120(1 + 3° = 4769, 
and 120(1 + 7)! = 4769; solve by taking the logarithm of 
both stdes. 

15. Discuss the increase of the population of the United 
States from 1810 to 1910 as in problem 15 the population of 
New York City is discussed. 


3. Graphical representation of algebraic functions. —To repre- 
sent a point on @ given line ouly one number is necessary with 
a potut of reference and some unit of length. To every num- 
ber corresponds one point and only one and .conyersely to 
every noint corresponds one number and only one number. 
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The distance cnt off from O, the origiu, by any point on this 
line may be called the abscissa of the point; a moving point 
npon this Jine may be designated by the variable 2, which is 
then thought of as assuming different values, corresponding to 
the different positions of the point upon the ince. 


Lil leat 
-7 -6 -b -4 -8 -2 -1 0 1 2 8 8 6 6 7 8 9 

If another scalar line, OY, be taken intersecting OX at 
90°, the two lines may be convemently used to represent the 
position of any point in the plane of the tivo lines. ‘Ihe two 
lines of reference are called commonly the z-axis and the y- 
axis respectively. 

The position of a point on the carth’s surface is given by a 
pair of numbers representing in degrees longitude and lati- 
tude; the + and — of our numbers are replaced by FE. and W. 
in longitude, and by N. and 8. in latitude. If we agree to give 
longitude first, then + and — conld, in both terms, replace 
the letters, and position 
on the earth’s surface of 
any point can be given 
by «@ pair of nuuinbers. 
Tho system of represent- 
jing pots in @ plane is 
not essentially different. 

Given any point in the 
plaue as J, & perpen- 
dicular is dropped to the 
horizontalline. ‘The dis- 
tance cut off on this 
horizontal line is called 
the abscissa or 2coérdi- uae seed ae FH iniaeieiiiis ma 


nate of P; the distance ttt Sessesee 
ent off on the vertical Location of points in a plane 

line OY by a perpen- 

dicular from P to OY is called tho ordinate or y-codrdinate 
of the point P and it is evidently equal to the 1 PM dropped 
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to the axis OX. The twa numbers together, abscissa given 
first, serve to locate the point; thus a point 2 7 units to thie 
right of O5’and 5 units above OX is located on our diagram, 
To this point corresponds the pair of numbers (7, 5) (read 
“seven, five”) and to the pair of numbers (7, 5) corresponds 
point P;. The point , symmetrical to P, with respect to 
OX, is (7, — 5) the negative ordinate indicating that the point 
is below thewaxis. P, (—7,5) and P, (—7, —5) are located 
upon the diagram, 

A moving (or a variable) point Pin the plane is designated 
by (2, ¥), which is read “a, y” (not “a ann y”), and the 
coérdinates, abscissa and ordinate, of P are a different pair 
of numbers for each position of the point, i.e. 2 and y are 
variable. 

Every point represents a pair of numbers, and consequently 
series of points will represent a series of pairs of numbers. 
In the statistical diagrams the pairs of immbers are numbers 
functionally related. In an algebraic function, y= 32+ 5, 
we have involved a relationship corresponding to a mass of 
statistical information, and the pairs of numbers can be repre- 
sented upon a diagram just as before. Corresponding num- 
bers, a pur of numbers, are obtained by giving a value to z 
and computing the value of y. he points are seen to jic 
upon a straight line, which we shall sce includes all points and 
only those paints whose codrdinates, abscissa and ordinate, 
when substituted for 2 and y, respectively, satisfy our given 
equation. This line is called the graph of the function, 32+5, 
or the locus of the equation, y=34+45,; the operation of 
locating the points and connecting them is termed plotting 
the graph. 

To represent on cross-section paper any equation in tivo 
variables z and y, t and s, u and », or by whatever letters 
designated, two intersecting scales ag axes of reference OX 
and OY, Of and OS, or OU and OV are taken, and pairs of 


valaes which satisfy the functional relationship are plotted as 
above. 
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4. Historical note.—The invention, or more properly the 
discovery, of analytical geometry was made in the carly part 
of the seventeenth century. The first work direetly on the 
subject was published by René Descartes in 1637, La Géomé 
trie, 2 work sinall in compass but great in its effect upon the 
development of mathematics and science. Almost simultanc- 
ously another J’renchman, Pierre Fermat, also discovered the 
methods independently of Descartes. 

The idea of cotrdinates, called Cartesian after Cartesius 
(Latin form of Descartes) was not vew; in fact, as we have 
noted, this idea is found in the latitude and longitude of Hip- 
parchus (200 n.c.). The idea of cotrdinates for drawing simi- 
lar figures was known even to the early Egyptiaus, and this 
idea was used for surveying purposes by IIeron of Alexandria 
(c. 100 1:.¢.). The idea of fundamental properties of any curve 
as related to its axis or axcs or to tangent lines and diameters 
was alsonotnew. ‘Thenew point was to combine these ideas, 
referring several curves and straight lines to axes geomet- 
rically independent of the curves, using letters to represcnt 
constant and variable distances associated with tho curves 
and lines involved; the graphical representation of negative 
quantities is a vital part of the analytical geometry. These 
dovelopments were made both by Descartes and by lermat. 

Modern mathematics begins with this analytical geometry 
and with the calculus which was developed within a century 
after Descartes by Newton and probably independently by 
Leibniz. 

5. Industrial applications. — At the present time the graphical 
representation of statistics is playing an increasingly important 
yéle in many industria] enterprises. Curves derived from ob- 
servations, empirical curves, are expressed in graphical form 
for convenience of refercnce and, frequently, for interpolation 
between observed values. ‘The normal distribution curve }s 
employed uot ouly by statisticians but also in the production 
departments in many factories in the classification of their 


products. 
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ILLUSTRATIVE EXAMPLES 


To plot a function of x, give x values, find the corresponding 
values of y, or conversely, and plot the points. Connect by a 
smooth curve passing through all the points in succession 
moving continuously fron) left to right. 


Bggpoecscanas Poirnm on . Plot the graph of 
HH] THE CURVE 4).4 function e+4a—h, 


z ’ : 
ne 6 a ie, plot the Jocus of thie 
Gini: at) g equation, y=a24+42—5. 
sane 

paubes -4/ -5 
tie 93/8 Give to z the values from 
Het H -2/ —9 0 to 8 and from 0to —6; 
so eeece H aneenuia —1 | —g beyond these va)nes in 
eg = 0 | —5 either direction the valucs 
] Q of y evidently become very 
9 7 large. The curve is ¢vi- 
3 16 clently symmetrical with re- 


spect to a line parallel to 
the axis and 2 units to the 
left. 

The points where this 
curve crosses thie axis rep- 
resent so)utions of the equa- 
Graph of y= x? +4x—5 tion z2+42—-—-5=-0. 


2. Plot s= 20t-+ 50. 


Seauuusesseaussescesseus anne oss 

Hiner: 0! 50 170 

: 1] 70 1.172 

2; 90 1.2 iP 
3/110 1.3'76 

4/130 1.4:78 

au 51150 9.5:80 

aM STITT G70 1.6'82 

SEs HEESISSSESENNEH Gras Hts 7190 3.784 

cuacaseswe Gupapeseas 8210 1.886 
EVSEeeceaceassssst ft /OVDUTSErceazziices We 9°30 1,9/88 

O° Taki Die 8 HN SGT OTA SMR ETC emo C0 oho 


1 yA. Y, 1.2,051.3 41.4.1 559 1.0) tae se 


Upper graph, s = 20¢ + 50 from ¢ = 0 to 4 = 10, upper and left-hand scales 
Lower graph, s = 204 + 60 ftom { = 1 tot = 2, lower and right-hand scales 
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The lower and right-hand scales would be used if you were interested 
in the behavior of the function in the interval from ¢=1toe=2. Ly 
the tenfold enlargement you can read values to the thin sienificant 
figure. 

This may represent the motion of a body which starting at a point 
60 feet from the given point of reference moves away from that point 
in a straight line at the rate of 20 feet per second. The units micht be 
miles and hours, so that the speed would be given as 20 miles per hour; 
this may represent then the motlon of a train. 


8. Plot y= a —22°— 18a +4 24. 

he values of y are so large that the figure occupics too much space 
vertically. ‘l'o obviate this difficulty one square on the axis of y is taken 
to represent ten units of y and one square on the z-axis is taken to 
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Graph of y = x — 2x°— 118x424 


represent one unit of z. This scrves to compress or telescope the CUrVC, 
but tho essential peculiarities are preserved. 1 particular the points 
at which the curve crosses the z-axis, the values of % which make 

—22%-182+24 =0, remain unchanged. These valucs, the roots 
of 3 — 222 — 18z + 24 = 0, aro scen to be — 4, 1.3, approximately, and 
4.8 approximately. 

In general an algebraic equation of this type is not likely to havo a 
rational root, such as the — d above. 
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4, Plot 22+ 9? — 36 
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Graph of x? + y? — 36 — 0 
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Chapter XLY. 
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5. Plot y=2? for x =0, .1, .2, -, 1.0, 1.1, 1.2, 13. 


Note that preciscly the same curve is obtained if units 0, 1, 2, 3, --- 15 
arc taken instead of tenths on the z-axis and tens in the place of tenths 
on the vertical axis, as indicated on the lower and right-hand scales. 
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Graph of y = x? 


This line if drawn somewhat carefully can be used to read squares of 
numbers of two places to two or three places. ‘Thus (.85)* = .72; (.96)? 

= 92; (.73)2 = 54. Square roots cau also be read from this curve by 
noting the horizontal length, corresponding to any g given vertical length. 
‘Yhe square root of 20 is read as 4.45, of 30 as 5.00, of 40 a5 6.85, of 50 as 
7.05, of GO as 7.75, of 70 as 8.38, of 80 as 8.95, of 90 as 0.5; the square 
root of 630 must read as 6.3 down between 2 aud 3 on the horizontal 
scale, evidently about 25. 
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My 
Graph of y = x°, using three different scales 
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VAS 


The portion of the cubical parabola, 


y = 23, 


Siven by positive valacs uf x from 0 to 10. 


Tately to 


10 can be ryead qnite acer 


wpproach to the thin, 
read on the 1 to 100 sc 


The eubes of numbers froin 0 to 
th 


two significant figures, with an 


Thus (8.4)? is 


(4.4)$ is re 


» Instead of 593 ; 
2; (1.8)8 is 


~ 
2] 


ale curve as 59: 


rve as 8:30 instead of &5 


ecu 
instead of 5.83. 


© 1 to 10 scal 


ud on 


read ov the 1 to 1 scale curve as 6.00. 
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PROBLEMS 
1. Plot y=2, fron a=1 tov=5, using one half inch on 
the vertical axis to represent 10. 


2. Plot y=2’, from c=1 to a=10, using one half inch on 
the vertical axis to represcnt 100. See graph, above. 


3. Plot y= 3, from «=0 to x=1 by tenths, using 10 half. 
inches for 1 uvit on each axis. 


4, Read froin the above curves the following cubes, to 2 
significant figures : 

3.2%, 4.77, .S2S, 1.53, G4, 58%, 7.13, 9.2%. 

5. Plot the graph of s=2001—16 27, from t=1 to 4=12. 
This represents tho height at tine ¢ of a ball thrown upward 
with w velocity of 200 feet per second. 

6. Plot the graph of s= 1000 —200t—1G6#, from t=1 to 
f=+; this represents the height above the earth of a ball 
thrown down from the top of the Jiffcl tower with a velocity 
of 200 fect per second, 

7. Plot the graph of z?+ y= 100 using } inch as 1 unit on 
each axis. Jind fron the graph ten patrs of numbers whose 
squares summed equal 100. 

8. The area of a circle is given by the formula A = m7"; 
plot the graph of the function A from r=0 to r = 10 inches; 
use 3.14 for z. 

9. Lhe capacity in gallons of. cylindrical can of height 10 
inches having a diameter of d inches is given, within yy of 
1%, by the formula: 

C=s5:P +a & 
Plot the graph for @=1 to 20 and interpret as gallons per 
ineh of height. IIfow could you find from the graph the ca- 
pacity of a can having a diameter of 8 inches and a height of 
9 inches? Check by cubic inches, using 231 cubic inches fo 
the gallon. 
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10. The capacity in cubic feet of a silo, d fect in diameter, 
24 feet high, is given by the formula 


V= e at = 6 wel? 


Construct a graph to enable you to read the capacity of silos 
having diameters varying from 10 to 15 feet and give approxi- 
mate accuracy of the curve in the neighborhood of d= 11, 14, 
15, and 17. 


CHAPTER V 


THE LINEAR AND QUADRATIC FUNCTIONS OF ONE 
VARIABLE 


1. Theorem. — Any equation of the first cleqree in two vari- 
ables (a and y) has for its graph a straight line. 

Proof. —The general equation of the first degrco may he 
written Az-+ By+C=0. This equation can always be put 
in one of the four forms: 

z=k, if B=0,orif B=Oand C=0; 

y=k, if A=0, orif d=Oand C= 

y= me, if C= 0, 
or y= ma+k. 


agee 
Ht FLEES EH HH 
4 apes gap 
eT a s 


EERE HES 


Nee eee e ee eeaanee 


a= represents a straight 


line parallel to the y-axis, at Sagsee SciBTineseiesise amleas 
a distanee & units from it; on =n ee Hath sie reersraae a 
such a line the abscissa of any Hf 5 Bi Sri Siteagaiziss bie 
point is constant. The coord) yRAT HEH peeticccsrssreceniece 
nates of any point on the line PHAHAHTHITTRITETT EEE 
satisfy the cquation, and any wtits eth HEEL Ret FER rie 
point whose codrdinates satisfy Ssaaeeewetbaisiee ep cevaasearantine ars 
the equation lies upon the line. deed iasdaicill PELE EPEC 
2 ; , eee ce SA TNESSERIGN IS@TMUSECIZUITH GREETS 
Thus, ¢=—2 or z+ 2=0 repre- et 
sents a straight line, parallel to HH HERE HEEH straeenieaiea cit 
and 2 units to the left of the See ittatese evegittrsteetbeaat 

i irri =k PRE EEE ee 
y-axis. Similar] Lo Sie kK repre- Seen oie igvipiarasis 
sets a straight line parallcl to HARE 
the z-axis aud at a distance of Gages 4-2 =0 


k units from it. acd Graphofx—k=0 
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y=me. Assume different points which satisfy this rola- 
tion; the origin lies upon the locus; (2), y,) and (2, yz) satisfy, 
if ¥, = Mx, Yo = Mr, 

Any two points (%, %), (@» ¥2) 
which satisfy this equation can be 
shown to he upon the straight Jine 
connecting cither one with the 
origin, which evidently satisties 
the equation. 

Consider first m to be positive ; 
the point (x;,, y,;) may be takon in 
the first quadrant. 

Since 4; = mx, and y= mmr, 

th t= m, 
% %Xy 


The right triangle containing gz, 
aud y, ag the sides is similar to 
the right triangle with a aud y 


as sides, since eats IIence 
1 

the corresponding angles at O are equal and the points 

(2, ¥) and (Z, ys) lie upon a straight line through tho origin. 


Nore. — If yannd z, are negative, # isin truth to be replaced by —Y2 
Z4 — In 


since only positive quantities are involved in plane geometry. 


Conversely any point (2, y) which lies upon the given line 
drawn satisfies the given equation. Jor, by similar triangles, 
yun 
G 

When, sccondly, m is negative, the argument is slightly 
changed, since any point (2, y,) which satisfies the equation 


must haye coérdinates opposite in sign; then either or 


=m, whence y = mz. 


—4 equals 
x, ed — ™. 
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In the cquation y= ma+% for any values of z, the corre- 
sponding values of y are greater by & than the corresponding 
ordinates of y= mz. Construct any three such ordinates of 
y=mec+k. Since these exten- Pe ReEnY Sek ates. 
sions are parallel and equal in HEE SUSUSESEECSEES 
length, parallelograms are formed ; 
the inclined sides of these paral- 
Ielograms are parallel to the line 
y= me and consequently to each 
other. Since any two of these 
parallel Jines have a point in com- 
mou, they coincide and form one erisriez'= 
straight line (hy plane geometry). ELH 
The value m is called the slope of . 
the line y= mz + hk, and evidently 
yatics as the angle which the line 
makes with the z-axis varices. The 
angle which a line makes with the 
©axis is termed the slope angle of 
the line. 

Conclusion. —Since every equa- 
tion of the first degree, 

A¢c+ By+ C=9, 
ean be put into one of four forms, mentioned, every equation 
of the first degree represents a straight line. 

Conversely, cvery straight line is represented by an equa- 
tion of the first degrec; if the line is parallel to one of the 
axes, the form of the equation is evidently z= kory=k; 
if the line passes through the origin, the form is y= mz; and 
overy point.on the line can be shown to satisfy this equation, 
for let (2, y,) be any fixed point on the line and (, y) any 
point whatever on the line, then 


Yi — =H , by similar triangles, whence 
c 


! 
i m, a fixed value, and y = mz. 
% 
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Any other line will be paralle) to a line through the origin, 
and its points will satisfy an equation of the fori 


y = me +k. 


On the Jine y= me +h, if at any point the value of & is 
inereased by one unit, the value of y, the function of 2, is 
increased by m units; on this line everyw here y increases 2 
times as fast as a; the ratio of the increase of y to the 
unit increase of z, m, gives on the straight line tho rate 
of change of the function y as compared with the rate of 
change of 2. 


2. Intersection of graphs. — 


Plot 22+ 37 —-26=0, 
a+ i 5 = 0. 
very point ou the first line is such that its coérdinates 
(z, y) when substituted in 22+3y—26=0, satisfy the 
equation; there are an 
infinite number of such 
points, e.g. (0, 38), (1, 8), 
(2, +2), (13, OF (%; J), 
(—1, 28), -. By substi- 
tuting 0 or i or 2 or — 1, 
— 2,-«, for z and solving 
for y, or converscly, points 
are obtained whose coér- 
dinates satisfy the given 
equation ; similarly every 
point on the second Jiue 
is such that its codrdinates 
salisfy the equation, 


2x+3y—- 26=0, Une per oe 
Grape | ssc a z+ 4 a= 0; 


erin 


SERPs rH a rH 
HET PEE EEE +: fat FESTEEEITLEEE FH 
CEES EE EEE EEE HEE EE EEE 


the point of intersection 
satishes both equations, and its codrdinates can be obtained by 
solving the two equations as simultaneous. The argument is 
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entirely similar for the points of interscction of any two loci, 
representing algebraic equations; the points of intersection 
satisfy both cquations, and give a graphical method of ay 
proximating the solutions of the equations regarded us simul- 
tancous. 

To rewew this demonstration, answer the questions below, 
and read the discussion. 

What is true concerning the codrdinates of overy point on 
the first line? on the second line? What is true concerning 
the point of intersection so far as the two givon cquations are 
concerned? The drawing shows that (— 11, 16) satisfies both 
the equations, and substitution shows that this is precisely 
correct, In goneral the graphical solution is only approxi- 
mate, the degree of accuracy depending upon the accuracy of 
the drawing and the scale used. 


The point of intersection of two straight lines represents graph- 
ically the solution obtained by solving the two equations as 
simultaneous. 


‘a 
: 
i 


Intersections of y =3 2, and 2? + 7? = 20. 
The graphical presentation shows very plainly that the 


solution is, approximately, 
Hea bh 


and y= 4.8. 
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suessesea\ageatantatasatsntstersssztoeasstectitisisieosensey ezeusssc” 
ae {PELEEEEEEESESSScasisdaayAisoieett 
sasseCHESadssWezesaiGBseseszetesssdicsseatsstaasas nsssas/occesseunceal 
rE Hatt iezve eetasias 

43 = Hai $ 


se aeceeuneate HEH SeneeeapecGpeey ebony posse caatreseaseess 
Ht 


ii HRIRATE ERT eH HERETO 


She 4ER RES RReee naae HH TET SBSSCRRPTACULASERS 


Intersections of y= 27, y=3a+4 5. 
The graph shows that there are two solutions ; in the one, 
ea=~—12, y=41-4, 
and in theother, a=4.2, y=17.8. 


These are approximate values. 


Plot carefully the graphs of the preceding problems, check- 
ing on the work presented by the graphs. 
Plot carefully these two lines and verify the statements 
made : 
22+3y—26=0,) Graphically, parallel ; 
22+3y— 8=0.j algebraically, no solution. 


The point of intersection of two graphs represents graphically 
the solution of the two equations reyarded as simultaneous. 


3. Intercepts. — Any given line or curve cuts off on the co- 
ordinate wxes distances that are called the intercepts of the 
Jine or curve. The z-intercept is obtained analytically by sub- 
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stituting y= 0 and solving, i.e. by solving as simultancous the 
equations of the a-axis and the given line; the y-intercept is 
obtained by substituting « = 0. 

The x-intercept of 22+3y—26=0 is 13, obtaining by 
substituting y=0 in 224+3y—26=0; the y-intercept is 
+ 48; of a+ y?= 25, the vintercepts are +5, the y-inter- 
cepts are also + 5. 

Note that the problem of finding the intercepts of a given 
graph is a special case of the problem to find the intersections 
of two given curves; the z-intercept designates the inter- 
section of the given curve with tho z-axis, y = 0, and sisnilarly 
tho y-intercept refers to the intersection with 2 = 0. 


Rule.—To find the wintercept, put y=0, and solve; 
similarly for the y-intercept. 


4, Pencil of lines. — The straight Jines whieh pass through 
a common point coustitute what is termed a pencil of lines. 
If the common point is determined as the intersection of two 
given lines, we may write the oquation of the pencil of lines 
in terms of the two expressions which put equal to zero repre- 
sent the given lines. 

The pencil of Jinos through the intersection of 


y—3%—0=0 (2) 
Sy+22+7=0 ) 

is given by the linear equation, 4 being assumed constant, 
(3) y — 3% —5 + ky + 2a +7) =0. (42) 


Evidently any point on the first line, U,, makes y — 3a —5=0, 
and any point on the second line, 4, makes 3y+22+7=0; 
the point of intersection substituted in our equation (3) gives 
0+k-0 or 0, hence the point of intersection of J, and J, 
satisfies equation (3) for all values of k. 

Ly giving k successive values , can be made to pass through 
any point of the plane. ‘hus to pass through (1, 5) sub- 
stitute (1, 5) in & and solve for k, giving 

5—3—54+h(15424+7)=0, 
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or 24h =38,k=1, Theliney—382—5+48y7+22+7) =0, 
or Sy—24 2—404-3 y4+22+7=0 reduces to 11 y—22 4¢—33=0, 
or y—22—3=0 when simplified. 

Iu solving as simultaneous the two equations y — 3z —d = 4), 
and 3y+2a+7 =0, the particular lines parallel to the axes 
of reference and passing through the point of intersection of 
I, and 2, are sought. Thus, after multiplying the upper 


expression by — 3 and adding, you get the line ?/, with k =— }. 
y—32—5—-4(3y7¥4+2247)=0 
gives —11¢2—22=0, or x= — 2, 


To eliminate « we multiply the upper expression by 2 and 
the lower by 3 and add; this gives, 11 y+11=0, or y=—1. 
The same line given by 11 y+11=0 1s obtained from line 
i, with k= 35 te: 
y—3e2—5436y7+4+2247)=0 

gives lly +11=0, ory+1=0. 


The point of mtersection of the two lines, (— 2, —1), is 


given as the intersection of z= —2 and y= ~ 1. 
PROBLEMS 
1. Solve 
te 32-5= 0, 
syptlae—7T =, 


both graphically and algebraically. 


2. Plot the graphs of 
y—3x-—5=0, 
3sy+2e2—7=0, 
T+ y—2=0, 

Do these three lines appear to meet in one point on your 
diagrain? Have these three equations a common solution ? 
Substitute the solution of the first pair (obtained in problem 1) 
in the third equation. Tater it will be shown that a point 
whose coordinates when substituted in a first-degree expression 
give a sinall numerical value is near the straight line repre- 
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sented by the equation formed by putting that expression equal 
to zcro. 


3. Plot 15 points whose codrdinates satisfy the equation 
24¥+32—11=0. 


4. Plot the lines c=3 and y=4; whut point is repre. 
sented by these equations? Note that the Cartesian system 
(x, y) of representing points implies cach point as the inter- 
section of two lines, 


5. Solve 
Z2y+32%2—5=0, 
oy—-4x—8=0, 
both graphically and algebraically. 


6. The weight of a cylindrical vessel of water when filled 
toa height of 10 inches is 6.8 pounds, when filled to a height 
of 6 inches it is 4.4 pounds; plot the two points (6, 4.4) and 
(10, 6.8). he straight lie joming thesc two pomts gives the 
weight of the vessel when filled to any height from 0 to 10. 
The equation may be written w=k-h-4-c¢, where w and A are 
the variable weight and height, k and c are constants. This 
equition is the simple statement of the fact that the weight of 
the water and the container for any height h is the weight of 
the vessel (c) plus h, the height, times the weight of the water 
which fills the container to a height of one inch. Note the sig- 
nificance of the :tercepts. 
62.4 
1728 
relation between the volume in cubic inches and the weight in 
pounds of a given mass of water. Plot this carefully and find 
approximately the weights of 100 cubic inches, 500 cubic inches, 
and 700 cubic inches of water. Find the volume of 15 pounds 
of water; the volume of 25 pounds; of 30 pounds. 


v, may be used to express the 


7. The equation, w= 


8. The volume of mercury at any tempcrature between 0 
and 40°C. is given by the equation V=k(1+ at), wherein 
@ = .00018; for k=1000 cu. cm. this becomes V = 1000 + .18 4. 
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Plot this equation taking the horizontal axis as at 1000. This 
is equivalent to plotting the increase in volume, J=.18¢. 
Plot for 0 to 40°C. and tind the increase in voJuino when 1000, 
cu. em. of mercury at 0° C. are heated to 27° C. 


9. Find the equation of the straight line through (— 3, 5) 
and through the intersection of 32 —y— 7 =0 and 


524+12y7y-17 =0. 


10. Plot degrees Fahrenheit as abscissas and degrees Centi- 
grade as ordinates, connecting (32° }'., 0° C.) to (212° F., 100° C.), 
by a straight line. Find the equation of this straight line. 
Find the Centigrade reading corresponding to 0° Fahrenheit, 
to 100° F. Discuss the meaning of the slope of the line. 


11. Find the intercepts of the line 9y —52=—160. Com- 
pare with your result in the preceding problein. 


12. Plot the grapb of s=162, for values of ¢ from t= 0 to 
t= 5, using one inch for 1 second on the horizontal axis, and 
1 inch for 100 feet on the vertical axis. Find value of s when 
¢=4.3 from the graph. Check by computation. 


13. Plot carefully 2% +y2 = 64, and y=3a—5. From the 
graph get the approximate solution, 


14. Show graphically how to change a system of marks from 
a scale of 100 to a scale of 75; from 75 to 100. 


15. Sound travels at the rate of 1089 feet per second in air 
at 32° F. (or 0°C.); at the rate of 1130 feet per second in air 


at 70°F. The formula, v = 1054 ay gives very closely the 


velocity in feet per second ‘at temperature ° Fahrenheit. 
Plot the graph of the function, plotting the excess above 1000 
feet as ordinates and temperatire Fahrenheit up to 80°F. as 
abscissas. At what temperature is the velocity 1100 fect per 
Second? How would you adapt these figures to the Centigrade 
scale for temperature beginning 0°C.? v=1089422 is the 
resulting equation. 
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16. The velocity after ¢ scconds of a bullct shot straight 
upwards at 800 feet per secund is given by the equation 
v= 800 — 32¢. Plot the graph, AEIDE 100 feet as 2 inch 
on the vertical axis, and 5 seconds as 4+ inch on the horizontal 
axis; negative valucs of y mean that the bullet is descending. 


17, Plot v= 600 + 32¢, and interpret ‘as downward velocity 
of an object thrown downwards frow a height. 


18. Time yourself on plotting the following 10 lines; five 
may be plotted with respect to one set of axcs: 


a. 8%+4y—12=0. mY 4 
b. By = 2a —H. 1am dae ek 
c r£~y—8=0. h. y=4u—H. 
d. Te+3y—18=0. i am dy —2. 
e. 2y+xz+10=0. j. 3u—Ty=0. 
f, 'u+12y—10=0. 


19. Lime yourself (a) on finding the slope of cach of the 
ten lines in problem 18; (0) on nding the zintercept of 
cach line; (¢) on finding the ordinate of the point whose 
abscissa is 2; (2) on finding to one decimal place the ordinate 
of the point on each line whose abscissa is 2.4; (¢) on putting 
these lines in normal form. 

20. Plot, using values correct to 1 decimal place, the follow- 
ing lines: 

Slae+t45y—12=0. 
b. 38.2 y=2.062—35.7. 
ce 92—4.8y—8.3=0. 


5. The quadratic function of one variable. — Any cquation of 
the form az+)=0 is called a linear, or first-degree equa- 
tion, in the variable x; the solution is given by et the 

t 
graph of the function, ¥ = az + 6, is a straight line of slope a, 
with the y intercept equal to b, and with the x intercept repre- 
senting the solution of the cquation, aw + b = 0. 
Any equation of the form aa? + bz + c= 0 is called a quad- 
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ratic equation in «; a, b, and ¢ are to be regarded as con- 
stants. ‘The graphical solution of one equation of this type 
has been presented (page 70) and the algebraic solution is 
given in elementary algebra, but will be given here a rapid 
review. 

Algebraical solution of 2 2?-+82+7 =0 and of the general 
equation, a2? + bz -+c=0; 


222+8e+7=0, aa? + ba +c =0, 
etde=— fF, preg ae 3 
a a 
b b U2 c 
+4 4= x 4 — i= 
+4244 =}, acl) —-< 
eat A v\?_ U—dae 
2)? = .D. wv —) =——_; 
ate) ( Oe 4 a? 


%+2= +.71 (or.707 to3 places), e+ — = - 
~ 


2 =— 1.29 or —2.71, pp geo SSM eee 
2a 

The necessary third term to complete the square is obtained 
by comparison with (7 + k)? =a? + ket RB. 

Graphically the equation y = 22° + §2-+ 7 represents a curve 
which intersects the «axis, y=0, in the two pouits whose 
abscissas satisfy the equation, 22?4+824+7=0. y=222+S8a+8 
ropresents a curve which is tangent to the z-axis, correspond- 
ing to the fact that the roots of the equation, 227+ 8%+4+5=0, 
are cqual toeachother. ‘the equation y = 2 2 + §«+ 11 repre 
sents & curve which does not cut the zaxis, corresponding to 
the fact that the quadratic 22? + 824 11=0 has for solo- 
—4+v-—6 


MONS te rr ere values corresponding to no points on 


the @uxis, 7. €., to imaginary values of 2 Plot the graphs in- 
dicated. 
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Lhe quadratic equation is solved algobraically by reducing 
the problem to the solution of two first-degree equations: 


speech: Y—dAae 


ay 
pay 2a : 
v —Vb?—4dac 
and x ee ee ee 
ie Daag 


The quantity >? — 4ac which appears under the radical sign is 
called the discriminant of the quadratic. Tho nature of the 
roots of the quadratic equation is determined by this dis- 
eryminant, when a, b, ¢ represent rea) quantities, de., a, b, and 
c having values which can be represented by points upon a 
scalar line. When 


b?— 4ac > 0, i.e. positive, the two roots are real and un- 
equal, when 
bt — 4d ac = 0, the roots are rea] and equal, and when 
*—4uc < 0, ze. negative, the roots are isaginary. 
Iurther, the condition that the roots of the quadratic should be 
equal given by 4? — 4ac=0, may bo obtained by inspection, 
or by actually setting the two roots equal to each othor and 
simplifying; a2?+ bx-+e¢ may then bo wntten o(2 +57) 
Graphically these conditions correspond to the fact that the 
curve y=az’+ba+c cuts the 2-axis in two points, is tan- 
gent to the z-axis, or does not intersect it at all, according as 
b? — dacis greater than, equal to, or Jess than 0. 
Frequently the two rots of the quadratic az?+ bz +¢=0 
are designated by x, and a», 
—b+vl? —4ae 
Saree? ia” 
—b—vVbi — 4ac 
2a 
The sum and the product of the roots, +2, and 2%, are 


. * b Cc ayy . 
giyen, respectively, by —— and + > he expressions 2, + zy 
a 


Thus ci 


and es 


and a2, ate representative symmctric functions of the roots of 
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a quadratic function of onc variable, being expressions which re- 
majn unchanged when a aud w, are interchanged. 


6. Historical note. —‘Lhe solution of linear equations was 
known four thousand years ago to ancient Egyptians. ‘The 


equation x + : = 19, was proposed and solved in the work of an 


Egyptian writer named Ahines; the problem reads, with “ahau” 
representing “heap” or “unknown,” “ahau and its seventh, 
it makes 19.” In other ancient Egyptian documents problems 
leadiag to pure quadiatics arc found. The Greeks were able 
to give as carly as 450 u.c. a geometrical solution of any quad- 
ratic having positive roots; the numerical application appears 
in Greece somewhat later. In India numerical quadratics 
were solved in the fifth and sixth centurics a.p. The first 
systematic trcatisc combining clearly analytical stateincn€é with 
geometrical illustration is given by an Arab, Mohammed ibn 
Musa al-Khowarizm), about 825 a.p. Ilis work continued in 
usc for centuries. ‘The complete quadratic with general, 
literal coefficients, did not come, of course, until after the in- 
troduction of literal coefficients by Viéte late in the sixtccnth 
century. 


7. Graphical solution of the general quadratic equation. — The 
general quadratic equation az? + be+c=0 can be solved 
graphically by »neans of onc fixed curved line, 7 =2?, and a 
variable straight live. The intersection of 


y= x 


and ay + bx +c =0 


gives the solution of the equation oa? + b2@+c=0, for the 
solution is obtained algebraically by substituting for y its 
value 7? in ay + bx + ¢ = 0, giving az? + bz +c =0. 

The graphical solution of the quadratics, 22? —62—5=0, 
2e°—6e=0, 2at_G2+9=0, and 2a7— 62+ 10=0, 
is presented upon the diagram; the student is urged to 
solve these equations algebraically and to trace the corres pond- 
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Graphical solution of quadratics 


222—Gr—b6H=0; 222°-O2=0; 22*?*-G62r+§=—0; 27-624 10=0, 


1c y= a, 
2y—Gex#—5=0. Z2y—62+ 5= 0: 
Two real soJutious. Two coincident sojutions. 

Tas y =2’, 

2y—G6x=0. Ay—G624+10=0. 


Two real solutions. Two imaginary soluticns. 
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ence between the algebraic and graphical solutions. Two 
scts of real aud different roots are indicated by two of these 
straight lines on our diagrain; one set of equal roots is in- 
dicated ; one pair of imaginary roots is indicated by the line 
which does not meet the curve. 

The graphs of the corresponding functions, y = 2%? 62 — d, 
y = 2a? — 62, etc. should also be drawn. 


PROPELEMS 


1. Plot the graph of y=3x2—T7; give to x the intcgral 
values from — 2 to + 5 and find the values corresponding of y. 


2. A freely falling body falls from rest in ¢ seconds a dis- 
tance s, given by s=16; plot points given by corresponding 
values, using horizoutal axis as ¢-axis, aud vertical axis for 
distance. Take values of ¢ from 0 to 10, and as s will vary 
from 0 to 1600 take 1 cm. to represent 100 on the «-axis. 


3. The simple interest on $100 for n years at 5% is given 
by [= 5n; plot » on the horizontal axis and J on the vertical. 
On the same axes plot 4d=100+45n where A is the amount 
at the end of n years, plotting A on the vertical axis. On the 
same axcs plot A=100(1 4.05)" for »=1 to 10, finding 
the values of (1.05)%, (1.05)? ... by logarithms; this gives the 
amount at compound interest, compounded annually. Check 
by the table at the end of the book. 


4. Take problem 3, using 4% as the interest rate and 6% 
as the interest rate; take the values of (1.04)* and (1.06)" from 
the tables. 


5. Take tho data of problem 3, using 6% simple interest 


paid semiannually, and 6% interest compounded semi- 
annually. 


6. The velocity of a freely falling body is given by the 
formula, v= 32¢, when falling from rest; or v= 32t+k, 
where k represcuts the velocity at the instant when C= Osork 


THE LINEAR AND QUADRATIC FUNCTIONS 93 


is the velocity at the instant when you begin to measure the 
time. Plot for values of ¢ from 0 to 10. 


% <A bullet shot straight up into the air at a velocity of 
1000 feet per second, has its height above the earth givon by 
the cquation k= 1000t— 1622, Plot this equation for values 
of ¢ increasing by intervals of 5 scconds from ¢ = 0 to ¢ = 100. 
If the bullet is shot at an angle in such a way that the vertical 
velocity when leaving the gun is 1000 feet per second, the 
given equation continues to hold for the height of the bullet 
wbove the earth. Tho resistance of the air (considerable at the 
velocity mentioned) is neglected in these equations. 


Note os Numenicar Arproxtmatroys. —Jn several of the problema 
below, as well as in soine of the preceding problems like the fifteenth of 
the preceeding sct, nunerical approximations are given involving simple 
fractional expressions as substitutes for decimal values. The method of 
making this kind of substitution which is frequently of use involves 
simply the application of addition and subtraction to aliquot parts of 100, 
rejecting, with discretion, places which are not necessary to attain the 
degree of accuracy waitanted by the data of the problem. 

= 83333, ¢ of ~; = .033333, etc. 

} = .25, } of py = .025, etc. 

4 = .)6666, 4 of ty = .016666, ote, 

4 = .50, ¢ of py =.05, ete. 
¢ = .125, | = .875, $ of any nuinber is usnally obtaincd by subtracting 
of the numbor from the namber. 

2 = .G60666 ; §$ = .75. 
Thus, .365 = ¢ + py — she; 
1018 =2+ 435 + ayy; the error Is about a of 1%. 
1492 = Fy + ds — robs; the error is about 4 of 1%. 
These nwaobers are chosen at random. 


8, The volume in gallons of a cylindrical container, meas- 

rah w 
Ae 31s 4% 231 
by its approximate value, .003399, or 4 of 1% of dh+2% 
of this result, or (1.02)x 4% of ah; i.e use the formula 
V =1.02 x(.003)a@2h, Plot values from d= 1 to d= 20, for 
hk = 10. 


ured in inches, is given by V= Replace 
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9. The volume in ri ae por foot of height of a cylindical 
7.48 
315 

of gallons per culic foot a 31.5 is the number of gallons per 
barrel; d@ is to be measured in foet. Use for Hae = -— : the 


ead (ea Jottings then! i= (heeteeee Ca tore —e1mee 
value \G aa) plo g G ch 


Us ay - 

10. Plot the number of Uarrels per foot of height of a 
ad x 1.48 
31.5 
quotient i by logarithms and using this multipher for 
values of d from 7 to 20. Choose appropriate scale to get the 

data on paper. 


11. Given h=800¢—162, find t when h=100, 1000, 
10,000, 12,000 respectively. This equation represents the 
height to which a bullet would rise when shot vertically up- 
wards at a velocity of 800 feet per second, neglecting air- 
yesislance. Interpret your results. This bullet has a velocity 
at time ¢, v= 800— 32¢; find the velocity at the various 
heights mentioned. 


12. Solve 16 — 800t+ k=0 for ¢, regarding h as & con- 


stant. See preceding problein aud find maximum value kh can 
have, 


cistern is giv en by Va 2 vy ,in whieh 7.48 is the number 


square tank using the formula V= , computing the 


13. In solving 162— 800¢+ h=0, two roots are obtained ; 
find the suin of these roots and the product. Interpret the 
sum, t.¢. give the physical meaning. 


14. Find the nature of the roots, without completely solving, 
in the following equations: 


a 437 —5= 0. c 2+3a—40= 0. 
b. @+32-—8=0. d. 2—3a+40=—0. 
e. e&—3a+$—90, 
fos od oe ee 
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15. Determine the nature of the roots: 

a. 42@—16t1—160=0. ce. 30? +164 + 20 = 0. 
b. T24+16¢— 160= 0. a& 32+ 1604+25=0. 

16. Plot the graphs of the functions in 15. 

17. Solve the equations of 15 graphically, using the inter- 
section with y= or y =v? (one half-inch may be taken for 
10 units on the vertical axis). 

18. Iind the sum and the product of the roots in the 
problems of 1+ and 13. 


a? + y* = 36 Ae 
19. ] ’ by s : 
Solve 1 = heels by substitution 
Ema 2° 
20. Solve ; e : x ? 5 by substitution. Draw graphs. 


21. Solve .1@— 50¢ —30= 0, to 2 places of decimals. 
22. Solve 2 — 50¢ — 0001 = 0 to 2 places of decimals. 


23. Time yourself in solving the following 10 quadratics, 
writing the roots in simplest form but not approximating the 
square root. 


a. 2224+32¢—5=0, f. 922? = 202410. 
b. 322?-—-224+7=0. g TR=2ht— 5. 
¢ oy+122+4+3 =0. hk @+4¢=1. 

d. y—3y—T=0. t 9v? = 16 — 24 v, 
e. 242°—10v— 35 =0. j. Su--d=3u2. 


24. Time yourself in finding to one decimal] place the roots 
in the xbove 10 equations. 


8. Equations reducible to quadratics. — The solution of 
ax’? + bu+c=0 
is a value of the variable 2, which when it is substituted in 
axe + bx +c, makes the expression 0; similarly this solution 
gives a value of the variable v, or ¢, or p, or (, or 2, or 3 2 —1, 
ov 7 + 2¢—3, which makes the expression of the samo form 
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in that variable zero; viz.,a value which makes av? + bu+c 
equal zero when the value is put for v, or a(t?)? + Ut? + ¢, equal 
zero when the value is put for @, or a(3 @B—1P + 08-1) +e 
equal zero when the value is put for 3—1. Equations 
which can be put in the form aa®+ba4+c=0 are called 
equations in quadratic form, the term being applied, in gen- 
eral, to expressions which are not quadratices directly in the 
principal variable. Thus, in any expression involving 2, 2°, 23, 
a #5, or 2, the value of the expression depends primarily upon 
the principal variable, 2; an expression like 3a4— 2 a*—7, 
involving the variable 2?, its squarc, and constants as cocffi- 
cients, is said to be in quadratic forin, and it 13 a quadratic in 
the vaviable z?, but a quartic in 2. 


9. Illustrative exercises. 
1. Solve 84—S50—7=0. 
As a quiulratic in (, the formuta for the solution of a quadratic gives 


Fyne — + 84 = ce whence 
ir L Sinn 
t b. fe + 104), 
tN Sears: 


There are four valnes represented here, of which two are imaginary. 


2. Solve S=1, or 2 —1=0, and z2?—8$ =0; these illus- 
trate a type of equation reducible to a quadratic by faetoring. 
2—1l=(4-—1)(22 4241) =0. 


z-—-1=0, Zl 
Btetia0, rate Vind olsVv=3 a5 
c 4) 
i Ewa Siew 
These values eX, or and 1 are called the cube 


roots of unity ; note that V— 3 is defined as » quantity whose square is 
— 3; the systematic discussion of such numbers is deferred unl a later 
chapter. Squaring either of the two buaginary cnbe roots of unity gives 
the other; these roots may then be designated as 1, w, w%. ‘Lhe cuhe 
roots of $ sre 2, 2, and 2 w?,; of 7 are 7, ts fuid 7h 2 Wherein is 
denotes the real] cube root of 7. 
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PROBLEMS 
1. Solve for , and then fort. #—76—8=0, 
2. Solve and check by substitution : 
at++3e77-5=0 
3. 22 -72t 5 =0. 


4. (» +2) +(2 tbe) 1=0. 
wv x 
Note that this expression when cleared of fractions gives 
; z#4+2%3+27274+272+1=0, 
a factor of 4 —]=0; the imaginary roots of £ which are obtained by 
solving are the other four fifth-routs of unity. 


5. (32°— 5)? + 2(32-—5)-7=0. 
Sey) 10: 


7. 
e— J t 


8. Tind the value of 23, and of x in 
2+323—7=0. 


9. Find the value of x}, in 
e—32'—-7=0, 
and compare with the preceding. The real test of a value 
found as a root is obtained hy substituting the value in the 
given expressions. Squaring may introduce a new root; thus 
squaring x= 2, gives 2? = 4, or is equivalent to multiplying 
z — 2 = 0, member by member by z + 2. 


10, 32+V24+5=7. 1l. 8$2—V24+5=7. 


10. Limiting values of a, b,c. — As c approaches inore and 
more uearly to zero as compared with «a and 3, it is evident 
that some value of x also near to zero will satisfy the equation 
axt + b2-+c=0; this value will he of the same sign as c if is 
negative, and opposite in sign to cif b is positive. Thus 
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3 92 — 2” — 000001 =0 is an equation which will be satished 
by a value of & very near to — 0000005 ; substituting the value, 
— 0000003 we have .00000000000075 +.000001 — .000001 which 
is surcly near to zero; even if a were very large compared 
with J, this expression has one root near to zero, Solviug 
32% — 2a — .000001 = 0, 
_ 2444 000012 
Re G 
2 + 2.000003 _ 4.000003 .. __ .000008 
6 rs en 6 
= 2 or — .0000005. 
Similarly in 1000 2? — 3000 ¢ — 1 = 0, one solution will be small, 
approximately ,oi, When c=0, the roots of aa*+ba+c=0 
are the roots of wa?+obe=0, giving x(ax+l)=0; whence 


x 


2=0 and s=—2. When both db and c approach zero, both 


& 
roots of the quadratic ax? + ba +¢ =0 approach zero. 

When o@ approaches zero in coinparison with & and ¢, one 
root of the quadratic becomes very large and the other ap- 


proaches — * Thus in the quadratic 
x? — 10002 — 3000 = 0, 


gn ee 1003 or — 3. 
(ee 4 pone are the more exact values, giving 1002.991 
or — 2.991. 


AS a appronches nearer and nearer to zero one root becomes 
larger and larger without limit, Thus if above we had 
001 2? — 1000 « —3000 =0 
2 — 1000 + V1000000 +12 _ 1000 + 1000.006 


.002 002 
= 1000001.5 or — 3 (more exactly 2.991 as before). 
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Both roots become large if both a and 6 become small as com- 
pared with c. 
PROBLEMS 

Find first approximate values, and verify by solving the 
quadratic : 

1. 34°—72 — .000i = 0. 

2. 5e°—Te—1=0. 

8. 522— .007 2 — .001 = 0. 

4. 4000 = 3000¢— 16%; one root is the number of seconds 
for a bullet to rise 4000 feet, initial velocity 3000 fcet per 
sccond, air resistance neglected; what docs the other root 
represent? 

6. .O1a*— 3002 — 500=0. 


6. .003 224+ 21—42—0; this gives a more exact equation for 
the temperature at which the velocity of sound in air becomes 
40 feet greater than it is at 0° C. 


7. 1000000 a2? — 3000000 x —5 =0. 


REVIEW PROBLEMS 
1. Plot the graph of y= 3a —5. 
2. Plot the graph of the following functions : 
a. ys r?—4xe4+5. 
C y= wt—4e. 
d. ya=v?—4e—2. 
3. J’or what values of x is y equal to U in the four functions 
of the preceding question? ‘The graphical solution is desired. 
4. Plot 15 points from e=—.d5 to r= +8 and join by a 
smooth curve representing 
= 2a +62?-—102-—8; 


for what values of 2 is y cqual to zero? 
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5. s=20t4+50—16t2. This equation represents the mo- 
tion of a body thrown froma height of 50 tcet straight up into 
the air with a velocity of 20 feet per second. Plot the graph 
and locate the position of the body at the cnd of 1 second; at 
the end of 5 seconds. 

6. Plot the graph of s= 800¢—16¢, for values of ¢ from 
0 to 50; noto that it is desirable to get the values of ¢ first for 
intermediate values and to choose the y-scale accordingly. 
This equation represents approximately the height after ¢ sec- 
onds of a bullet shot straight into the air with a velocity of 
800 feot per sccond. 

7. Plot the graph of 


== between d=12 and 


g-axis and data oe off the paper 


d= 20, taking the scales so 
as to enable you to read vol- 
umes as correctly as possible 
within those limits. Plot 
only values above 100 on the 
y-scale, and to the right of 
12 on the xseale. ‘This gives 
the volume in cubic units per 
unit of height of cylindrical 
containers which have radii 
varying from 12 to 20 units. 
Apply this to cans and to 
Shifted lines of reference Silos. 


ie oo 


EATOTT TEEPE 


EEE eee EEE 
MnUBLECEEZE sHfsiissesseasst 


San reenter et 


(3 
8. Plot the graph of 2? = it this gives the time of heat of 


a pendulum J centimeters long where gravity is 980 em. per sec. 
per sce. 
9. Plot the graph of y=, for values of x from 0 to 8. 
10, P)ot the graphs of the following linear functions : 


Oh, TSS ent ce v=104+82. e. s=100 — 408, 
b. Spies. d. s=6— 3846. sf: uy =—22+10. 


CHAITER VI 


STRAIGHT LINE AND TWO-POINT FORMULAS 


1. Slope-intercept formula: y = mr + k. 

The equation y = mz +k, into which form the equation of 
any straight line can be put, is called the slope-intercept form 
of the equation of a line; m represents tlie slope of the line and 
kis the intercept on the y-axis. ‘he equation of a line parallel 
to the y-axis, x =k, cannot be placed precisely in this form, as 
the y-intercept is infinite, 


2 Point-slope formula: y— y, = m(x — X). 

As it is frequently desired to find the equation of a lino of 
given slope and passing through a given point, a separute 
equation in terms of the slope and codrdinates of the given 
point is desirable. Let the equation of the line be conceived 
as in the form, y=me+hk; since (%, y,;) is on the line, 
Y,= mr, +k; subtracting gives y—y,= m(x—2,), the equa- 
tion of the straight linc in terms of m, the given slope, and 
(x:, ¥) the codrdinates of the ee point. 


3. Two-point formula: ——=! = = ——.- 


The equation of the straight line through (2, y;)(%, Y2) 3S 
also casily derived from the slope-intercept form, 


As before Y= me, +h, 
Yq = MX + k, 
whence Ya— Yr = MAX2 — %), 
and m= 2-41 giving m. the slona 
% — 2 


of the line, in terms of %, 7, %2, and 4. 
101 
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Hence, y — y, = Bo4s (2 —,) is the equation of the line 
Xo ad 3 | P 
in a form involving only the given constants. 


The expression, m= ¥2—= 4 yepresents the slope of a line 
x 


g— 2%) 


joining (2, y;) to (a, yo). Sunilarly = ad represents the slope 
of the line joining any point (2, ¥) ie ee y%). The preceding 


equation of the line in the form Yo th Ye Ht is an equality 
of two slopes. 2 aN? aga 

The formula Laie #1 ig frequently used; it should be 

5 

memorized with the aid of the diagram as placed in quadrant 
I. This formula gives the rate of increase of y in the interval 
from (%, y,) to (a, ye) as comnpared with the increase of a in 
the sane interval; it compares the change in y in the interval 
with the change in x in the same jnterval. 


PROBLEMS 


1. Find the equation of the line of slope 3 and yintercept 
5; withm=3,k=—5; m=—3,k=8; m=—0, kK =4; m=5, 
= 0, 


2. Put the following eqnations into slope-intercept form : 


wu Sy—2x24+5=0. d. y—32~—7=0. 
b. 3a+2y—T=0. e y+to=0. 
cg e£t2y=0, f. #+3=0, 


3. Write the equation of the straight line through (— 2, 5) 


and (1, 4); through (3, — 5) and (2,1). Find intercepts on 
both axes and the slope in each case. 


4. Write the equation of the straight line through (1, 3) 
having the slope 3. Find the a and y intercepts. 


5, lind the equation of the straight line through (a, 0) and 
(0, ¥), de. the line having intercepts a and J, respectively, 
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and put this equation into the form 7 +7=1. This is called 


the intercept form of the equation of a straight line. 


6. Given 90 =5 F—160, the formula connecting centi- 
grade and Fahrenheit readings of temperature, find the slope 
aud the z and y intercepts. Find the slope of the line join- 
ing (32, 0) to (212, 100), What is the rate of change of C in 
the interval as compared with the change in F? What physi- 
enl meaning have the intercepts ? 

7. Given that 1000 cu. cm. of mercury at 0° C, increases to 
1007.2 cu. em. at 40°C., find the rate of change of volume per 
degree of temperature, und finally per cu.cm. Note that it is 
not necessarily true that this rate found for an interval of 
40° C. should be the uniform rate everywhere in the interval. 
Write the equation representing the volume in terms of 
temperature, assuming that the relatiou is linear, Ze. that the 
increase in volume is proportional to the temperature. 
Mercury expands differently at different temperatures, but‘the 
variation is slight in the interval from 0° to 40°, not varying 
by more than 3 of 1% from .00018 cu. cm. per degree for 1 cu. em. 

8. Joi (0, 0) to (100, 39.37) and interpret for converting 
centimeters to inches and inches to centimeters; what is the 
meaning of the slope? Jind the value im inches of 18 cm., 
$9 cm., 47 cin. Note that 100 cm. = 39.37 inches, 

9. 59.8 pints of water weigh approximately 62.4 Ib. Draw 
the graph connecting (0, 0) to (59.8, 62.4) which will give the 
approximate weight of any given mumber of pints of water, 
Tow could you read the weight of quarts or gallons? Use 
J inch for 10 units on both scales, in plotting. 

10. Find the equations of the straight lines joining the 
following pairs of points, timing yourself: 


a. (3, 5) to (— 2,7). e, (0, 8) to (0, 5). 
b. (3, 5) to (2; —7). ie (23) toa, = 5). 
c. (0, 8) to (7, 0). g. (1, —8) to (1, 6). 


i. (0, 8) to (7, — 6). jee 198) to (3; —5). 
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A aay oes Mua(3)h Ds ete) 
1h DUO: (282) Co eee 
k. (—8, 5) to (7, 0). 0. (100, 60) to (0, 0). 


l. (— 3, 5) to (—7, —2). 
11. lind the equations of the following lines: 
a. of slope 3, y-intercept 5. d. of slope —1, through (2, 2). 
b. of slope 3, x-intercept 5. e. ofslope + 4, through (2, 2). 
c. of slopo — 2, y-intereept 0. f. having intercepts of 7 and 
5 on the a and y-axes 
respectively. 


4, Distance between two points: d= V(x, — x;)? + (y2 — Yn — Yi) 
Gass DP? = ve + WP? . 
Since PM, = 2 — m4, and Mel, = 4%, — I; 
d = V(X — %)? + (42 — 4)? 
Whatever the positions of P, and P,, parallels to the z- and 


y-axes through P, and J, form a rectangle (a straight line if 
= 2, or ¥, = ¥.) Whose 


SEBGSBEGRS SUseeseestesean 

Saeed iasseresee att iLRESHESEIISEE siles are in absolute value 
Pee] | |%— ay] and | y,— 94] 
sissitsnrateisiss GHEE agate aH the Lars indicate that 
Suneeeabeneeneenaey rth pet only the numerical value 
HEH eee © is considered. Asa posi- 
‘ HEH AHTENH tive distance Py 3p if 
tHE ePIC YEA M CCRT ou: 
EEE a CESS or —(@% — 2). 


But since the numcrical 
value of the expression 
(z,— 2)? is the same as 
the value of (x, — 22)? we may use in every case (x, — a) for 
PM, in the above expression for d whercin only the square of 
PM, enters. 


d= P,P, =v (=a ea 


Distance between two points 
d? = (22 — %)? + (yz— 1)? 
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The distance from any point (%, y,) to any point (2, y2) is 
given by this forinuja; this distance is taken in general as a 
positive quantity. 

. Chis formula may be used to derive the equation of the 
straight linc joining P,(2,, 7.) to P(x», yz) for any point P(a, y) 
on the line is such that PP, + P,P, = PP,; and for no point 
not on the line is this relation true. 


5. Point of division formula: x; = Rita + eX. > ¥y= Ryo + Rah 
Ry a Re Ry + ky 


: 5 rp Py b, ry 2 hb, r, 
P,P. + P3P3 = P,P. 

For any three points J, P., and P, on a directed Jine we 
have PJ’, + Pel, = P\P;; if P lies between P, and /,, all 
three segments have the same algebraic sign but otherwise 
positive and negative seginents are involved. 

OP, + P,P, = OP, is then, similarly, the fundamental rela- 
tion true for any three points on a directed Jine, whence 

P,P; = OP, — OP, = 2» — %. 

In words the distance on the a-axis (or any other line parallel] 
to the x-axis) from any point whose abscissa is 2, to any point 
whose abscissa 18 w, is given by #—2, Similarly with 
respect to points on the 
y-axis, or two points on a 
line parallel to the y-axis, 
the distance from the 
point whose ordinate is y, 
to the point whose ordi- 
nate iS yy 1S y%2— yy. 

To find the coérdinates 
of the point 2, which 
divides the line joining 
P,P, into two segments 
which bear to each other 


the ratio a, note that 
a 


scbereseeseeenstses saieaeesstssusteattcn 
Hannan ildisiteespossnssssssteais 
Seuwetobeaeamme atiisceas ane 


ama eA 
Point of division formula 


AP, Ajals _ BiB _ — kt, 
a Pra kee Ay As ” BsBy ke 
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PiPs hy, By drawing lines through 74, 2’, aud P, parallel 
PsP, ks 


to the axes, similar triangles are formed, or the proposition of 
plane geometry that a scries of parallels cut off on trans- 
versalg proportional parts may be directly used. 


PMG _ AAs _ = % Mh, 
My Me AA, He) = r3 ks 
W hence 


ise ” 
RyX_ + RyX _ ky _ tT wherein 7 = ah 


i ——O™eeOO OOOO 


SS hi + ky H] retek l+r 


ie 
f - 3 
Similarly, faa = ce whence Stes eat 
3 3 o— Y: 
ky 
yy + y2 : 
Ys = Aivaicty la ee aoe ks ee Yt Ye wherein r="), 
oT hi +h, ive ky l+~r Ke 
ke 


If 9P3(x3, ys) divides the line P,, externally in the ratio 
, or 7, the segments must he regarded as of opposite signs and 
2 


consequently, the ratio =, or7, ISnegative. Either k, or k, can 


be regarded as negative ; shifting the sign from k, to hy, is 
equivalent to changing the sign of the numerator and denom- 
inator in the value of 2 and y,, no change is necessary in our 
above derivation of the values of 2, and 43. 

By eliminating i, and ky between the two equations, 


Ry + hia 
hy + ke 


t= . 


hip thn 
hy + hy 


the equation of the straight line joining P, and P, is ob- 
tained. 


y, 
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Mid-Point : 
Place ky = ho, or place r = 1, 
x, -- Xs 
x = 
2 
—~uty 
E peste 


This smid-point formula is of such frequent use that it 
should be separately memorized; the truth of it is obvious 
from the figure. 


PROBLEMS 
1. Plot the locus of cach of the following equations: 
32+4+2y—-7T=0, 
a—y—-8=0. 

Plot the two graphs on one diagram with reference to the 
same system of axcs, Locate the point of intersection, graph- 
ically and analytically. 

2. Plot tho graph of y= 2—32*-—82—2, Discuss. 

3. Plot the graph of y+ 2xe2—5=0. 

4, Plotp=51+ 50. 

5, Jind the equation of the straight lino joining A(— 2, 5) 
to B(3, 7). Kind slope of this line. J*ind length of AD. 
Find the point of trisection nearest 4A. Find a point on BA 
extended that divides the segment Bal cxternally in the ratio 
ae: 2, 

6, Given that the velocity of sound at 0° C. is 1090 feet 
per second, and at 30° C. is 1150 feet per second, find the 
velocity at 20° C., assuming that the relation is buear; the 
point dividing the line joining (0, 1090) and (80, 1150) in 
the ratio 2:1 will give the velocity as the ordinate. At what 
temperature wiJ] the velocity be 1100 ft. per second? What 
are the velocity and temperature at the middle point of the 
range given? 
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7. The resistance of wire increases uniformly with the 
temperature, r=7(1-+ at), the rate of increase depending 
upon the material of the wire; 7, is the resistance at 0° C. and 
a is a constant. Ifa given piece of wire has a resistance of 
200 ohms at 10° C. and of 208.4 at 30° C., find the resistance at 
the middle point [of (10, 200) and (30, 208.4)].  I'ind the equa- 
tion for 7 in terms of t Find the value of r when ¢=0; 
interpret; find the value of t when, =0. ‘he theory is that 
at a temperature of absolute zero (— 273° C. or thereabouts) 
the resistauce would be zero. Ans. 7r=195.8 + 42 ¢. 


8. The resistance of copper wire of fixed diameter varies 
with the length. If the rosistanco of 1450 fect of a given 
spool is 184 ohms, and the resistance of 0 feer is 0 ohnns, find 
the equation for rin terms of lL. Plot (0, 0) and (1450, 184). 
What would be the resistance of 5280 feet of this wire ? 


9. Between (—1, 5) and (8, 37) insert 9 points dividing 
the line into ten equal parts, using the formulas 


oe we Paka t Mery and y= Kyo + Kon 
Ay + hy hy + he 
rearranged as follows : 


pate sae Set pe 

hy +h, ky ~ ky 
ky 

yo a 

y=nAt rae (y2 — ¥)) 


and siwilarly 


Note that hk, +h, is constant, 10, aud &, changes for the nine 
points from 1 to 9. Use this method in probloms 10, 11, and 
14-17 below. 


10. Between (21, 3584) and (22, 3746) insert 5 values di- 
viding the interval into 6 equal parts. 


i. Between (10, .3611) and (20, .3638) insert 9 values di- 
viding the line joining these points into ten equal parts. 

12. Find the point P, dividing the line joining P(—1, 5) 
to P.(8, $7) externally in the ratio 1 to 7; externally in the 
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ratio ;; externally in the ratio}. Note that either %, or %, 
must bo made negative, or r taken as negative. 


13. Pind the point dividing (21, .3584) to (22, 8746) ex- 
ternally in the xatio 4, 2, 4. 

14. log i =0; log 2=.301; find 9 values dividing (1, 0) 
and (2, .301) into ten equal parts. Compare with the loga- 
rithing of 1.1, 1.2, 1,3, 1.4, --- 1.9. See problem 9 above. 


15. log 200 = 2.3010; log 210 =2.3222; insert 9 vaJues be- 
tween (200, 2.3010) and (210, 2.3222), comparing with the 
logarithms of 201, 202, --- 209. 


16. log 200 = 2.3010 and log 201 =2.3032; insert 9 values 
between (200, 2.3010) and (201, 2.3032) and interpret. 


17. Given y=322%—17; find the corresponding values of 
y when ©=10 and x=20. Find the points dividing this 
line in the ratio }, 4, #, #, ¢. What points of division are 
obtained ? 

1s. Given P,(—1, 5) and P.(8, 37); on the line joming 
these two points find the point whose abscissa is 3, without 
finding the equation of the line. Find the point whose ab- 
scissa is 7. Find the point whose ordinate is 16. Find tho 
point whose ordinate is 0. Find tho point whose abscissa 
is +14. 

19. Eliminate 7 between the two equations += 
5+ 374 


1+r ; 
known as paramotric forms of the equution of the straight 


line joining (— 1, 5) to (8, 37). 
20. Write tho equations of tho line joining (3, — 2) to 
(15, 28) in parametric form. Find 6 points on this line. 


—1+68r 
i+r 


and y= These two equations constitute what are 


CHAPTER VII 
TRIGONOMETRIC FUNCTIONS 


1. Angles and angular measurement.— The angle made by 
any line OP with the horizontal Jine ON is regarded as 
generated by a moving line, an arm or ray, starting from the 
position OX and turning about the poimt O as a pivot, moving 
always in the same plane. This 
moving ray If rotatedin the sense 
contrary to that in which the 
hands of a clock move, counter- 
clockwise, Js regarded as gener- 
ating a positive angle; clockwise 
Totation generates «a negutive 
angle. A natural unit of ancular 
Inugnitnde is the complete rota- 
tion which brings the moving arm 


peceedeecscuuees back to its original position. ‘Chis 
Angle generated by rotation measure is used in giving ‘the 


speed of rotation, ¢e7. the angular 
speed of rotating shafts and wheels is measured in revolutions 
per minute or per second. ‘The angle generated when the 
moving ray is in the same straight line with its original posi- 
tion, but extending in the opposite direction, is called a straight 
angle; half of this angle is the right angle, which was probably 
the earliest imcasure of angles used. Thus our terns acute and 
obtuse relate to the right angle. If the angle is conceived as 
given by the relative position of two lines non-directed, it is 
evident that only angles less than a straight angle would be 
discussed, 


110 
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In the ancient development of geometry tho right angle, so 
necessary in building, was fundamental; in Greece up to 
wbout 150 o.c. the right anglo was used as the unit of measure. 
The artificial division of the complete rotation into 360 equal 
angular units callod degrees is due to the Babylonians, who 
made this sulxlivision as early as 1000 n.c. The Babylonians 
used 60 as ® unit of higher order much as we use ten, and it is 
probable that they divided another natural angular unit, one 
sixth of « perigon, given by the easy construction of a regular 
hexagon, into GO cqual parts called degrees; each degree was 
divided by them into 60 minutes (partes minutiae primae, in 
Latin, whenco ‘ minutes”) and the minuto into 60 soconds 
(partes minutiae secundae). 

Another natural system of measuring angles is of funda- 
mental] ymportance in mathematical work. ‘Chis is the circular 
system, in which the unit angle, called a radian, is the angle 
measured at the center of a circle by an arc whoso length 
is the radius. he radius can be Jaid oft on the circle 
2m, 62 or 6.2832, times, and since equal angles at the center 
are intercepted by equal arcs on the circumference, this angle 
ean be placed 2m times around the center, or approximately 
62 times in a complete revolution. Just as 1° is used for 1 
degree, so 1’ is used for 1 radian, and similarly for other 
muunerical values; when no angle sign is used radians aro 
understood. 


2a = 360°. T = 60°. 
w = 180°. uN SATIP, 
6 
7 = pie = 45°, 
or 90. 1 dD 


Mie student should accustuin himself to expressing angles 
in radians, particularly the angles of 30°, 45°, 60°, and 90°, and 
those which depend directly upon them. 

has 1609 = oe 1392 = a or, with many writers, simply = desig- 


? 


nates 135? in radians, 


UNIFIED MATHEMATICS 


A natural system of measurement of angular magnitude 
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= OA’ 


OA; are AMR! 


The are AR equals the radius OA; arc A’R' 


Titis 


OB" i 


ATs" 
of one of these circles is 


SES =. 


,MCEECeEk 


AB_ A'B' 


Radian system of measuring angles 


In these circles it is truc that 
evident that if the circumference 
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, Wherein a stands for the length of the are and 7 for 


r 


or @= — 
_ 
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the radius. The length of the arc is given by the formula, 

@ = 76, when @ is measured in radians; the arca J of the cor- 

responding sector of angle 9 is 4=17r°9. Since 3.141593" =180°, 
= sayy = 57-29578", 1° = 0174583 radian. 

2. Quadrants. — 

The two hnes OX and OY divide the plane into four quad- 
rants, numbered as indicated on the preceding diagram, I to 
LY; we will commonly designate a quadrant by its numeral. 
In trigonometric work we conceive angles as placed with the 
vertex at O, one arin falling upon the OX axis to the right, and 
the otherarm falling in one of the four quadrants, or upon one 
of the axes. We think of the angle, in effect, as generated by 
an arm rotating about O from the initial position OX. Under 
this assumption 2t 1s evident that the terminal arm of an angle 
may fall in any quadrant either by’a positive rotation or by a 
corresponding negative rotation, the difference between tho 
tivo angles being 360°. Jotations of greater than one revolu- 
tion reproduce in order the positions on the diagram produced 
by rotations of less than one revolution, eg. angles of 30°, 
— 380°, + 390°, + 750°, — 690°, and in general terms, n x 360° 
+ 30° where is any integer, are represented by the same 
figure. In radians we may say that a and (227 +’) are 
represented by the same diagram for all integral values of 2. 


PROBLEMS 


1. Using 3! for 7, compute tho value of 1° in degrees. 
What is the percentage error? 

2. Using 34 for =, compute the value of 1° in radians. 
Percentage error ? 


3, Give the value in degrees of } revolution; x’; ra ret 
5 wen’ Oa” 
1 straight angle; 2 of one right angle ; 3°; oF 13) Gi 43 


Hx 


4 
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4. (Rive the value in radians of 1 revolution ; 180°; 45°, 
135°; 60°; 120°; 225°; 3 right angles; 390°; 765°. 

5. What is the percentage error in using 57.3° as the value 
of 1 radian ? 

6. What error in seconds is introduced by using 57.3° for 
1 radian ‘in finding the value of 3 radians? 8° = 171.9°; an 
etror of 1 % would be approximately 1.7°. 


7. A bicycle rider pedals at the rate of 20 miles per hour; 
how many revolutions dves the rear wheel, diameter 28 inches, 
wake per minute? The rear sprocket wheel, diameter 4 inches, 
wakes the same number of revolutious as the rear wheel; low 
many revolutions does the front sprocket wheel, diameter 
10 inches, nake? Changing gear shifts the chain to a smaller 
rear sprocket; what speed will be attained at the same rate of 
pedaling by shifting to a 3-inch rear sprocket ? 


8. Place the following angles in their proper quadrats: 

=)? O1Ne =ENe a UVES Bre 105 we 4 

150°, 240°, (60°, — $10°, ape ne Tray lee Give the cor- 
responding positive angles Jess than 2 7’. 

9. In the circle of radius 10 what is the length of the arc 

of an angle at the center of 60°? What is the difference 


between an arc of 60° and an angle of 60°? What is the 
length of the are of 30°, 45°, + : om 


10. What is the angle at the center in radians and degrees, 
in a circle of radius 100, subtended hy an are of length 1007 
50? 30? 1007? Find the areas of the corresponding sectors 
of the circle. 


11. In the artillery service angles are measured in “mils”; 
a “rail” is defined as pPyq of a complete revolution. Coin- 
pute the value in radians of one mil. 


12. On the “imariner’s compass” the complete revolution is 
divided into 32 parts, called “points” of the compass ; com- 
pare the “points,” with degrees, “ mils,” and radians, 
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13. Compute the value of the “mil” in minutes and give 
approximate formulas. for converting “mils” into minutes 
and conversely, 


14. At what rate per second in degrees, and in radians, do 
the hands of a clock turn? 


15. A grindstone of diameter 18 inches is turning 246 times 
per minute. Compute the linear velocity of a point on the 
rim. 


16. In grinding certain tools the linear velocity of the 
grinding surface should not exeecd 6000 feet per second. 
Find the maximum number of revolutions per second of a 
10-inch (diameter) exnery wheel and of a 5-inch wheel. 


17. Jind the angular velocity in revolutions and in radians 
of an Ohio grindstone, 2 feet in diameter, which should have a 
circumferential speed of 2500 feet per minute. 


18. The path of the earth is approximately a circle with 
radius 93,000,000 miles; tind the distance traveled in 1 day. 
What percentage of crror would be introduccd by using 365 
instead of 3651 days? Show that the fact that we giver as 
93,000,000 implies that the position of the point on the carth 
would not affect our computation. 


3. Polar codrdinates and, angular variables.— Any point P 
in the plane may be located by giving its distance from a 
fixed point O, called the pole, and the angle which a line from 
the pole to the point P makes with a fixed line OR, called the 
polar axis. In general terms the polar codrdinates of any 
point, of a variable point, are designated by 7 and 6, radius 
vector and vectorial angle. (See p. 116.) 

r will be assumed to be a positive quantity, and @ may 
be ussumed as the angle generated by the rotation of the 
vector OP from an initial position on OR. A negative angle 
is generated with the polar axis by a line which turns from the 
polar axis, about O, in the clockwise direction. Thus the 
Z ROP is taken as + 30°; this same figure may also he con- 
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Polar codrdinate paper 


of 


nL, 20°), (10, 150°), (10, — 160), and (10, — 80°), 

(10, =). (20, ba ) (10, =Om\ and (19, = 

6 G G 6 

ceived as representing — 330°. Angles which differ by multi- 
ples of 360°, genorated by linos rotating from an initial posi- 
tion upon the polar axis, are represented by the same diagram ; 
two such angles are commonly called “congruent” angles. 
Each rotation of 360° brings a line back to its starting place. 
PROBLEMS 


1. Locate the points (3, 30°), (6, 90°), (4, 45°), (8, 135°), 
(3, 270°), (6, — 90°), (5, 180°), and (2, 390°). 


: ie nn : et 
2. Locate the points (5 a (4 2) (6, 0), (3, —*), 
(V2, 2), and (3, 37). S 


3. What is common to all points on OR? 
4. What curve is represented by 7 = 10? 


5. What curve is represented by 6 = 30° or 6 = Be 
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4. Trigonometric functions —sine and cosine. — Assume an 
axis to coincide with the polar axis, and a y-axis to be drawn 
perpendicular to 
the polar axis at 
the pole. When 
@ is any fixed 
angle, the codrdi- 
nates (z, y) wm 
rectangular codr- 
dinates and (7, 6) 
in polar codrdi- 
nates, of points 
upon the = ray 
making the angle 
6 with OX, are 
connected by the 
following relations : 


aS 


@=ZXOP; sing=V =~ Be; poses 
ra 73 T3 7 r 


re ee Ne 
x? y?= 7%, for any point (x, y) in the plane. 


We may say that Y is a constant for any given angle 6; 
T 


this constant changes as @ changes. It is evidently a function 
of 6. Since r remains positive, this function is positive for 
all angles @ represented in the upper quadrants ; negative for 
angles in quadrants III and LV. This constant is 4 for @= 30° 
(o¢ =) v2 or .707 for 0 = 45°, 1/3 or .866 for 6 = 60°, 1 for 
2 
6 = 90°, .866 for 6 = 120°, .707 for 6 = 135°, } for @ = 150°, and 0 
for = 180°, all by elementary geometry. When @ is an angle 
which lies in quadrant III or IV, ¢.e. values of 0 between + 180° 
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and + 360°, this function of @ becomes negittive. This function 
of 6 is called the sine of 6, or sin @. 
¥ 


sin @==- 
a 


Pe ae 
PN cing at. Sinnilarly the ratio = 
i 
y 
pea: is a constant, whose 
cos"; value depends entirely 
Ro CS FOE SS So a ith . 
Sulagetssseccsecsecasesin upon the positiott of the 
ry moving ray; this funec- 
Polar coordinates, ry an . 
Rectangular cotrdinates, x and y ton of 6 we define as 
cosine 6. 
x 
CRU sind =? 


The consideration of the changes in value of these functions of 
6, sin 6, and cos @, as 6 changes, is facilitated by thinking of the 
moving yay as fixed in length, 

For positive vilues of @ less than 90°, @ in I or, in symholic 
language, 0 < 6 < 90°, it is evident that the cormplementary 
angle to any angle @ gives a tri- 
angle similar to the triangle in- 
volving 6. In this second tri- 
angle the ordinate and abscissa 
correspond respectively to the ab 
scissa and ordinate in the origina] 


Hi, 


NE 


2: 
triangle, whence 2—2. Now 
T 


—_—— 


FA 


U 
a= sin (0° — 6), and <= cos 6; 
hence cos @= sin (90° — @), or, in 
words, the cosine of any angle 
g(0<6< 90°) is the sine of the Complementary angles, 
complement of 6. ‘This explains ote 


the name, cosine 6, which is siinply the “complement’s sine.” 
Li] : 
Further, > =>) Whence cos (90° — 8) = sin 8, 


TRIGONOMETRIC FUNCTIONS 119 


Hither one of the triangles may be regarded as the origi- 
nal, the complementary angle will be found in the other; 
the demonstratiou, as given, applies in either case. The 
above figure serves, tlien, to demonstrate the two formulas, 
sin (90° — 6)= cos @ and cos (90° — 6)= sind, for any positive 
acute angle @. Later these formulas will be shown to hold for 
all angles #, without restriction as to maguitnde or sign. 

The formula cos (90°— 6)=sin @ may be derived from 
sin (90° — 6) =cos @ by substituting for 6 the value 90° — 6', and 
finally replacing & by @, Since 6 may vary from 0 to 90°, 
90° — @ varics between the same limits. 


sin (20° — @)= cos 6, 
cos (90° — 6) = sin 6. 


5. Historical note. — ‘The function sin @ is Hindu in its 
origin, dating back probably to the fourth century a». The 
Hindus called the sine “ ardha-jiva,” meaning half-chord. In 
the eighth century A.p. the Arabs becoming familiar with Hindu 
astronomy and trigonometry, as used in astronomical work, 
transliterated the word “jiva” or “jiba” into “geib”; the 
word in Avabic means curve and in the twelfth century Euro- 
pean translators into Latin of Arabic works of science trans- 
lated this word as “sinus.’”” Into English the word comes by 
transliteration again, the sound and not the sense being pre 
served. 

Plane trigonometry is possible using the chords instead of 
the half-chords; this system was developed by the Greeks, but 
it leads to much more complicated formulas and methods. 

; sin 6 

6. Tangent and the reciprocal functions. —The quotient aT, 
varies as 6 varies; this is then a function of 6, This function 
is called the tangent. - By definition, 


cos 8 x 
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The reciprocals of sin 0, cos 4, und tan @ are ilso functions of 
6; to these the names cosecant @, secant 8, and cotangent 6 
have been given. 


By definition, posecant 6, or cscQ= ls 
sin 6 


1 
secant §, or sec §9=——, 
cos 8 


1 
nt 6, or cot @= ‘ 
cotangent 6, or Pe 


PROBLEMS 

1. Given sin 6=.29, find cos @ using the formula 
sin? §-+cos?@= 1. The negative value has a meaning. 

2, In what quadrants is sin@ positive? in what quadrants 
ig cos 8 positive ? 

3. Given sin 6 = .29, in what quadrants may @ lic? 

4. In what quadrants is tan @ positive ? 

5. As a rotating arm of length 10, moving about O from 
OX, turns through 90°, discuss the changes in value of the y of 
the end of the moving arm; consider x as 10 and discuss the 
change in value of sin 6 as the angle gencrated increases from 
0° to 90° to 180°. What change in gin 6 as 6 increases beyond 
180°? 

6. Discuss similarly the changes in values of cos 6 as 6 
varies from 0° to 90°; from 90° to 180°. 


7, Discuss the possible values of tau 0. Take x =1, 4, .1, 
-01, .001 and compute y in a circle of radius 10. Diseuss the 
values of tan@ When x= .000001, y= 9.99999999999995 
what is the approximate value of tan 6? 

8. Given tan 6=3, find see @ from the formula 

sec? 6 = 1 + tan? 6. 
Compute both the positive and the negative values of cos @ 

9. Express in terms of the sine of the complementary 
angle: cos 48°, cos 84°, cos 56°, cos 48° 10', cos 90°. 
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10. Express in terms of the cosine of the complementary 
ingle sin 48°, sin 84°, sin 56°, sin 48°10’, sin 90°. 
11. Complete tho following table: 
cos 45° = .F071 = sin 45° 
cos 46° = .6947 = sin 44° 
cos 47° = 6820 = sin 
cos 48° = .6691 = sin 
cos 49° = .6561 = sin 
cos 60° = .6428 = sin 
Reverse the table, beginning sin 40° = 


sin 41° = 
12. Complete the following table: 
sin 35° = .5786 = cos 


sin 35° 10' = .5760 = cos 
sin 35° 20’ = -5783 = cos 
sin 35° 30’ = .d80T = cos 
sin 36° 40' = .6831 = cos 
sin 35° 50' = .5854 = cos 
sin 36° = ,0878 = cos 


Notice that the sines of 35° + some minutes are cosines of 
ingles 54° + somc minutes; the cosincs of 35° + minutes are 
‘ines of the complements, 54° + minutes. In our tables you 
vave written at the left of the table 35° and 54° at the right; 
iin at the top and cos at the bottom. 

35° 

sin cus 
0 .5736 8192 60 
10.5760 8175 50 
20.5733 8168 40 
30.6807 8141 30 
40 .5831 8124 20 
50 .8h4 8107 10 
60 .5878 8090 60 

COS , 
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7. Fundamental formulas. — Since 2?+ y° = 7, for any point 
on this circle of radius 7, 
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Note that although # or y or both may be negative, the rela- 
tion continues to hold since (—2z)*=2%, and (—y)?= yy. 
Whence, by substitution, cos? § + gin? # = 1, for all values of 8. 

By division by cos? 8, 

1 eS 
cos?@ cos? @” 


or 1 + tan? @= sec? A, for all values of 8, 
Similarly, 1 + cot? 6 = ese? @. 


sin? § + cos?§ = l. 
1 + tan?6 = sec?9. 
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These formulas are of fundamental importance. They 
should be memorized. 


8. Functions of 0°, 30°, 45°, 60°, and related angles. — By 
plane geometry the values of these functions can be precisely 
determined for the angles which can be geometrically con- 
structed with rwler and compass. The 
Inost important of these angles are 30°, 
45°, 60°, and 72°; the values are evident 
for 0 and 90° (as Jimits). 


sin 45° = + e707) 
9 2 
4 ihe 
cos 45 ae dtagraee rive Functions of 45° 
a One half a unit 
tan 45° = 1 = cot 45°. arate 


1 
Functions of 60° V3 Functions of 30° 
Lquiateral trlangle. =cot60°. Equilateral triangle. 
V3 Sen Cee 
= = .866. Se eer SES Ont. 
2 Gis) 


These diagrams should be memorized as half of a unit 
square for 45°, and half of an equilateral triangle placed ver- 
tically for the functions of 60° and directly related angles, 
and the saine placed horizontally for the functions of 30° and 
related angles (— 30°, 150°, 210°). 

sin 0° = 0. si 902° = 1, 
cos O° = 1. cos 90° = 0. 
tan 0° = 0. tan 90° = oo, 
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The meaning of the expression tan 90° =o (infinity) is that 
as the angle @ approaches nearer to 90° the tangent becomes 
larger than apy quantity we may assign, however large; 
strictly at 90° the tangent function hus no meaning, as a divi- 
sion by zero is involved. The expression tan 90° = = js not, 
then, an equality, like tan 60° = V3. 
beaed HE 


Se 


ane R- 
auseas oH au 
Srpayeeeenseusaus 


ut ae me 


Construction of the regular decagon 


OM divides OA in “ extreme and mean’ ratio. 
Algebraical method by solving, z? = 10 (10 — z). 


The method of coustructing a deecagon combined with the 
solution of a quadratic equation enables us to find the sine of 
18°. The radius of the circle is divided in extreme and mean 
ratio to obtain the side of the inscribed decayon : 10(10—2) =2?, 
in @ circle of radius 10. Whence, 

2?+10<—100=0, 
a=—5+V125 =—5+ 11.1803 =— 16.180 or + 6.1803, 
of which we take the positive value. One half of this value 
is the value of y in the triangle of reference for 18° when 
r=10. Hence the sine of 18° is 


3.090 
Se 
10 090. 
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§. The Greek method, using chords. -— By tho methods of plane 
Geometry, using chords Instead of half-chords, the sine of half an angle 
and the sine of tho sum and the difference of the two gives angles can be 
compnted. One theorem involved, in addition to the Pythagorean 
theorem, js not given in many geometries. It is called Puolemy's the- 
orein, a it is fundamental in ,the method of computing chords de- 
veloped by Ptolemy, a Greek writer of the second century a.v., whose 
text-book on astronowy, the Ahnaygest, continued in active use for fifteen 
hundred years, ‘The theorem is that in an inscribed quadrilatcral the 
product of the diagonals is equal to the sum of the praducts of the oppo- 
site sides. 

From the chord of 60° ona can compnte the chord of 30°; thus the 
sine of 15° is ubtained. From 36° and 30° the sin of 8° can be ohtained 
by using half the chord of the difference of two given arcs ; from this the 
sine of 14°, 2°, 3° 25°, a%) ah?) rha°> aes <+- can be computed. The 
sinc of 1° caunot be obtained by this process, nor can the sine of 4°; 
those are found by other methods, giving approximations as accurate as 
desired for any practical purposes. 


10. Origin of the tangent and cotangent functions —In the 
study of astronomy the angle of inclination to the horizon of 


er eee ve LUTE 
eeeeee ecaere —- aee8 HTS Z 
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Arabic shadow function 
The shadow varies as the cotangent of the angle of juclination of the sun, 


the sun and of other heavenly bodies is important. The ratio 
of the length of the shadow to the length of the vertical object 
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casting the shadow gives the cotangent of the angle of in- 
clination of the sun. This function of the angle appeared 
wefore the tangent function in the works of the Arabic as- 
tronomer, Al-Battani, of the tenth century a.p., and it was 
called the shadow and later, right shadow or second shadow. 
The tangent function, being the ratio of the length of tho 
shadow cast on a vertical wall to the length of a stick placed 
horizontally out from the wall, was called later the first 
shalow. The Arabs took the length of the stick as 12. 


Variation of sine and cosine as 0 varies. 
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EsseaHitoctensceay easateeaed anf aT Gat \MCEaP COMI TCaHEEEE 
eae Str fas eteswiscead iss aEtHnnAdt 
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11. Variation.— As @ varios the trigonometric functions 
also vary; it is desirable to fix in mind the changes of the 
three principal functions, viz. gin 6, cos 6, and tan@, as @ 


changes by rotation of the moving arm. 
Taking 7 = 10, it is an easy matter to follow on 


the graph 
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the changes in the « and y of the end of the moving ray. As 
the moving ray starts from OX, an angle of 0°, the y or ordi- 


nate is zero. So we have that the sine, 4%, begins at zero for 
LP 


0°; as @ increases the y increases, reaching a maximum of 10 
when @ is 90° and the maximum value then of sin 6 is 12 or 1. 
AS @ increascs beyond 90°, the ordinate begins to decrease, 
arriving finally at OQ when the moving arm is on OX'. For 
apgles greater than 180° up to 270° the ordinate decreases, 
finally reaching a minimum or lowest yalue of — 10; the cor- 
respondiig minimum of sin 6 is —1,; from 270° on to 360°, 
completing a revolution, the sine increases from —1 up to 0. 

Tor angles greater than 360°, or for negative angles, the 
moving ray would move through no new positions; for any 
such angle the trigonometric functions are equal to the fune- 
tions of the corresponding positive angle having the same 
position, : 

The limits +1 and —1 of the sine function and cosine 
fuuction are evident, of course, in the figure. In any position 
of the moving ray 2 aud y are the sides of a right triangle of 
which 7 is the hypotenuse, except that on the axes a or y 


equals 7; hence the quotients - and 7 are either numerically 


less than 1 or at most equa) to 1. 
Note particularly on the diagram the sines of 30°, 45°, and 


60°, as a approximately =, and ae the values, .500, 0.707, 


and 0.866 may well be memorized. On the diagram it is a 
simple matter to read the sines of 10°, 20°, 30°, 40°, 50°, 60°, 
70°, 80°, and 90° as the corresponding ordinates divided by 10, 
correct to two decimal places. The cosines of these angles are 
read as the corresponding abscissas divided hy 10. 


The tangent as? is not in a form to give the numerical value 


without computation; however, by drawing the tangent line 
to the circle at A and producing r to eut the tangent line at 
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AT _ 
T, you have a = a whence Toma tan «, and so the valuc of 
the tangent of the angle can be read as the ordinate at A di- 


vided by 10. 


Susseee Leno Saar 

anne seossed aassanun 30° = ——_ —- i —. 8 
sbeSyEASeceestegcs Scpiiectestogess an age ae 
suvescuoresrs scares Ccceeteetierey 
RONESUSBEESasBacccccsestazss cess 4p° — 19 
Eee | 0 
saree costentsssusluesseo"Cerscares . V8 173 

pedGees : tan 60° = ——- = ——_— = 1.73 

CEEEEEE Lil 

EN When the angle increases 


beyond 90° the position of the 
terminal arm fixes the sign 
of each function; the sine is 
positive when the arm is in 
The tangent read as a length the upper quadrants, I and 
AT = 10 tan. IT, and negative in the lower, 
and the cosine positive to the 
right, [and IV, and negative in II and IIL. The tangent is 
positive in I and III, and negative in II aud IV; when posi- 
tive the corresponding vertical lengths are cut off above A on 
the tangent at A, and when negative, in IJ and IV, the corre- 
sponding vertical lengths are cut off below A on the tangent. 
If the radius is taken as unity, the ordinate, abscissa, and 
tangent length represent numerically and in algebraic sign the 
sine, cosine, and tangent values of the corresponding angle. 
However it is usually more convenient to take a radius of 10, 
25, 50, or 100 and to interpret the trigonometric functions a3 
ratios, as indeed they are. 


aaa aes 


12. Related angles. — J’rom our definitions it is evident that 
sin 6 has the same value for two angles, symmetrically placed 
with referece to the y-axis, @ and 180°— 6; cos@ has the 
same value for two angles symmetrically dees with respect 
to the waxis, 6and — 6, or 6 and 360° — 6; tan @ has the same 
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value for two angles which differ by 180°, 6and 180° + 6 AD 
functions are the same for angles which differ by 360°, or by 
any integral (positive or negative) multiple of 360°, for the 
terminal arms of such angles will coincide when the angles are 
placed in position to determine the trigonoinctric functions. 
The trigonometric functions of 360° — 9, 180° — 8, 180° + 6, 
90° + 0, 90° — 9, and — 6, in terms of the functions of @ are of 
particular importance in later work. In the figure the vectors 


gust teceafoaaits 


obetnensts 

SeecCessosen 

Pep tegettobetebelend tea 
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8, —6, 180°— 6, 180°+ 6. Related angles 
Real the corresponding functions on the diagram. 


OP,, OP;, OP;, and OP, are the terminal arins of related 
angles in quadrants I,.II, III, and IV. The vector OP, de- 
termines, we inay say, a positive acute angle XOP,, and, 
further, any angles which differ from the positive acute ungle 
by any integral multiple of 360°; OP, represents the terminal 
arm of 180°— 6, OP, of 180°+ 0, and OP, of 360°~84, or of — 8. 

If @ is the angle represented in quadrant I, 180° — @ is the 
angle here represented in II; and conversely, if @ is in II, 
180°— 6 isin J; if is the angle in ITI, 180°— @ is the angle in 
IV,and conversely. Lvidently if @ in I is 30°, 180° — @ is 130°, 
represented in IT, and if @ = 150°, 180° — @= 30°; further, if @ is 
— 330° in I, differing from 30° by — 360°, 180° —6 will be 
180° —(— 330°) or 510° which is in II, 560° + 180°, differing 
frorn 180°— 30° by 360°. The ordinates in J and IT are equal 
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and of the same sign, and similarly the ordinates in III and IV 

are algebraically equal; ris the same in all. Hence for all 
] 

aaa sin (180° — @) = sin @. 


The abscissas in I and 11 are numerically equa) but opposite 
in sign, similarly in III and IV; the vectors are the same and 


posinre. 


Heuce cos (180° — @)=— cos 0. 
Beidednition aus (SOs Gyeee a =P, for all angles. 


By substitution, 


ee sin (180°— 6)__sin@ _- ; 
rete We cos (1s0°— 8) —cosé enue 


this formula also holds for all angles 6, since every formula in- 
volved has been shown to hold for all angles 8. 

If @is an angle in I, 180° 4 61s in III; the corresponding 
positions are represented for any such angles by our figure. 
If @ is represented by the vector in IT, 180° + @ is represented 
by the vector in IV. The ordinate in ILI equals numerically 
the ordinate in I, but ts opposite in sign: similarly the ab 
scissas of I and IIT; similarly the ordinates and abscissas, 
respectively, of IX and JV are equa) in value and opposite in 
sign. 

Hence sin (1807 + 6)=— sin 8, 
and cos (180° + 6)=— cos 8. 


These equalities hold for all angles @. 


By definition, tan (180° +6 = Sin(1S0"+- =a 
eS aD) cos(180°+ 6) —cos 9 ae 


which holds for all angles @. 
In precisely the same way 


sin (— 6)=— sin 6, 
cos (— 8)= cos 6, 
and tan (— 6)=— tan @, for ali values of 8, 


TRIGONOMETRIC FUNCTIONS 131 


Gn 
SunuD 


vy] 
B 


EQERSUBSEREE 
alGdbeoeee 
iAH Lg] 


Our second figure can be uscd to show that 


sin (90° +- 6)= cos 6, 

cos (90° + #)= — sin 4, 
for all values of 6. If 6 is the angle represented in I, 90° + 6 
is the augle here represented in IT; if @ is in LI, 90° + @ is rep- 
resented in [IJ; if @is in any quadrant, 90°+ 6 isin the quadrant 
following in the countcr-clockwise sense. Now the ordinate in 
any quadrant here equals numerically and algebraically the 
preceding abscissa; thus y, = 23 Ys = 2%; Yy = %j I = Ve 


For any angle @, sin (90° + 6) = cos 8. 
Similarly cos (90° + 0) =— sin 6, 


" _ sin (90° + 6) _ cos 8 
Le RET cos (90° +6) —siné 
=— cot 9. 
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The following relations have uow been established for all 
angles @: 


sin (180° — 6)= sin 8, sin (180° + 6)=— ain 6, 
cos (180° — 6)= — cos 8, cos (180° + 6)=— cos 9, 
tan (180° — 6)= — tan 8, tan (180° + 6)= tan 8, 


sin (— 0)= — sin 8, 
cos (— §)= cos 6, 
tan (— @)= tan 0. 
The formulas, 
sin (90° — 6)= cos 8, 
cos (90° — 6)= sin 8, 
and tan (90° — 9)= cot 8, 


have been established for acute angles. However, the preced- 
ing formulas for 90°+ @ which we have cstablished for all 
values of @, positive and negative, can be used to prove that 
these formulas for 90° — @ hold for all values of 6, 

Thus sin (90°—6) cau be considered as sin (90° +(— 6)), 
and as the formnias for 90°+ @ hold for al! values of 6, we 
have: 

sin (90° +(— 6))= cos (— 4)= cvs 6, 


and cos (90° +-(— 6))=— sin (—0) = —(— sin0)= + siné. 
Hence sin (90° — 9)= cos 8, 
and cos (90° — 6)= sin @, for all values of 6. 


7 in (90° — 6) _ cos 8 
lurther tau (90° — @ UNE ~ = ——_ = cot 8 
( eats: (90°— 6) sin 6 i 
again for all values of @. 


The student will do well to remember the diagrams and to 
connect the formulas with these. It is necessary to recollect 
only the representation for an acute angle 6; it is more desir- 


able to connect the formulas with the diagrams than merely to 
memorize the formulas. 
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PROBLEMS 


1. Find the sine, cosine, and tangent of 210° The triangle 
is the same as that used for the functions of 30°, but it is 
placed in IIL. 


2, sin 150° = ; cos 150° = ; tan 150° = 
3. sin315°= ; cos — 45° = stan —45°= 
4. sin 225°= ; sin 495° = ; tan 750°= 


5. Express the following in terns of functions of positive 
angles less than 45°: 


a. sin 170°? = b, sin 130° = 
c. cos 1T0° = d. cos 130° = 
é. sin 220° = f. tan —40°= 


6. ‘Express in terms of functions of x: 
a. sin (x —90°)= 
Hixt, — Use first sin (— 6) =— sin 6. 
b, sin (270° + 2)= 
Hint. — Express first as 
(180° + 6); de, sin (180° + 90° + x) =— sin (90° +z) = 
¢ cos (x — 270°)= d. tan (360° — z)= 


7 Draw one quadrant of a circle of radius 10 half-inches ; 
construct the angles of 30°, 45°, and 60° and read thoir values. 
Bisect the angle of 30° and so obtain the values of the fune- 
tions of 15°. Make a table of values of sines, cosines, and tan- 
gents, advancing by 15°. Note that the chord of 30° may 
readily be computed; onc half of this chord divided by the 
radius gives the siue of 15°. Wind the sine of 72° similarly. 
From the table of sines of acute angles froin 0 to 90° by 
15° intervals, give the sines of the related obtuse angles up 
to 180°. 


8. Given tan 6 = 3, find sec 6 and cos 8; what is the signifi- 
cance of the double sign in the answer? 
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9. xpress in terms of functions of positive augles less than 


a. sin 100°. é. tan 200°. i. tun (— 420°). 
b. cos 100°. Sf. sin 300°. j. sin 750° 50’. 
c. tan 100° y. cos (— 60°). k. eos 1030° 40', 
d. sin 200°. h. vos (— 160°). 2 tan 218° 10’, 


13. Angles constructed from given functions. — Given 
SillGi—any 
construct both values of @ (in I and If). The problein is 


in geometrical language to construct a right triangle with the 


hypotenuse and one side given, since sin @= 
T 


Tike 797 aud yas 4; since sin @ =“, 7 is to be one side of 


onr angle; with 7 as a radius and O ae center describe a semi- 
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Graphical solution of sin 8 Au 


circle above the a-axis; y= 4 isa line paralle] to the axis of 2, 
cutting the circle, x? ie 49, in two points. Find the inter- 
sections a, and ay; geometrically the angle is fousd. ae 
the Pythagorean theorem 2? + #= 73 and 2 = 338, x= +57 

The positive value of 2 is to the right and the negative to ae 
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left; to the first corresponds the acute angle 0, and to the 
other 6 with the terminal arm in JI. 


IDL Sin @ = 4'= 57. In II, sin 6= 4 
wes 5.75 
cos 7] SS ee SS wee. Cos g ee — ee 82, 
7 i 
A Bp 
tan § = —~=.70. Pa ae 
2.49 a 15 
— — 10. 


sin? 6 + cos? @= 1. 


Given tun 6=1.4, find the other 
functions of @ and discuss the two 
solutions. 


owe! me = 
cos 6 2 


6 can be in 1 or IIL. 


Take y as 1.4, % as 1 (or y as 
14, «= J0, or other valucs as con- 
venient); cvidently z as —1 and 
yas —1.4 gives 6 in ITT. 


Sinee e+—y2=7*, 2 = 1 +1.96 = 2,96, 
r= HAS 


Graphical solution of tan 6 = 1.4 


Tr site = or 4/290 = 81 (or 814 to 


1.72 /2.96 = 55 


es 


three places). 


J a 7 
C08 Oro 681", 


In III, sin 9= — .814, 
cos 6 = — .98). 


This problem should be solved also by using the formula 
1 + tan? 6 = sec? 6. 
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EXERCISES 
1. Use 10 of the larger units on a sheet of cross-section 
paper and find by construction the sines of the angles Vali 
20°, 30°, -- 180°. Compare with the table. Note that the 
alucs for 10° and 170°, 20° and 160°, 30° and 150° --- corre- 
spond. Use the formula cos 6=sin (90°—@) to find the 
cosines of 0°, 10°, 20°, 90° Note that in the second quadrant 
the cosines becoine negative. 
2. Construct an angle of 60°, using 10 as side of the equi- 
lateral triangle uscd. Find cos 60°, sin 60°, tan 60° to 2 places. 
3. Jind the sine of 150°, 210°, 330°. 
Use half the equilateral triangle, placed horizontally with vertex of 30° 
angle placed at the origin. 
4. Find the sine and cosine of 120°, 134°, 225°, — 30° 
5. Find the tangent of 120°, 135°, 225°, — 30°, from the 
data of the preceding problem ; find tan 120°, tan 135°, tan 225°, 
tan (— 30°) from the geometrical] figure. 
6. By construction of a square, side 10 units, find approxi- 
mute values of the functions of 45°. Wind the values using the 
Pythagorean theorein, 


7. Construct an angle of 30°, and find yalues of the 
functions. 


8. Construct angles of 15° and 72°, and find the values of 
the functions. 


9. Given sin@=,5,, find cos @ and tan @; indicate both 
solutions. 


10. Given cos @ = .432, compute sin 0 and tan 6 to 3 places, 
6 in I. 


11. Given tan 0 = 4.32, compute sin 6 and cos 6 for 6 in ILL. 
12, Given tan 6 = J, construct 6 geometrically. 

13. Construct 4 geometrically, given sin 6 = tar 

14, Given sin 0 =~— ,5,, find cos 6, 0 in LY. 

15...Given sin § =..43, find cos @, @ in III. 


TRIGONOMETRIC FUNCTIONS 137 


16. Given tan# =— .43, construct @ in II, and find values 
of sin @ and cos @ from the figure. 


14, The inverse functions. — If we are given the sine s of an 
angle and desire tu speak of the angle we can say “the angle 
whose sine is s” and we can abbreviato this expression in 
writing to arc sins or tosin=s, Similarly the angle whose 
cosine 1s mis written are cos m, or cos“'m. Note that in sins, 
cos-'m, and tan-'k, the —1 is not at all a negative expo- 
nent ; these expressions for angles are read anti-sine s, anti- 
cosine m, and anti-tangont &, or sometimes, inverso sine s, cte., 
respectively. 

In what follows we shal) use mainly the symbols arc sin, 
arc cos, arctan, arccse, arcsec, and arccot, although the 
other symbols are also in common use. Whether the “are” or 
“—_1” symbols are used the student is strongly advised to 
read “are tant” or “tan?” always as “the angle whose tan- 
gent ist,” and similarly expressions like are cos 2, arc sin 4, and 
sin7! k. 

A given angle has only one sine, but a given number is the 
sino of many difforent angles. A similar rcemark applics to 
the other five functions. ‘To Ulustrate: sin 30° is 0.5 and no 
other value, But are sin .05, the angle whose sine is 0.5, may 
be 30° or — 330° or 390° or 750° or 160° or 510° or 870° or any 
angle differing from 30° or 150° by an integral multiple of 360°. 
The sine of any one of these various angles is 0.5; 

sin (& 360° + 30°) = .5 and sin (/ 360° + 150°) = .5, 
where & is any integer, 
PROBLEMS 


1. Giyon arc cos 4 =8, construct @ both in the first and in 
the fourth quadrant. Note that the problem is precisely tho 
same*as though the requirement were to construct 6 when 
given thet cos @ = 4; or to construct are cos ¥, 

2. Between what values must xk lie to have any solution for 
6 = are cosk? 


138 UNIFIED MATHEMATICS 


3. Given that the angle, are sin 4, is obtuse, construct the 
ante. 

4. Construct the following angles of the first quadrant: are 
sin §, are tan (+ 2), are cos +4, are sin 43. Give the approxi- 
mate value of the other two principal functions in each ease. 

5. Give five solutions of cach of the following: 
arccos}= j; arctanl= ; aresmO= j; arccosl= 

6. If are sin .438 = 26°, what is are cos 438? 

7. What is the value of are sin — .488? Grve four answers. 
Give the general formula representing angles @ which satisfy 
6 =are sin (— .488). What is are cos — 438? 

8. On the following diagram, regarding the circle as having 
a radius of 100, read the numerical value to two decimal 
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places, of the sine, cosine, and tangent of each augle repre- 
sented. ach winor division represents 4 units, - 


CHAPTER VIII 


TABLES AND APPLICATIONS 


1. Tables. — The tables of the trigonometric functions are 
computed by processes dependent upon formulas derived in 
the higher mathematics. We have shown the graphical 
method of finding sine, cosine, and tangent, which seryes also 
to bring out the fact that the sipes of angles from 0 to 45° are 
at the same time cosines of the complementary angles ; simj- 
larly since tan (90° — z)= cot z, it follows that the tangents of 
angles from 0 to 45° are cotangents of the complementary 
angles, froin 90° down to 45°. Since tables are given of both 
sine and cosine it 18 necessary to give values of both functions 
only up to 45°, and similarly with tangent and cotangent. 
Thus sin 26°10’ is found in the table of sines which reads 
down with 26° at the left, and below 10! as given at the top; 
if the cos 63° 50' is sought we look for 63° at the right of the 
table of sines with the minutes to be read below; and we find 
that the cosine table is the same as the table of sincs, but 
reading up; this brings us to precisely the same place in 
the tables as sin 26° 10’, the complementary angle; similarly 
sin 63° 50‘ is sought in the row marked 63 at the left of the 
table and Icads to the value which read as a cosino represents 
cos 26° 10’. 

For angles greater than 90° the formulas which we have 
given for related angles are applied. Probably the simplest 
formulas to apply to obtain the functions of obtuse angles are 
the formulas, 

sin (90° + «)= cos a, 
and cos (90° + x)= — sin 2, 
139 
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Thus sin 128° 35! = cos 38° 35’ ; 
cos 128° 35’ = — sin 38° 35! 


It is well to note that subtracting 90° from angles greater 
than 100° and less than 200° simply increases the tens’ digit 
of the angular incasure by one, dropping the hundreds’ digit. 

The formulas for 180°+ u, and for 360°—u or ~—«, are 
used for angles in LIT or IV. 

Since computation is largely effected by means of logarithms, 
it becomes desirable to have scparate tables of the logurithins 
of the trigonometric functions. ‘The sines and cosines of all 
angles arc numerically less than 1 and so are tangents of 
angles less than 4°; hence the logarithms of these numbers 
wiJ] have negative characteristics. In the logaritluns of the 
trigonometric functions, — 10 ig to be annexe: to the Jogarithm 
as given in the table for sines, cosiues, and tangents up to 45°. 
Thus log sin 30° is 9.6990 — 10; log sin 56° 10’ = 9.9194 ~— 10; 
log tan 34° 20' = 9.8317 — 10; but log tan 56° 10' = 1737. 


2. Interpolation. — The insertion, by mtcrpolation, of the 
natural and logarithmic fuuctions of angles lying between 
those expressly given in the tables follows preciscly the same - 
lines as in the corresponding problem in the Jogarithis of 
numbers. Our tables give these funetious for angles increas- 
ing by multiples of 10 minutes; interpolation enables us to 
compute the functions of angles to minutes; in using tables 
giving the functions to minntes interpolation enables us to 
compute to tenths of a minute. Note that the assumption is 
uways that if angles are read to minutes you compute only to 
minutes ; the tables used should correspond to the precision 
of measurement of the given data. TFour-place tables are, 
in general, sufficiently accurate for measurements which are 


made to four places in numbers, and to minutes in angular 
measurement. 


Illustrative problems. 1. Find by interpolation (a) sin 36° 15', 
(0) log sin 36° 16‘, (c) Jog cus 36° 18', and (d) log tan 36° 14, 
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TabuLar VAvuEs ~ Compare with your tables 

angle sin log sin cos log cos log tan 
36° 10’ 6001 9 7710 8073 9.9070 9.8030 68° 50! 
36° 20° 6928 D772 .8056 9.9061 9.8666 53° 40! 
COs log cos sin log sin log cot angle 


The values to four decimal places of the functions of angles 
betwecn 36° 10' and 36° 20’ evidontly lie between the valucs 
which are here piven. Thus sin 36°10‘ is .5901 and sin 36° 20' 
is 0925, an increase of 24 units of the fourth place; this 24 
is called the tabular difference. ‘To the ten equa) steps of in- 
crease froin 36° 10! to 36° 20', by minutes, correspond ten in- 
creases approxtmately equal to each other, in the sines of these 
angles, making a total increase in ten steps of 24 units of the 
fourth place. ‘Lhe tenths of 24 are respectively, 


3 2 oO 4 5 6 af 8 x 
Ames Sania B90 12 6144 168 19.2 21.6 


In adding, as our logarithms are given only to four places, 
we add rejecting tenths, and retaining in the last place the 
nearest unit, Thus for tenths of 24 we use always 2, v, 7, 10, 
12, 14, 17,19, and 22. The interpolation does not always give 
the correct result to four places, although in the values of the 
gine the error is always less than 1 unit of the fourth place. 
In the above values of sin 36°11’ to 36°19 as given by the 
addition 2, 5, 7, 10, 12, 14, 17, 19, and 22 units of the fourth 
place to .5701 the first value .5703 should be, to 4 places, 
5704; the crror is loss here than 7, of 1 % of the value taken. 


1. @. sin 36°15’ =.5701 + 5 of .0024 = .57138. 


Method: ‘Tabular difference is 24; to .d701 add .d of 24 
units of the fourth place. 
b. log sin 36°16’ = 9.7710 — 10 + {8(.0017) = 9.7720—10. 


‘Nabular difference is 17; 10.2 is replaced by 10, and this is 
added in the third and fourth decimal places to 9.7710. 
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c. log cos 36° 18’ = 9.9070 — 10 — 38,(.0009) = 9.9063 — 10. 

Tabular difference is 9; cosine and log cosine are decreasing 
functions; 7 units of the fourth place must be subtracted. 

d. log tan 36° 14’ = 9.8639 — 10 + ¥45(-0027) = 9.8650 — 10. 

Tabular difference is 27; 10.8 is replaced by 11. 


2. Jind to minutes, by interpolating, the angle when given 
(a) sina=.5919, (b) log sina =9.7717, and (c) log cobte= 
9.8650; find « in each case. 


. (2) sin «=.5919; tabular difference is 24; given differ- 
ence .5901 to .5919 is 18 units of the fourth place. Among the 
tenths of 24 find the nearcst to 18; 16.$ and 19.2, respectively 
7 and .8 of 24, are equally near and the even number of 
tenths jis commonly taken, in such cases, by computers. 


sin a= .6919 ; a= 36° 18". 
(b) log yin «@=9.7717; «=80° 10’'+ 5% of 10’ (to minutes). 
«= 36° 14. 


Tabular difference is 17; 7 is nearest to .4 of 17. 

(c) log cota = 9.8650; «=53° 40’ + 38 of 10’. 

Tabular difference is 27, a2 decrease; given decrease is 16; 
among the tenths of 27 the nearest to16is 6; hence «= 53° 46’. 


Had log cot « been given as 9.8651 —10 or 9.8649 —10, the 
angle a would again be given as 53° 46’. 


PROBLEMS 


1. Find the 20 natural trigonometric functions following, 
without mterpolation ; time yourself; limit 6 minutes, 


a, sin 36°10’. g- tan 70° 30’, 

b. tan 63°20’, h. sin 28° 50! 

. cos a 10’. CamtAaLOwc Oe 
. Cot 80° 00’. j. cos 8°40' 
e sin 59° 30’ He tea 

oO. kh. sin 157° 10° 

Ff cos 48° 50’. lL cos 214° 10! 
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cot 141° 00’. 


. tan 329° 30’, 
. cos 136° 60’, 
. cos — 28° 10%, 


APPLICATIONS 


bee a yee 
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. tan — 64° 20. 
. Sin 384° 00’. 


cot 756° 00!. 
sin 242° 40’. 


. Wind the logarithms of the above 20 trigonometric func- 


tions, timing yourself. Jimit 7 minutes. 


3. Find the following 20 logarithms, interpolating; time 


yourself. 
a. 
b. 
C. 
d. log cot 80° 06’. 
é. 


Limit 12 minutes, 
log sin 36°14’, 
log tan 63° 29% sg. 
log cos 34°14". h 
t 
Jj 


log sin 59° 32’. 


. log cos 48°57’, k, 
Jog tan 70° 33’. 
. log sin 28°51’. an. 
. log tan 16° 22!, 
. log cos 8° 48’. 


log sin 152° 15’, 
l. log cos 214° 26’. 
log cot 141° 05’. 
n. log tan 329° 33", 
o. log cos 136° 57’. 


p. log cos — 28°11’, 
. log tun — 64° 26/ 


. log cot 756° 08’. 


q 
x. log sin 384° 03’, 
§ 
t 


. log sin 242° 44’, 


4. Find the angles less than 90° corresponding to the follow- 


ing 20 logarithins ; 


Yo, 
‘ e 


5. 


Fane aoos 


log sin « = 9.6878 — 10 
log cos « = 9.9954 — 10 
log tan « = 9.4858 — 10 
log cota = 102 

log cosa = 9.8241 — 10 
log tan « = 9.7873 — 10 
log sina = 9.3179 — 10 
log tana= .2155 

log cos @ = 8.9816 — 10 
log cota = 9.9341 — 10 


no interpolation ; 


k. 


tine 6 minutes. 


log sin « = 9.9499 — 10 
log cos a = 9,8081 — 10 
log cota = .8904 


log tan « = 8.9420 — 10 
log cos a = 9.9640 — 10 
log cos « = 9.9757 — 10 
logtana= .d720 

log sin « = 8.9403 — 10 
log coba= .0152 

log sin « = 9.9977 — 10 


Give in each case another angle which would satisfy the 
above relationship, in problem 4; e.g. if log sin « = 9.6990—10, 
a = 30° or 150°. 
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6. Find the following 20 angles; interpolate ; time yourself. 


prise 
er aneeteey suebescerss 
ae eessrsrscussseasessases suitiis ass 
See eee er eas tees] sess 
BEER 
sceeeroscerscececcerseegicees 
GEAESERRERAEESEGES EES TaSEee 
REE EERE eH 
gursu cor sseceeeee/eeee 
scbtestescsetsacntsssseseacsssseracests 
pcaceaessceas cooceecrsnsseimesess 
as et 
BLau seecdeceeggescececcceJectegiss 
SSSR SRESREE EBEBREGEBL s 
RIES SERS SEE 
SGGGRREGHEGR 
a eecereetes 
SEERECEn 
Ht 
BEBE 
= 


Sai HSHaanetaeciecaeiteazs EH 


To 
=z 
a 
[| 
ape 
were g 
J 
: as 
EB a . a 4 
7 a sane Gag 
AaSeaon s 
aa SRESERZES BL au 
euaqse aa a2 
ROn8 OEPSSESARDREi Sos ee uesen 
BESTE CRAB RE ERSES CRUSE ESS see ie 
SOG0 CULCENSESES URIS CEP SERSeRseReeEEeEEe 
SOSRUSCS0RSFANS CRISR OO? DULeeaseaseseucen 
ere eae te tee tTcy lly 
GOSUSUSSEESOURESIUEIE SERSEEEEEEs SEEDS 
Let Ti rir yr yyy yTiyiyitt GEeeec eanena 
DERSSRGGRSSRhOn abet dusautaaunausagen 
BESEUSER ES UBPEBEEESIUBES CES a GES RRR ES 
paueccasusesdaycamsheanaucaecnrennsasse 
SRSSRCRCUR SEEN CEST EE) RESsESsQeTRESEeCES 
SUesueusyea SESES SERIE ISEeeees GRE RSHRRE 
Hoan Gaepanesaaeseaaee ssaenanenassese 
SPRQGULOSTES ERUATO SABER ES EReeeRee 
SESSCPSESSCETSCES ie BSBSTUSseessesversea 
BHG0SG0RG8 S508 Reem anaes senecHeaneanee 
seSrsesesesaciseenl iseaatessssrsstisect 
eie~0 S00 eSReCneSEESEaenee 


Angle 10° in a circle of radius 6 inthes 


PM = .868 in.; are PA = .878 in.; 
A T RAP in. 


e 
S. 
g 
h 
i 
J 
k 
H 1. log cos « = 9.8092 — 10 
m 
a 
%) 
Pp 
q 
r 
8 


a. log siu « = 9.6881 — 10 
y. log cos a = 9.9955 — 10 
c log tan'« = 9.4861 — 10 
ad. log cote = .6104 
. log cos a = 9.8228 — 10 
; log tan u = 9.7879 — 10 
. log sin « = 9,3200 — 10 
. logtana= .2144 
i. log cos « = 8.9912 — 10 
j. log cot « = 9.9358 — 10 
.. log sin « = 9,9502 — 10 


. logeota= .8955 
. log tan a = 8.9192 — 10 
. log cos « = 9.96415 — 10 
. log cos « = 9.9753 — 10 
- logtana= .A699 
. log sin «a = 8.9404 — 10 
s. log cota= .0137 
t. log sin « = 9.9978 — 10 


3. Angles near 0° and 90°, 
—For angles near zcro, 


tH from 0° to 2°, the cosines 


vary only from 1.0000 to 
9994; the cosine function 
to 4 places cannot then be 
used for determination of 


4H theangle to minutes, Simi- 
site larly, of course, the sines 


of angles from 88° to 90° 
vary betiveen the same 
limits. For ordinary pur- 
poses it will suffice to 
avoid the usa nf tha ancine 
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in the interval from 0° to 2° ov 3° or 4°; the method of avoid- 
ance is explained below. 

In computing graphically the values of sin 6 and tan 6 even 
with a radius of 10 cm., or of 5 inches, the difference between 
tan 6 and st becomes too small to read accurately when 6 


‘is less than = 4 rau e. 74°; 131"), For 10° which is .1745 radian, 


sin .1745° is * 1736 and tan @ is .1763; for 5° or .0873°, 
sin 9=.0872 and tan @ is .0S75"; for 1° or 017435", sin 6=.01745 
and tan @ is .01746 or 5 places are necessary to exhibit any 
difference between 6, sin 6, and tan @. 


male sale einiel(eiH lees sleelolaiets|s[rioleleie ers st lele/si.) 
iced Kid CR Ea Sd El EE SSESEDcaaatee 
Boe te 


el State S| 
ALL TY 


sin? <8< tan 0 
for small acute angles 0, @ is mcusured in radians 


Evidently, triangulararea OAP < sector OAP < area OAT, 
but the arca of the triangle 
OAP=}04 x MP 
= dr x rsing 
=r? sin 6. 
The area of the sector OAP=}7°0, since 6 is measured in 
radians, and the area OAT = 47° tan @, 
Whence, by substituting, 
resin 6 < 3rd <tr’ tana 
0 1 


LS ery ay 


Whenco, as @ diminishes, =, , lying between 1 and a num- 
im 


ber approaching 1, can be made as near to 1 as we please. By 
methods of plane geometry, using 30°, 15°, 7}°, 32°, together 
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with 72°, 60°, 12°, 6°, and 3° it can be established that cos #° 
differs from 1 by less than ;45 of 1%; cos #° = .99991; for 
any angle 6, less than 3°, 6 will exceed sin @ by less than ;4, of 
1% and tan @ will exceed 6 by less than +} of 1%. Similarly 
the discrepancy betwecn sin@ and tan 6 for 6, any angle 
less than 33°, is less than 3 of 1%, and 
for any angle up to 8° the difference is 
less than 1% of either value. 

On the earth’s surfiice ordinary dis- 
tances are regarded as straight lines. 
However for many purposes the deviation 
from a straight line is of importance: 
thus particularly with projectiles of long 
range, the deviation is of vital importance. 
Jn the figure given if PA represents an 
are on the earth’s surface, PT may be 
regarded as the altitude of a balloon, 
aéroplane, or top of a mountain, and 7’ 
gives the distance of the horizon. 2Z TOA 
is equal to the dip of the horizon. AM 
is the drop in the distance twice PA, 
ie. from T an observer would note, on 
ms Bh AE the ocean, the complete disappearance of a 

: ship of height AJ/ when the ship is at Q 

igh ae dis By algebraic process, AT = -V2rh + h?; 
PT, height of ob} When k is measured in feet, r in miles, 
ace: and 7'A in miles, this gives for values of 


h Jess than 15 miles, AT = ae correct to E of 1%. Check 
using 3960 miles-as r. z : 


PROBLEMS 


1. Given that an observer is at a height of 1000 feet, com- 
pute the distance to the hprizon, 7= 3960 miles. Whut is 
the dip of the horizon? Note that the tangent of the dip- 
avgle is the horizon distance divided by the radius. 
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2, Iind the angle subtended at the center of the earth by 
an arc of length 1 mile, 10 miles, 20 miles. 


3. What is 1° of latatude in miles ? 


4. Degrees of longitude vary in length from degrees on a 
great circle of the carth at the equator to 0 at the poles. 
Find the radius of the small cireles on which degrees of longi- 
tude are measured, for 40° north latitude. Where else on the 


FREE HEE EEE HH 
SCD nse aOR 


Circle of 40° N. Jatitude 


earth’s surface would degrees of longitude be the same? ron 
35° to 45° N. latitude discuss the percentage variation in 
degrees of longitude, as compared with degrees of Jongitude 
at 40° N. latitude. 


5. How far below the are of 1 mile on thie earth does the 
corresponding chord fall at the lowest point? Tind the sane 
distance in inches for ares of 2 miles, 8 miles, 10 imiles, 16 
miles, 20 miles. 


6. What part of the height of a mountain, measured ou 
the altitude, is not visible froin a point 20 miles distant ? 

7, From what distance can the top of a mountain 10,000 
feet high be seen ? 


8. What distance from shore is a ship whose masts, 
5d feet high, are just disappearing from view ? 
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9. Using the figure in the text, find an approximation for 
TA in miles when fh is smal] and measured in feet. 


pe Doc h VP f2-h- 60 h \2 
AT =n" + (a5) =\ 80 +( ) 


6 h \? > 
Be re eee eae 
tea (ara) WH 


3 
for values of hk Jess than 5 x 5280, the (Gad) can be 
neglected. pi 


10. Find the “dip” of the horizon and the distance from 
the balloon for kh = 100, 500, and 1000 feet. 


11. Find the distance from the point below the balloon on 
the earth’s surface to the points on the horizon viewed by 
the observor in the balloon. 


12. According to the approximate formula of Huyghens 
the length of a circular arc, a, is connectcd with the chord, c, 


of the are aud the chord, h, of half the arc, by the formula 


a= an . Compute the actual length. 


CHAPTER IX 
APPLICATIONS OF TRIGONOMETRIC FUNCTIONS 


1. Parallel and perpendicular lines. —The slope of the line 
Joining (%, 7) to (22, y2), 


evidently represents the tangent of the angle which the line 
joining those two points makes with the positive ray of the 
eaxis, te. the angle from the zaxis to this linc, We have 
taken P,(%2, y¥,) to tho 
right of P;(%, ¥,), but 


a 
obviously interchanging tte waged 
Taddieasce Saint 

L 5 


Py(%a, ¥2) and P4(%, 71) eo CTH Hes 
simply changes sign of [EU+HHTEE aa ceee enon 
Ga Ra) op aa Raa 
both numerator and de- feeestatt eesti 4 
nominator of the fraction Bion Pe 


ite TH FEEE FATE 


representing the slopo m ; 

eae echonateuregthe stati ener eC 
point (a, y), and PQ 

and QP, have like signs 
if P,P, or P,P, makes a 
positive acote angle with 
the Positive ray of the 
z-axis; and 2,Q and QP, 
have eerliiee signs in the 
contrary case when P,P, 
or P,P, makes a negative acute angle with OX. It is to be 
noted that shifting the y-axis, parallel to itsolf, either to the 
right or to the left does not affect the valuc of x, — a, since 

149 
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whatever the position of 0, A,4,=27,Q= Ody — OA, = 2, — 2; 
similarly no change is made in the value of the slope by 
shifting the a-axis parallel to itself, up or down. 

Given y=mx+h, any straight line, m, represents the 
tangent of the angle which this line makes with the positive 
ray of the waxis. Any parallel line has the same slope ; 
M. =m, for two paralle] lines. Any perpeudicular line has 
the slope ungle 


—1 
Gy = 90° + wm; tana = tan (90? 4+ @)=— cota, = Faun 
whenee m, =— A. Of two parallel] lines the slopes are equal, 


My ; : 
and of two perpendicular lines the slope of the oue is the 
negative reciprocal of the slope of the other, 7.e. 


UN ee or, by solving, m, = — ls 
My Me 
Given ¥ = ma + b, any family of paralle) lines of slope in. 


y= Bos +k represents the family of perpendicular lines. 
m2. 


Illustrative problem. —Given_32+4y—7=0, find the slope, the 
parallel line through the origin, the family “of perpendicular lines, and 
the perpendicular tine throngh (— 1, 5). 


4y=— 3247. 
yo—32+1, mas tan@=— 3, 6 =— 36° 52’, 
y =— 3 is the parallel line through the origin. 
Derive this both frow y = me + 0 and y—Y = ma(% — £y). 
‘She perpendicular line has the slope, mz =— = =+ 7 
: 


¥= 32+ kis the family of perpendicular lines. 
y— S= 4(z + }) is the perpendicular line through (— 1, 5). 
EXERCISES 


1, Write the equations of the sides of the triangles used in 
finding the functions of 30°, 45°, and 60° 
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2. Gravity imparts to a falling body a vertical velocity of 
32 ¢ fect per second, with ¢ seconds as time during which the 
body has fallen; on a smooth ijn- 
clined plane gravity imparts a ve- 
locity of 32%-sine where « is the 
angle of inclination of the plane. 
Find the velocity imparted at the 
end of 1 second to w body:sliding 
(without friction, assumed) on an 
inclined plane of slope 10°, 20°, GooEReeeEE ai 
30°, 30°, 50°, --- to 90°. Accelcration down a plane, 

3. In a freely falling body DING 
s=16¢; while on a plane s=162@.-sinu; find 8 for ¢ = 10, 
«¢ = 30°, 45°, and 60°. 

4. ‘To pull the body up the plane requires a force of 
Wsin«+kIW-cos«, where & is a constant dependent upon 
the friction. Find the force to pull a weight of 1000 1b. up 
an incline of 30°, k =4. 

6. Find the slope of the line joining (— 3, 7) to (6, 9); 
find the middle point of this line; find the equation of the 
perpendicular bisector of the segment. 

6. Write the equation of the line through (— 3, 5) making 
an angle tan yy (m= 5,) with the xaxis, and write the 
equation of the perpendicular from (1, 8) to this line. 


7. ind the foot of the perpendicular line found in prob 
lem 6 and then find the distance between (1, 8) and the orgi- 
nal line, using the distance formula, 

8. Find the slope angles in degrecs and minutes of the 
following lines : ee 7 0, 

(b) 12y+52—3=9, 
(c) e—y—d=9, 
(d) 32—y—8=0. 

9, Find lines through (1, 5) parallel and perpendicular to 

cach of the lines in the preceding exercise. 
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10. Find the perpendicular bisectors of the sides of the 
triangle formed by the three lines given by the equations, 
5 y—122—7=0, 12y+5%—3=0, and 2+y—5=0. Hind the 
area of this triangle graphically and analytically. 


2. Projections of vectors. — OP has been designated by 7, for 
radius vector of the point P. The line OP has maguitude, given 
by r, and direction, given by the angle @ We may use this 
system of representation to repre- 
sent velocities, forces, aud other 
physical quantities. As a velocity 
this vector inay be resolved into 
two component velocities, repre- 
sented by OA and OB. Oda repre- 


Components of a vector sents the velocity in the z direction, 
OA represents the z com. %=% COS 6; OB represents the y 
ponent of OP. velocity, « sin 6, the vertical com- 


OF represents the ycom- ponent of the velocity of a body 
ponent of OP. moving with velovity represented by 
stp ie revluun’ OCS O AOL MeL ic projection of any vector 

upon a directed line 1s defined as 
the directed distance between the perpendiculars dropt from 
the extremities of the given vector upon the line; it is given 
by v cose wherein v represents the vector and @ is the 
angle between the positive rays of the two lines. Since 
cos (— a)= Cosa, we do 
not need to distinguish 
between the tio lines, 
ie. the angle can be 
taken as obtained by ro- 
tation from the piven 
line to the given vector, 
or vice versa. 

It is « fundamental as- 
sumption that any two vector quantities which may be repre 
sented acting together at tha sama nnint may he replaced by 


se 
ss 
& 
Re 
sae 
an 


Vector parallelogram 
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a single vector which is the diagonal of the parallelogram 
formed by the two-given vectors. The process is called 
vector addition. .This assumes that in space, for cxaynple, an 
imparted velocity S. E. of 50 miles per hour increased by a 
velocity N. E. of 30 miles per hour produces the sume displace- 
ment whether the two forces which produce the velocities act 
together for one hour, or whether both act in succession cach 
for an hour. 

The projection of a broken directed line upon a given 
directed line is the same as the projection of the straight line 
joining the ends of the 
broken ine. 

This follows from the 
fact that ou a directed 
Jine 


MIM +40, = NAG, 


sae 


aa 


whatever the relative po- vaerpHPneges 
sitions of AL, 14, and 
M,. The directed Jength 
AM, .M, is the projection of sGusscusslmesrescerercsem|es 
eg ii ge giles Deca aes Seiieteeeeeeesictee 
jection of PyP,, IGM, is 
the projection of 2,24. 
The physical intcrpreta- Projection of a broken line on a directed 
tion is simply that the line 
total component in the 
z direction (or any other) imparted by two (or more) vectors 
is the algebraic sum of the two (or more) @ components of 
these vectors, taken separately. 

When the velocity is given as v, v, and v, ave commonly 
used to designate the x and y components of the vclocity ; 
evidently, also 


vy? = v,? aL Ore 
v, =r cos 6, 
0, = v Bin 8. 
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PROBLEMS 


1. A bullet, muzz)e velocity of 3000 feet per second, leaves 
the gun clevated at an angle of 10°. The position, neglecting 
air resistance, is determined at the end of t seconds by the two 


equations : y = 3000 ¢ sin 10°— 164, 
xz = 3000 ¢ cos 10° 


Vind ¢ when y =0; when y=5; explain the two values in 
each case. Jind a for both values of ¢ which make y= 0. 


2. The velocity is a vector resolved into components 
,=vceosn and v,=vsine. Find v, und v, when « =10°, 
20°, 30°, 45°, 60°. 

3. A ship sails S. E. for 2 hours at 8 miles per hour and 
kK. N. E. (223° off East) for 2 hours at 6 iniles per hour. 
Find the x and y of the resultant position. 

4, The propeljer imparts. to a stcainer a velocity of 8 miles 
per hour S. BE, (— 45°) and the wind imparts a velocity of 
Ve. N. E. (+ 224°) of G miles per hour. Find the position at 
the end of 1 hour. 


5, iA boy runs cast on the deck of a steamer at the rate of 
20 feet per second ; the steamer moves south at the rate of 15 
wiles pey hour. Find the actual direction in which the boy is 
moving and ]is tota) velocity. 

6. Find the velocity in miles per hour of a point on the 
earth’s surface due to the rotation of the earth on its axis, 
find the velocity per second due to the revolution about the 
sun; compare, and note that the resultant can never be greater 
than the sum nor less than the difference of the two. Take 


values only to 3 sipnificant figures; 3960 mi.=7; 93,000,000 
miles as distance from sun. 


7. The United States rifle, model 1917, has a muzzle velocity 
of 2700 fect per second. Find the horizontal velocity of the 
bullet when the angle of elevation is 1°, 10°, 20°, 30°, and 45° 
respectively. 
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3. Normal] form of a Sinear equation. —'The slope-intercept, 
point-slope, and two-point formulas correspond to the fact 
that a straight line is determined when one point on the line 
[(0, &) or (2, y,) respectively] and the direction of the line are 
given, or when two points are given. A straight line may be 
determined in many other ways; one method which gives a 
further useful form of the equation of the straight line deter- 
mines the line in terms 


of the length and direc- ieee 
tiow of the perpendicular HEH 
from the origin upon the HEH 
line. aeaal aG 
4 . . e pte SEaae 
Thus if a perpendicu- Heath +H 
lar from the origin upon HE oH 
: 0 ° Ps : en eee aucuaeanen suena 
a given line is 5 units CEE et et Her FEE “4 saeuaueny 
long, and makes an angle CEEEEEECEE EEE EE EEE EEE HEHE 


of 120° with the anxis 
(positive ray) gcometri- 


A Jine determined by the normal to it 
from the origin 


cally we construct the Normal length, 5; « = 120° 

line by constructing the 

ray df 120° and upon it taking « length of 5 units. At the 
extremity of this line of 5 units length a perpendicular is 


drawn which is the required liné. The point MY is readily 
found to be (5cos 120°, 5 sin 120°) and the slope is Ss. 
therefore the equation of the line to be found is nace 


y — 5 sin 120°= ———.. (x — 5 cos 120°). 


tan eae 
tan 120° = pana ; substituting, clearing of fractions, trans- 
: 108 
posing 


a cos 120° + y sin 120° — 5(sin? 120°+ cos?120°)= 0, 


x cos 120° + y sin 120° — 5 = 0, since sin’? a + cos’? « = 1, 


124 ¥By_5=0 
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In general, given the normal OWN to the line from the origin, 
of leugth yp, and making angle « with OX, the extremity Vis 


xcos&+ysint—pfp=0 


Norn forw. 


the origin the angles « 
whence 


spatiiias 
saenuasen 


Ne 


ann ett 
fal teben 

ssieldstsvitias 
Poot 4 


The projection on ON 


of OM + MP 


HTH 


(7 cosa, p sina); the slope is 


GOS &. 


, and the equation becomes 


Sil 
xcosa+ysina—-p=—D, 


p is taken aso positive quantity 
just as r Hag been taken. Evi- 
dently if je, 


zeosu+ysnu=0 


represeuts a parallel line through 
the origin, Kvidently also for 
parallel lines on opposite sides of 
and «' differ by 180°; ie. «' = 180° 4+ «, 


sin ¢ =— sin «. 
cos «' = — COS «2. 


eee 
Hh 


ORE 
Ze 


eo 
the projection on ON 
equal 
bee { of OP 


4. Normal form derived by projection. — We have shown that 


the projection of any 


broken ‘line upon any given line is the 


APPLICATIONS OF TRIGONOMETRIC FUNCTIONS 157 


same as the projection upon the given line of the vector join- 
ing the ends of the broken line. Tet P(x, y) be any point 
on the line whose equation is sought; drop PV the perpen- 
dicular from J’ to the a-axis; the projection of the broken 
line OA+ MP on the normal ON is equal to the projection of 
OP on ON. Now O\ =x makes the angle «, by hypothesis, 
with OW, and AP wakes the angle a — 90°; hence the projec- 
tion of OAL on ON is x cosa(OA, negative in the figure 
since « is obtuse) and of ALP on ON (AN in the figure) is 
y cos(a—90°); the projection of O/? on OW is ON itself, or p; 
further y cos (a — 90°) = ycos (90° — a)=ysine. Then, since 
projecting on the linc ON, | . 
projection of OA + projection of A/P= projection of OP, 

we have 


xcosa+ysina=/p, whence xcosa+ysina —p=0. 


5. To put the equation of a straight line in normal form. — 
Let the given equation be 32 —4y +7 =0, and let 
zcosa + ysine—p=O0 be the saine equation in noxinal forrn. 


If these two equations represent the same line, these lines 
must have the same slope and the same y (or x) intercept. 


—cos« 3S 7_ p 
sine 4 4 sina 


: paan 3 A 
4 


247 — ine 
COs? @ = +% Sn? «. 

But costa = 1 — sie, 
whence 1 — sin?« = 7; sin?«; 22sin?a«=—1; sin«=+ F. 

p=+tsinag, whence since p is to be positive, sina must be 

. * ° ; — 32 4 

taken as positive. Hence sine=+4,p= 4} cosu =~; 
and thus the normal formis—%#2+¢y—{=0. This equa 
tion is obtained by dividing cach member of the original 
equation by — 5. 
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In general to put d«+ By+C=0 in the norma) form, 
7 cos a+-y Sin ¢ —p =O, one must multiply through by some 
quantity %, so that kul cose, kB=sin«, and kC=—p; 
kO=—p shows that & must be chosen opposite in sign to C; 
squaring both members of the first two equations and adding 
gives A2(1%-+4+ B?)=1, whence k= + ,of which the 
sign is taken as opposite to C 


V At + B 


Run. — To put an equation Ax + By + C= 0 in normal form 
divide through by =+V A2 4 2, with the sign taken opposite to 
that of the constant lerm. 


6. To find the perpendicular distance from a point to a line. — 
In solving this problem one considers the various forms of the 


straight Jine 
eanseunaecasrucse ‘ 
Rigs ae which may be 
: Sd PETES EeEeere employed. }ivi- 
. weer dently the normal 
HA Q Sheeeeoeecancaoucuas for m is most 
FREEHH ER 


ECESOSEOSARLOGESITE 
HH THEE HTH Et 
NSUSEISOH SEH Esract : vate 


S86 seneeepeces 
siseeets HH 


_ 


Distance of a point from a line 


distance. 
the opposite side.of 


hopeful for use, 
since it involyes 
the perpendicular 
distance of the 
given line from 
the origin. 
Through the 
point P,(%, %) 
draw a line paral- 
lel to the given 
line; evidently 
the difference be- 
tween the nor- 
mals to the tivo 
lines gives the 


Three possibilities must be considered: 1. 2 ty ON 
the given ‘line fram tha origin; 25P,, 
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on the same side of Jine as O, the origin, but such that the 
normal angle is the same, i.e. yo that the parallel line through 
P,(%, %) falls on the same side of O as the given line, P’; on 
the figure; 3. 7, on the same side as the origin, but the 
normal angle increased (or diminished) by 180°, designated by 
P", on the figure. 

Let tcosa + ysine —p=0 be tho equation of tho Jina 


1. zeosa+ysin a —(x,cose+y,sin«)=0 is the parallel 
line through P,(%;, 7), since this equation is evidently in 
normal form and the line passes through (a, 7,). 


ON, = % COS a + ¥, Sin @, 
d= ON, — ON = 2%, cosa + y, sina — p. 

The perpendicular distance is obtained then by writing the 
equation in normal form and substituting for (2, y) the 
codrdinates of the given point. Evidently if 2, (a, y) 18 on 
the line, this gives also the correct distance, which is then zero. 

2. xcosa+ysin a —(a, cos aty, sina) is the equation of the 
paralle] line; again, ON’, = 2%, coya+Yy sing. . 

d= ON—ON',: whence —d=ON',— ON 

= 2, cosa + ¥;, SING — p. 


The same rulc holds, but the distance in this case is negative. 
Evidently the rule holds if ON’; is 0. 
3. «' = 180 +4; cosa’ =—cos«, sing’ = — Sine. 


To write the equation of the paralle} line in normal form, the 
coefficients of « and y inust both be the negatives of the coclli- 
cients of x and y in the given equation. 

%(— cos «) + y(— sin a)—(— 2, cos« —y, sinw)=O0 is the 
equation of the parallel line in normal form. 


ON", = —(% CO3 @ + Y SIN @). 


d= ON", + ON=—~— 2% cosa — ¥, Sing + p, 
or —d=27,cosa+ y, slba—p. 
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Rut, — To obtain the distance from « point lo @ line write 
the equation in normal form, substituting therein for x and y the 
cobrdinates of the given point. The resulting number gives the 
distance us positive if he point aud the origin lic upon opposite 
sides of the given line, as negative if P, and O are upon the same 
side of the given line. 


acost+ysina—p represents the perpendicalar distance 
then from /?(x, y) to the line scose4+ysnn«—p=90. For 
all points on one side of this line the expression is positive, 
and on the other site, crossing the line to the origin side, the 
expression is negative. 

A line which passes throngh the origin, p = 0, will be said 
to have its cquation in normal form when sing is takeu as 
positive, z.e. when the coefficient of yis made positive. Points 
on this line inake 2cos « + ysin« = 90; poiuts above the line 
make the expression x cos « + y Sine positive, and points be- 
low the line mako it negative. 


Thus 32—4y=0 is written Ste Sy 0, or 
5 d 


—sat+4y_ 9 


? 
b 


to be in normal form. The perpendicular distance from any 
point to such a line will be positive for points above the 
linc, and negative for points below the line. 


7. Bisector of the angle between two lines. — Geometrically 
the bisector of an angle is the locus of the points equidistant 
from the two sides of the angle; analytically we express the 
condition that two distances should be eqnal to each other. 


Let the equations be giveu in normal form, as 
“COS uw, + y Sin « — pp = 0 and x cos + y sin rm —p, =90. 


Let P(z,¥) represent any pot on either bisector of the 
given angle; analytically 


% COS Gr + 4 SIN a, —. Yi = 4+: (Z COS He +. SDI ea — In). 
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Kisector A, in the opening Which includes the origin, is ob- 
tained by taking the + sign since both perpendiculars are of 
the saine sign for points on A. Bisector B is obtained by 
taking the negutive sign since 
any point on B is on the 
same side as the origin with 
respect to one of the lines, 
and on the opposite side with 
respect to the other; hence 
if P3Jf, comes out negative, 
PM, will be positive (by the 
formula) and the equality 
will be obtained by putting meveinielaieiniala 
Pah =— PM, NGORk Gael Gel 

Justas the twoaxesdivide LLIT JT {TTT TT 
the plane into 4 quadrants in Bisectors of the ‘angles between two 
which the distances to these lines given normal form 
axes are -- +, — +, — 
and + — respectively, so ay two lines in the plane divide 
the plane into 4 sections in which the perpendicular distances, 
as given by onr formula, to these lines are + 4+, + —,— —, 
und — + respectively. The + + and — — sections are 
separated by the + — and — + scctions respectively, as if is 
cyident that yon pass from + + to + — by erossing the 
second line. 

The bisector of the + + and — — opening is given by 
equating the left-hand members of the equations of the two 
lines in norma] form; the bisector of the + —, — + opening 
is obtained by equating the one to the negative of the other 
left-hand member. 

If one of the lines passes throngh thé origin, or if both 
do, then the above-mentioned conventioh 19 neccessary to es- 
tablish the part of the plane in which the left-hand member of 
the equation of the line is positive. It is customary to make 
sin « positive, which makes the portion of the plane ahove the 
line the positive side, i.e, the codrdinates of any point above 
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ee) 


the line wher substituted in the given equation give a positive 
value, and of any point below the line give a negative value. 


PROBLEMS 


1. If a line makes an angle of 30° with the zaxis what 
angle does the normal to the line make with tho a-axis? 


~ 


2. What is the slope of the line, y= 22-45? What is tho 
slope angle? What is the slope of the normal to this line? 
What is the angle which this normal makes with the z-axis? 
Find from the tangent of the angle made by the normal with 
the aaxis the sine and cosine of the sawe angle. Write the 
equation in norm) form and interpret the constauts. 

8. Given wand p, as below, slope angle of the normal and 
length of the normal from the origin to the line, find the 
equations of the ines, and draw the lines; 

a “= 30°, p= 


wos 30°, p= dD. 


Cr 


C, ¢= 150°, p= ad. 
ad. w= 210°, =o. 


Oh a= eT) SG 
ye OS I p= 10. 
g. «=— 68°, Die 10: 
he @= 228° 15’, p= 8. 

4. If w remains equa) to 40° and y varies, what series of 
lines will be obtained? if p remains equal to 5, and « varies, 
what series of ines wi)] be obtained ? 

5. Write the following equations in normal form: 

a $z2—4y—5=0. 
C, b2+12y—-—T7T=0. 
ad. 3a—Ssy—4=0. 
€. y= 27 — 14: 

J. 
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6. Find the distances of the points (1, 5), (2, 3), (0, 5), 
(0, — 5), (—2, — 3), and (—3, 7) from each of the lines in 
the preceding problem. 


7. What is the distance of the point (x, 7) from the line 
3x2—4y—5=0? Under what circumstances does the formula 
give a negative value for this distance? What is the distance 
of any point (z, y) from 52+12y4+8=0? What does 
equating these two expressions, é.e. the left-hand members of 
each normal form, give? Interpret on the diagram. What is 
obtained by sctting one of these expressions equal to the 
negative of the other? 


8. J'ind the bisectors of the angles between the -following 
pairs of lines : 
a. 32+4y—5=0and 122—Hy—10=0. 
b& y—2e2—b=VNand 24+y¥+7=0., 
c y—2x—5=O0and3y¥y+2-—8=0. 
d. y—22=Oand 3y+2—S8=0. 
e y—22=O0and 3¥+2=0. 


9, }ind the distance of the points (1, — 3), (3, 0), (8, — 7), 
and (0, — 8) from each of the lines in the preceding problem. 


10. Find the distance between the following pairs of paral- 
Ie] ines: 

a y=2u—t, 
y= 2u+3. 

b. 4dy—32=5, 
4y—32—16 =(), 

C. 4y—32=0, 
4y—32—10=0. 

ad z2+2y—-7=0, 
2e+4y+17=0. 

e 7.22+83y—15=0, 
7.204 8.9 y— 8 = 0. 
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12, In problem 8 show that each bisector obtained is one 
of the pencil of lines through the point of intersection of the 
given two lines. 

12. Find the area of the triangle baving as vertices the 
following points: 

a. (3, 4), (0, 0), and (9, 8). 
b. (3, 4), (0, 0), and (10, 2). 
c. (1, 1), (4, 5), and (7, — 3). 


13. Find the areca of the trinngle formed by the three lines: 
32+¢4 fis a= 0, 
124—i5y—10=0, 
and 42—3y— 7=0. 


14. What is the distance of any point (a, y) from the point 
(0, 0)? What is the distance of auy point (2, y) froin the 
Jine «—5=0? Equate these two expressions for distance 
and simplify. The resulting equation has for its grapl all 
pomts which are equally distant from the point (0, 0) and the 
line x—5=0. 


15. Tind the Jocus of all points which are equidistant froin 
the point (0, 0) and the line y—8=0. Let (x, y) represent 
any point satisfying the given condition. 


16. Find tbe locus of all points ata distance 10 from the 
point (0, 0); from (1, ~ 3). Find the locus of all points ata 
distance 10 from the Jine 3%—43y—7=0; ata distance — 10; 
explain graphically. 


17, Find the locus of all poiuts equally distant from 
32—4y —5=0 and from (1, — 5). 


18. In problem [2 find the equations of the three bisectors 
of the angles o€ the triangle formed; find the perpendiculars 
from the vertices to the opposite sides; find the perpendicu- 
lav bisectora of the stdes ; show that in each ‘nstance you 
have three lines whith have a point‘in-coynmon, 
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19. What points, when the codrdinates are substituted for 
a% and y, make the expression 4y —32—5 positive? What 
pomts make this expression zero? What points make this 
expression uegative? Locate three points of each type, plot 
and discuss, 


20. Substitute in the expression «?-+ y%— 25 for x and y 
the cotrdinates of the points (0, 3), (+ 3, 2), (+4, 4). Plot 
these points. Substitute (0, + 5), (+4, + 4), (+ 4, + 3), and 
(+ 5, 0). Plot. Substitute also (0, 8), (47, 9), (5, 3), and 
(+ 4, 6). Note that the graph of 2?+ 4? — 25 = 0 separates 
the plane into two parts; in the one part inside this curve are 
all points whose coérdinates substituted for 2 and y, respec- 
tively, make the expression @ + y? —25 ucgative, and in the 
part outside lie all points which make this expression positive. 


CHAPTER X 


ARITHMETICAL SERIES AND ARITHMETICAL 
INTERPOLATION 


1. Definition of an arithmetical series. — In the table of natu- 
ral sines the values of the simes of 21° to 22° are given as 


follows, 
eln 21° siu 21° 10° sin 2)° 20” sin 21° 80° sin 21° 40 slo 21° 50” ain 22° 
B5S4 OGL) 8038 8665 367 3719 3746 


It is to be noted that each value differs from the preceding by 
0027, and cach angle differs froin the preceding by 10'- 
Either of these sequences of bumbers with a constant differ- 
ence between cach number and the preceding is termed an 
arithmetical series ; the continuation of the lower series by the 
successive addition of .0027 gives indefinitely further values. 
of the arithinetical series, but gives only 5 following sines. 
Of the series of numbers given to four decima) places the 
values of the sincs of angles which inerease by intervals of.10! 
it happens, for reasons which wil] be further discussed below, 
that twelve values beginning with the sine of 21° coincide with 
the first twelve terms of an arithmetica] serics; the sine 
scrics must not be confused with the arithmetical series, as it 
is only arithmetical in limited intervals and then onJy when 
approximate values are used. Thus if five place values of the 
sines of the angles above were given the series would no 
longer be arithmetical. 
The type form of arithmetical series iy 


Q@ w+ a+2d w4+8ed ., 249d 2. atl(n—-2)di  at(n—-d 
Tst term Qt Sd 4th Mees 10tb ae (1-1) lero sith term 


each term is d greater thau the preceding term of the 
series 
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= a+ (n—1)d; by 2, we designate the nth term of such 
@ series. It 1s evident from the definition that the tenth 
term in such a series isa + 9d, since the common difference 
gd appeared first in the sccond term and one further @ was 
ndded in each subsequent term. 


2. Last or nth term, and sum. — Strictly we should prove by 

@ process called mathematical induction, that the formula, 
L=at (xn —1)d, 

always represents the vth term. Kvidently for »=1 this 
does represent our first term; for 2==2 the expression does 
represent our second term; for xn =3 the expressiona+2d 
does represent our third terin; let us suppose that for 2 this 
does represent our nth term, then our (2 + 1)th term, which is 
d greater, must bel, +d=a+ (nzn—1l)d+dna4+nd; now 
the formula gives J,,,=e+(n+1—1)d=a+nd; hence 
if this formula is correct for the nth terin, the formula is cor- 
rect for the next, the (2-+-1)th term. However, we know that 
the formula is correct for the third term, hence jt is, by our 
theorem just stated, true for the next, the fourth term; since 
it is true for the fourth it is, by the theorem, true for the fifth ; 
so for cvery subsequent term. 

Frequently the sam to terms, s,, of such a series 3s desired. 
To obtain a simple expression for s,, we proceed as follows: 


s=a+(4+OD+(a+2a)+---a49d4 --a4+(HM—A)d 
ori; reversing the series gives, 

s,=14+(,—d)+@, —2d) + --t, —Id+ 1, —(n— 1d; 
adding, 

2s,=(4+,) + (4+h,) + (@+4) + (Gh) +o (@+4)5 


S, =F(a + 1). 


Fundamental formulas ; 
fa tent), 


S, =5(a+ 1,). 
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3. Practical importance. — Avithmetical series are of great 
importance because of their occurrence in practical problems, 
and because they are fundamental in the applications of 
inathematies to statistical probleins. In physical problems 
involving time, the time is commonly measured at the end of 
equal intervals, giving an arithmetical series for the time; in 
the tables of logarithins our numbers increase arithinctically, 
and so in the tables of trigonometric functions the «angles 
inercase arithinetically. Refinement of measurement is com- 
monly mnade by subdividing the unit of »measurement into 
smaller equal intervals, giving new arithmetical series. 


PROBLEMS 


1. Vind the tenth and the twentieth terms of the series, 
1, 3, 5, 7, +5 find the (n + 1)th term. 

2. lind the sum to 10 and to 20 terms of the scrics 
Sha ce 

3. Show by inathematical induction that the sum of the first 
rn odd numbers is 2%, by showing that if the sum is »* then the 
sum of the first (2 +1) odd nuinbers is (x + 1)?. 

4. Solve 2= a + (x — 1)d, for d; solve for a; solve for d. 

5. Given l= 235, 2 = 7,» =4A0, find a. 

6. Given l= 235, @=7,a= 5, find d. 

7. Gtven d=7, a= 5, xn = 40, find 2, 

8. One hundred men increase uniformly in height from 5.01 
feet to 6 feet by 01 of a foot, find the total height; if their 
weights increase uniformly by half-pounds from 110 pounds, 
find the total weight of the group, and the average weighit. 

9. On an inclined plane, angle of 30°, a ball rolls approxi- 
mately 8 feet in 1 second, 24 feet in the secoud second, 40 fret 
in the uext, and in every second 16 feet more than in the pre- 


ceding second. Find the distuuce a ball travels in 5 seconds: : 


in 10 seconds. ‘This formulation negleets the energy-luss due 
to rolling. 
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10. On a hill inclined at 30° a bob-sled moves approximately 
according to the law of the rvolliug ball in the preceding 
problem. Find the length of time to cover 1000 feet. ind 
the distance covered in the last second of the slide, Find 
the average velocity during the slide, and the average velocity 
luring the last second. Reduce velocity to miles per hour. 


Notre. — Average velocity is simply the space covered divided by the 
time required. 


4. Graphical representation. — ‘Lhe arithmetical series is 
represented graphically by the straight line, and conversely 
any straight line represents an arith- 
metical series. J*or this reason the 
intcrpolation processes explained 
above under logarithms and under 
trigonometric functions are some- 
times termed “ struight-live interpola- 
tions”; the proccss is correct in those 
small intervals in which the curve 
representing the function is approxi- 
mately 2 straight line. 

For the intcgral valucs of 2, from 
0,1, 2, 3, --- up to n—1, the ordi- 
nates of the line 

y= de+a 
represent graphically the terms of 
the type arithmetical series, a, a + a, 
a+2d,--; for values of x from 0, 
go 5 Yn or “°° UP to a), the or- 
dinates represent the terms of an 
arithmetical series with first term a 


The ordinates of y=dx+a 
at x=0, i, 2, 3, «- repre- 
d sent terms of an arithmet- 
and the common difference rit To _ ical series 


any series of equal inczeases or increments given to x there 
correspond a series of equal increments given to the ordinates ; 
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this depends upon the theorein of plane geomctry that if a 
series of parallel lines cut off equal parts on one transversal 


eal ifag es. 

fo eee 
EEE 
7 i 


ee 


a 2828 aren 
Graphical representation of the 
Sum of an arithmetical series 
3, — nairt 

2 


they do on every transversal, and 
this theorem is equally true for 
any straight line in the plane. 


5. Interpolations in sines and 
other functions. — The value of the 
sines of the angles are given by 
the corresponding ordinates in a 
eiycle of radius unity, or the or- 
dinates divided by 100 in a circle 
of radius 100, or the ordinates di- 
vided )»y 1000 in a circle of radius 
1000. 

On our diagram, with radius 
100 the straiglit Jane joining the 
end of the ordinate corresponding 
to 20° to the end of the ordinate 
at 36° does not differ materially 
from the circular are connecting 
these points. Were we to plot 
these angles in a circle of radius 
1000 the points of intersection 
would appear as in the second part 
of the diagram, Iettcred AB, and 
constituting « tenfold linear en- 
largement of AB. 

If the sines of the angles were 


given by intervals of ten degrees, interpolation by tenths would 


give the sines by degrees; 


the circle with radius 100 mm. (or 


100 twentieths of un inch) permits the sine and cosine to be 
read to two places accurately, and this rather low degree of 
refinement corresponds to a table of sines given by intervals 


of ten degrees ; 


interpolation would give substantially correct 


values to two decimal places, eg. for the sines-of 21a 2oR 
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Arc of 20° to 30° in circles with radii 60, 100, and 1000 fortieths of an iuch 


The marks on the long chord indicate the points given by interpolating 
between sit) 20° and sin 30°, and between cos 20° and cos 30°. leven on 
the are with 25 inch radius nine interpolated points on the chord and cor- 
responding points ov the are, between 21° and 22”, coincide, 
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.». 29° by interpolating between sin 20° = ,34 and sin 30° = 00, 
The are of 10° on this circle differs slightly but appreciably to 
the eye from the chord of 10°, but the interpolated points on 
the chard are not easily distinguished from the ten points 
ou Lhe curve. 

Angles given by degrees permit interpolation by intervals of 
6' or by intervals of 10', with substantially correct valucs to 
the third place if the values are given only to three places ; 
values given to four places give by interpolation values 
substantially correct to the fourth place. On our circle with 
radins 1000 the sinc and cosine can be read to three decimal 
places ; interpolation between the values of sin 20° and sin 30° 
give points markedly different from the true points on the 
curve, These points are indicated by checks on the chord of 
10°. Interpolating five points (for 10’, 20’, 30’, 40’, 50’) on the 
chord from the 20° point to the 21° point gives points not 
readily to be distinguished from the correct points on the are. 
On this diagrain it is not possible to distinguish the sul 
divisions for minutes on the ares from the corresponding 
points on the chords of central angles of 10’. 

With the proper changes, noting particularly that as @ in- 
creases cosine 6 decreases, the arguincnt given holds ‘for inter-. 
polated values for cos @. 

Interpolation of the tangent values is similar, except in the 
neighborhood of 90° where the tangent changes very rapidly ; 
in a separate table arc given by ininutes, the tangents of angles 
from 88° to 90°. 

The graph of the fnuction y= log,2, or 10* = 2, is a con- 
tinuous curve which for small ares approximates a straight 
line. Siimilarly the graphs of the functions y = sin x, and of 
y=sin 2, log cos x, log tan a and log cot x approximate straight 
lines within small intervals, and so are subject to our ordinary 
process of interpolation, 


6. Arithmetical means. — Jf two numbers a and b are given, 
the arithmetical mean betweon the tivo is thé number x which 
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makes a, x, b three consecutive terms of an arithmetical serics ; 

to insert % arithinetical means it is necessary that a, the x 

incans, and b forsm x +2 consecutive tering of an arithmetical 

series. Ordinary interpolation is the insertion between two 

tabular values of soine particular one of 9 arithmetical means. 
If a, x, b form an arithmetical scrics, 


b—x=2%—Aa, 


a 


whence 2 = 


Ifa,a+da+2d,a4+3d,+ a+ —1)d, a + nd, b form 
an arithmetical series, 6 =a+(n-+1)d; whence d = a 
n 
The sum of » terms of the series a, a+d,a+2d, - 
a-+(2 —1)d, is 


2 
3a =5 (a + 1,); 


the average value of these » »umbers is 


nu + Pie a+, 
ae © a RED 
termed the arithmetical mean of the » numbers; the sum of 
an arithmetical serics is seen to be the “average value’? mul- 
tiplied by the number of terms. Similarly of any collection 
whatever of n quantities, the arithmetical mean is regarded as 
the total sum divided by the number of quantities. In statisti- 
cal work the laticr mean, total.sum divided by the numbor of 
given quantities, is called the “ weighted mean.” 


PROBLEMS 


1. Between .3584 and .3746 insert 5 arithmetical means, 
if .3584 = sin 21° and .38746 = sin 22°, what do these means 
represent ? Between .8746 and .3584 insert 5 arithmetical 
means ; interpret as cosines. 

2. Given sin 21° = .3584 and sin 21° 10'= .3611, find 9 
intermediate valucs; interpret. 
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3. Given sin 0° = 0, sin 30° = .5000, what value would 
arithmetical interpolation give for sin 21°? What is the 
erroy ? 


4. Given sin 20° =.3420 and sin 30° = .5000; find to 4 
places sin 21°. How many terms in the arithmetical senes 
which is implied ? 


5. What is the sun of the first ten integers ? 


6. Jf cards are marked 1 to 190, what is the total sum? 
What is the average value of the total group of nuinbers ? 


7. How many years of life have been lived by a group of 
00 individuals, aged 21, 22, 23, ... 50 years? 


8 Falling from rest a body falls approximately 16 feet in 
the first second, and 48 in the second, and in each succeeding 
second 32 feet more than in the one which precedes. What 
distance will the body fall in 10 seconds? Wow long will it 
take such a body to fall 1000 feet ? 


9. If it takes « lead ball 8 seconds to fall to the earth from 
a balloon, what is the height of the balloon ? 


10. How Jong will it take a ball to reach tthe earth if 
dropped from the top of the Washington monument, 550 feet 
high ? 


11. Draw figures to show that between z=3 and z=4, 
the graph of zy = 1 approximates a straight line. 


12. Write the equation of a straight line representing for 
integral values of x, from 0 to 10, the arithmetical series with 
a=10,d=-—3. Represent the scries also by the series of 
rectangles, each of width 1. In summing the arithmetical 
Series we reversed the series and added; show the geometrical 
equivalent on the figure, page 170, with the rectangles, 


13. Given that the first term of an arithmetical progression 
is 8 and the last term 100, what equation must n and @ satisfy ? 
If d =.2, what is.nr? dfd= 4, what isn’? Interpret. 
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14, Show that im an arithmetical series of n terms (a, 
a +d, ---) the average valuc is 4 the sum of the first and last 
term. Note that the average value of the terms is the total 
suui divided by the nuinber of terms. This average value is 
termed the arithmetical mean of the n terms. 

15. Find the average value of the following 10 heights, and 
the arithmetical mean : 


40 6 fevt 126 =—s G feet 94 inches 
64 6 feet 114 inches 138 = 6 feet 0 inches 
86 §§ feet 11 Inches 120 5 fect 84 inches 
92 5 fect 10} inches 112 ~— 6 feet 8 inches 
142 ~=—& feet 10 inches 80 = 6 feet 7} isrches 


16. If there are 1000 men measured and they are grouped 
in height as above, find the average height of these men. 
Note that the casiest way to find this average is to take the 
variation above and below some one of the “ middle” values, 
e.g. with reference to 5 feet 9 inches as origin, 6 feet is re- 
garded as + 3 inches and this group has a total of 120 inches 
excess above 5 feet 9 inches per individual; 5 fect 72 inches is 
regarded —14 inches and the total group of 80 has a total 
deficiency of 120 inches, or — 120 inches; the two neutralize 
each other. Whatever total remains js divided by 1000 and 
added, algebraically, to the 5 feet 9 inches. 

27. Draw the graph of ?=a+(n—1)d; assuming u and a 
as constants. 

18. Zlistorical problem.—In the Egyptian manual men- 
tioncd above, occurs the following problem; If 100 loaves of 
bread are divided ‘according to the terms of an arithmetical 
serics among 5 people so that 4 of what the first three receive 
cquals what the last two receive, fivd the number received by 
each person. Solve the problem. The Egyptian reckoner 
assumes that the last person receives 1 loaf, and without any 
explanation, that the second receives 6} loaves, and so on in 
arithmetical progression; tle sum he finds to be 60, and to 
arrive at the correct values all numbers are increased in the 
ratio of 100 to 60. Compare with your solution. 


CHAPTER XI 


GEOMETRICAL SERIES AND APPLICATIONS TO 
ANNUITIES 


1, Geometrical series. —.A. series of terins iu which each term is 
oblained from the preceding by inultiplying by a fixed number 
is called a geometrical series; by dchnition the ratio of each 
term to the preceding is a constant. Designating this ratio 
by 7, and the first term by a, the type series becomes : 

Ob ONT ra (ORES er Aas ay, Eee 
Weta, 
‘The sum of such a series to nv terms is obtained as follows: 
Lels,=atartar+ar4+ .. -+ar™, 
rs, =ar+ur+tar+ .. -ar +a. 
S, — 75, =a —ar". 
3,(1 —r)= a — ar". 


2. Sum to infinity, r< 1.— When 7 is numerically less than 
1, the terms of a geometrienl series become smaller and 
smaller without Jimit. The suin of » terms differs from the 


fixed quantity, i by the quantity i -, which decreases 
= —r 
as n inereases; this difference between and 5 pe = 
— >) —_— 7 a, T 


can be imade sinaller than iny assigned quantity however 


is termed 


sinall by taking 7 sufficiently large; the value ; e 
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the “sum to infinity ” of the series or, more strictly, the 
“limit” of the sum of the serics as the number of terms in- 
ereases indefinitely. 

A sinple and fasniliay illustration of a geometrical “sum to 
infinity ” is found in the recurring decimals of elementary arith- 
metic. Thus .33333 ..., or 3, is the scrics 8, +735 + yoo + 
with r= j5, @=8,;; .17 vepresents the series #174 + +d¢oy 


} ne riz 
+ sodcsTe + With r= qq, d= ys) 8 =i at) 


Another illustration of an infinite geometrical series is found 
in the total distance traversed in passing from one point to 
another by passing first through 4 of the distance, then through 
half of the remaimng distance, and successively in each sub- 
sequent movement through half of the distance which yemains 
to the goal. One of the famous paradoxes of Zeno is to the 
effect that the hare cannot overtake the tortoisc since the hare 
must first cover one half the distance intervening between their 
oviginal positions, then one half of the remaining distance, 
then one half the remaining distance, and in each subsequont 
interval of time one half of the distance which remains; conse- 
quently the hare cannot overtake the tortoise as by this 


A 8 JM, 4 M, 24 Jf, 1 oe Sey 


jinvo ortosse 


process there is always distance intervening, and in the mean- 
time, further, the tortoise has advanced. If cach of these 
intervals of space of the infinite series traversed required the 
same length of time, or any finite portion of time, the argu- 
nent would be sound, but you have here two infinite serics 
each with a finite sum. As cach space interval becoines 
sinaller, the time required to traverse that space becomes 
smaller. he total distance evidently is the sun of 8+4+2 
+1+4+4--- which has the suin 16, both by the formula and 
by the figure; to cover the whole distance requires t hr. and 
this takes the hare up to B. ‘Ihe fallacy in Zeno’s argument 
lies in restricting the discussion to limited intervals of space 
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and time preceding the instant and place at which the tortoise 
is overtaken. 


3. Geometrical means. —If a, z, b form a geometrical scrics 


Rin 


==) whence 2? = ab, tx = Vad. 
a 
If a, ar, a7, ar, ar’, --- ar}, ar’, b form u yeometrical series, 
evidently 
b=ar-r=ar*, 


whence r =(2 yp , and the series is 


1 2 mY a+l 
a n+) ati n¢¥1 
OREO OEC Mes 
Ae a U 
PROBLEMS 


1. Sum to twenty terms the series 2, 4, 8, 16, 
In the following serics give the suin to twenty terms, and 
where possible give the sum “to infinity.” 
2. 3, —G6, +12, — 24, +48, - 
3. 3, 2 re?) ts aa 
4. AT1LTITITIT ---, or .17 (repeating deciinal). 
5. 01717171717 --., or O17. 
6. 3.16161616 -. 
7. f, 15, 45, 135 
8. 4,10, 25, $2, 244, .. the nth term being 1+ 37, 
oe Reeds pw 
Ty Sees ata 
11. v, vv, vs. Sun to 2 terms. 
Dy, We ene, & 
13. (1+, (14% (1+ 95 (14-94... Sum ton terms. 
14. ‘The number of direct ancestors which an individual has 
is represented hy the series, 2,4, 8, 16,-.. Find the total num- 
ber in the preceding 10 and in the preceding 20 generations. 


’ son, 


GEOMETRICAL SERIES AND ANNUITIES 179 


15. According to Galton’s law of heredity the parents con- 
tribute to the hereditary make-up of an individual 4 of what is 
contributed by all the ancestors; the grandparents contribute 
45 the greatgrandpwrents, of whom there'are eight, contribute 
4; aud so on; find the tota) contribution, Find the individual 
contribution of a single individual four generations back. 


16. Insert three geometric means between 2 and 17; com- 
pute to one decimal place. 


17. Insert one, two, and three geoinctric incans between 
1 and 2. 


18. One of the so~alled “three famous problems of an- 
tiguity ” is to construct, using only ruler and compass, a cube 
which is double the volume of a given cube, This problem was 
very soon reduced to the insertion of two geometric ineans be- 
tween a? and 2 a*; insert two geoinctric means between «3 
and 2 u8 and show that this gives the algebraic value of the 
side of «3 cube of double the volume; the geometrical solutidn 
has been demonstrated to be impossible if ruler and compass 
are the only instruments of construction. 


19, Jn the population statistics on page 65 find the population 
of the United States in 1810 and 1910; between these two 
numbers insert 9 geomotric means; find 7; this represents the 
approximate decennial rate of increase in the population at 
1810 which would give the fiual actual population in 1910. 
Compare with the actual census figures at the end of cach ten 
years. 


20. How would you find the regular annual rate of increase 
in the population of tho United States, in other words the fixed 
anual percentage increase in population which would change 
the population from 7,2 millions in 1810 to 101.1 millions in 
1910? 


21. The plunger chamber of an air pump is approximately 
px of the total air capacity ; at cach stroke +) of the air in the 
receiver ig remoyed; after 10, 15, and 20 strokes find the 


=i) liao 


with tan 
the successive abscissas represent the terms of 


angle «, 


C 
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representation — Geometrical series. — On Ue 


= rx of slop 


4. Graphical 
aight line v 
ar, ur’, ar, -- 


imately how imany strokes must be made to remove 99% of 


proportionate amount of air remaining in the receiver ; approx- 
the original] air? 
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line through the 


veadily constructed. 
for a graphical treat- 


Graphical summation of the gedmetrical series, r <1 
Note that the ‘sum to infinity," re 1, 18 represented. 


the geometrical series; by moans of the 45° 


origin these successive abscissas aro 
ITowever, a more.fayorable construction 
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ment of the serics regards cach term of the series a, ar, ar’, 
ar’, as an addition to the preceding abscissa; the succes- 
sive atlditions to the ordinates, increments of the ordinates, 
will be av, a, art,--. By drawing the line, 


Yyruru—e4 


at an angle of 45° with the «axis, the successive abscisyas are 
readily constimcted ; by druwing throagh the point (a, ar) a 
line parallel to the x-axis it intersects the 45° line drawn 
through (a, 0) at a point A, such that 234 = PA), since 
Z PA My = 45°; a parallel to the y-axis through .W intersects 
the line y=72% at a point Py such that IP, = 7+ Py Me. = ar’, 
and AP, =ar+ar. Similarly, if P, represents the nth 
point found on our line, y = rz, 


AMP, =ar", OA, = 8, = &@+ar+ art ar, 


TD, = tan «=r, whence 7?,A,= 78,; A, = sr, — ar’; A, A, 


3 


ee i; hut A,A,=A,4f,, since the slope of the }inc 
A, MAL, is 1. 


“8, —a=78, — ar, 
s,(1l—7)=a—ar’, 


cl — (}'" 


*  t-r 


If r< 1, as in our figure 1, a < 45°, and the two lines inter- 
sect at /€ to the right of the origin; and the points of intersec- 
tion My, Mg, IL, --- will fall below A’ on the line BA. The 
abscissa of A represents the “sum to infinity” of our series, as 
it is evident that the series of triangles could be continued 
indefinitely in the opening O14. Evidently also, solving 
y= u—ay=re, 

72 =%—Q, 
at 


=e 


0 
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ar; the two lines, y= rz 


; tane«=47, a> 45°. 
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MW, = 7s, — ar, 


OA, = &. 
a&— ar, 


ie 


a 
NS 


& —Q@=7s, — ar”. 


A.A, = $s —a, 
s,(1 in r) 


Py d ee 
A, 


Graphical summation of the geometrical series, F > 1 
gure 18 quite siinil 


For 7 > 1, the fi 
and y = 2 — a, diverge 
Evidently, 


as before 


whence 
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5. Historical note. —Arithmetical and geometrical series 
are found in the oldest mathematical documents known, both 
in the remains of ancient Kyypt and of ancient Rabylon. The 
system of numbers used by the Babylonians as early as 2000~ 
3000 n.c. wus sexagesimal, increasing by powers of 60 in 
geometrical series. Further an early Babylonian clay tablet 
gives the portion of the moon’s surface illuminated on each of 
fifteen successive nights. from new mvon to full moon by a 
geometric and an arithmetical series. The moon’s surface is 
conceived us divided into 240 parts; on the first five nights 
5, 10, 20, 40, and 80 parts, respectively, are illuminated and 
on the following ten nights, 96, 112, 128, 1dd, -- and on 
in arithmetical progression to 240. 

The Egyptian mannal of mathematics of 1700 n.c. (or there- 
abouts), includes two rather complicated problems on arith- 
metical serics, involving also the insertion of means, and one 
problem involving the summation of a geometric series. 

The equivalent of a general formula for summation of a 
gcometrical series was first established rigoransly by the 
(ireeks, und appears io Euclid’s Elements, Book IX, prop. 36. 
The first summation “to infinity” of a decreasing geometrical 
progression was effected by the great Archimedes (287-212 
h.c.) who cmployed the formula in finding the area of a seg- 
ment of a parabola. 

In a great part of the later development of mathematics 
such series have played a prominent réle, 1 some measure 
because of their own intrinsic importance and in some measure 
as fundamental in the discussion of other types of scries. 


6. Annuity formulas. a. Accumulated value of an annuity.— 
The geometrical series plays a large role in the theory of 
investments and insurance. We have shown (p. 54) that at 
rate ¢ per year, compounded annually, 1 will amount in» years 
to (1+ 1)"; if 1 is invested at rate ¢ at the end of each year, i.e. 
annually, for » years, these payments constitute an annuity of 
1 for 2 intervals, at ¢ per annum ‘The total accumulated 
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value sa, at the end of x years of such un annuity, is the sui 
of the geometrical series 

(Le )vt, (L+i, (2+ drs, da +9)e4-d4+9,1 
since the first payinent made at the end of the first year ac- 
cumulates for (n—1) years, the second for (n— 2) years, -.., 


and the xth payment of 1 is made at the end of the 2 years. 
The sum, called the amount of the annuity, 


pore CER) 


t 


» 


represents the accumulated valuc of an annuity of 1 per inter- 
yal for x years or intervals ut a rate of i per year or interval, 


b. The annuity which will accumulate to 1.— Very evidently 
I per annuin wij] produce at the cnd of n_ years 


Ks.=K- Ons) sae the annuity which in » years will 
t 
winownt to 1 is evidently the value of Z which makes Jf, =1; 
eal i 
this value is— = ————_—_. 
sy, (1+ 7*-1 
¢ Present value of an annuity of 1.—The accumulated 
value of 3. to be paid at the end of n years at i per year 
is (L+¢#)"; WH will accumulate at the rate? in » years to 
4x1 +1)"; this means that JY dollars (or units) in hand ac- 
cumulates to A(1+i)* dollars, and that A(1+7)* dollars 
to be paid » years hence is worth A dollars now, money at 
vate 7 per year. Tfence the present value of 1 to be paid n 
years hence is a value of J which makes A(1 +1)" =1, or 
y 1 
A= —=v", wherein «= 
(Cae P a 
an annuity of 1 per annum for » years when money is worth 
¢ per annum 3s the sum of the gcometrieal series, 


The present value of 


5, . A a 
Dt a Sop abate Crk, Gi! se Tih 


The first term v is the present value of the first payment of J 
which. is to he made 1 year from date; the gyccond term is the 
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prescnt value of the second payinent of 1 to be mado in 2 
years; +-; vis the present value of the final payment of 1 to 
bo made n yeurs hence. 


y— uth L—w 1 —»y" 
(fi) — 2 eer 
os Ga 1 t 
moat] § 
u 


d. The annuity which 1 rill purchase.— The present value of 


#y per annum for & years is Kag= Iv : sa the annuity 
WANES is worth 1 at the present timo is evidently a value Ar 
which makes hayj=1, whence 4 = — => -——- This is the 


annuity which 1 will purchase. 


e. Summary of interest functions. 
These six functions, 


r= (1 +2)*, accurnulation of 1, 


= (1+ 5, discount value, 
b= (lista) aro , accumulated annuity value, 


n 


t 
d= 1 “ne JE = a, present value of annuity, 
1 i 


= = ——__—_ , annuity to accumulate to 1, 
$5) (1+%)* —1 
and — —__* _ the unnuity which 1 will purchase, 
a 1—G+0~ 
are of fundamental importauce in the valuation of bonds, and 
in all problems where stipulated payments are to be made at 
stipulated intervals, and also in the thcory of interest. 

If interest is to be compounded semiannually and pay- 
ynents are nado seiniannually, the interva) can be considered 
as 6 months and the rate of interest as one half the stated 
rate ; similarly tho interval can be considered as 3 months and 
the rate. of interest as oue fourth the stated interest if interest 
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js compounded quarterly and payments made quarterly, 
Other types of problems with payments falling between in- 
terest periods are beyond the scope of this work. 


PROBLEMS 


1. Compute the value of s,, for 6%, 5 %,4%, using loga- 
rithms to obtam (1+ 06)”, (1 +- 05)”, and (1 +.04)®, What 
percentage of error is introduced using four-place tables? Dis- 
cuss the effect in finding the accumnlated value of an annuity 
of $100 per year for 20 years. Check by the tables given at 
the back of tlis book. 


2. Compute ag, and discuss as in 1. 


3, Pind by logarithms from your values of s,, and a> the 
annuity which will accmnulate to 1 in 20 years, and the 
annuity which 1 in hand wil} purchase. 


4. If payments of $50 per year are male semiannually 
und dJnterest 1s compounded semiannually, find the aecumu- 
lated value of this annuity at the end of 20 yeurs for a 
nominal interest rato of 6%, 5%, and 4% respectively, per 
annum (3%, 24%, and 2% per interval). Use the tables. 

5. Whatannual payments continued for 10 years are equal 
to $1000 cash in jiand ? 


6. What annua) payments continued for 10 years are equiv- 
alent to $1000 to be paid at the end of 10 years? to $ 1000 to 
be paid at the end of 20 years? 


7. Prove sp=(1+ "an; and aq=*- sq. Diseuss. 


8. Show algebraically tht es 


an 8H 


Note. — The difference between 1 in hand and 1 to be paid in 1 years 
is simply the earning power of the J in hand for this period of nycars ; 
if inoney is worth 6% per year, Lin hand will carn every year for nr 
years. oY in addition to preserving itself; 1 in n years is worth simply 1 
then ; a is the annuity for n years which 1 in hand purchases, and Bake is 


~ 
“4 
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the annuity equivalent to 1 to be paid in m years; the difference is the 
Annual earning of the 1 in hand, i. 


9. Give the arithmetical series represented by the ordinates 
of y=3x-+7, for integral values of 2 from 0 to 10. What is 
the suin of this series? Betwoon 1 and 2 interpolate 9 values, 
at equal intervals, and state corrasponding series; what corre- 
sponds to the tabular difference ? 


10. Discuss as in problem 9 the corresponding ordinates of 
2y=—dsat+l. 


11. Sum to 20 terms the series 7, 5, 3,1, —1, «. 
12. Write the 20th term of 7, 5, 3,1, —1, -. 
13. Write the tenth term of 7, 5, 44, 424, -.. 


14, Find the arithmetical and the geometrica) means be 
tween 7 and 3. 


15. Jfistorical problem.—It is related that an Indian 
prince who wished to reward the inventor of the: game of 
chess suggested to the inventor that he shonld namo the 
yeward he desired. he scholar replied that he would take 
1 grain of wheat for the first square of the board, 2 for 
the second, 4 for the third, 8 for the fourth, 16 for the fifth, 
und so on in geometrical progression to cover the 64 squares. 
The prince agreed but found, on the computation, that the 
yiulue exceeded that of his vealm. Taking 10,000 grams as 
approximately a pint, make a rough calculation of the amount 
nivol ved. 


16. Fistorical problem.—In texthooks of the sixteenth 
century the following problem frequently appears. A black- 
smith heing asked his price for shoeing a horse replied that 
for the first nail he would charge one fourth of one cent (use 
this in place of farthing, or pfennig), } cent for the second 
nail, 1 cent for the third, 2 for the fourth, and so on for the 
thirty-two nails. Compute the price. 
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7. Annuity applications. — Brief tables of the annuity func 
tions are given at the back of this book; somewhat larger 
tables will be found in the Bulletin No. 136 of the U. 5. 
Bureau of Agriculture, which includes also a more extensive 
treatinent of the subject of bonds and annuities by Professor 
Jaines W. Glover. 

a. Common annuity. —To find the purchase price of an 
annuity of & dollars per interval for a intervals when the current 
rate is ¢ per interval is obviously a direct application of the 
az table, as the purchase priec is simply the present value of 
the series of payments. If the first payment of the annuity is 
to be made 7 intervals hence, a deferred annuity for 7 intervals, 
the price may be considered as the difference between an 
annuity for 7 —2 intervals and an annuity for 2+ 7— 1 inter- 
vals. dzp=n gives a payment every interval for »+7—1 
Litervals, the first made at one interval from the present time ; 
a= gives a payment every interval for (7 — 1) intervals, the 
first as before, and the last (7 —1) intervals from the present 
time; the difference is the value of the deferred annuity of » 
payments, first payment to be made at the end of r intervals. 

Some large banks, trust companies, and insurance companies 
do this type of business. Jfrequently a purchaser desires an 
annuity to be paid annually terminating with the death of the 
purchaser; this involves then a life contingency, and the dis- 
cussion and solution of this problem require new methods and 
new tables. 

b. Farm loans.—-'To extinguish or amortize a debt by n 
annual payments of fixed ammount is the type of problem which 
arises under the recent Farm Loan Act. Thus a farmer 
borrowing $10,000 at the hank at 5% interest may desire to 
make such a puyment as to extinguish the debt in 30 years, 
money being worth 5% ‘annually. The problem may be 
solved by considering the annuity which $10,000 will purchase 
at 3% interest for JO years or $10,000 x .06505, giving 
S$ 650.00, The problem may also be solved by considering the 
interest as paid each year, 5500, in addition to which an 
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annual payment must be made to accumulate at 5 % to $ 10,000 
at the end of 30 years. This annual payment is found to be 
$150.50. The value found, $ 650,50, nay be checked, as below, 
by using the sq tuble. Or another check is to find the value 
at the end of 30 years of the $10,000 or $ 10,000 (1 + .05)” and 
compare this with the value of $ 650.50 x sz, 

Suppose, on the other hand, that the borrower desires to 
pay approximately $600 per year, applying the extra amount 
each year to the debt. The annuity which 1 will purchase, ay 

a 


is the function involved. The question here may then be put, 
lor what period of years at 5% intercst will $ 10,000 purchase 
an annuity of $600 per annum? We will consider only ap- 
proximate solutions, taken from the tables. 

The tables show that ote 2% interest $ 10,000 will purchase 
an annuity of $ 10,000 x == $ 10,000 x .06043 for 36 years, 
or $ 604.30 annually for 36 ycars; $10,000 will purchase an 
annuity of $598.40 for 37 years. 36 years would be taken, 
and this period of 36 years is provided for, as an amortization 
term, by the goverment. By paying every year $100 more 
than the interest, at the end of 36 years the accumulated 
valuc of this annuity, the cxcess $ 100 over the interest, would 
be worth at 5%: $100 x sq= $100 x 95.8363 = $9,683.63, 
leaving $416.37 duc at the end of 36 years. This amount 
with interest at 5% should be the next and final payment. 


c. Sinking funds. —IUf a city issues bonds to be redeemed 20 
or 30 or 40 or n years hence, it is commonly desirable to pro- 
vide for the repayment of the bonds by an annual (interval) 
payment allowed to accumulate al ¢ per annum (per interval). 
Similarly in business a manufactunng conccrn using an ex- 
pensjve piece of machinery which has a probable lifetime of 
20, 30, or 40 years must provide for the eventual replacement 
of this machine by an annual payment, out of carnings, into a 
sinking fund. In this type of problem the function involved 
ig the annuity which will accumulate to 1 in n years. ‘Thus 
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to provide for replacement of a $10,000 picce of machinery 
in 30 years money at 5% requires alu annual payment of 
$10,000 x = or $10,000 x Te which equals $ 150.50 
per annum, 

d. Bonds at premium and discount. —If a city issues bonds 
at 5% when money is worth in the moncy markct 4%, the 
bonds wiJ) sell at higher than face value, since they pay on 
each $100 ay annuity of $5.00 per year for the term of the 
bond, when investors are demanding only 34.00 per annum 
with security of capital. This higher price is, on the basis of 
money at 4%, the present value of an annuity of $1.00 per 
annuin for the term of the bond or 1 xa, at4%. The dif- 
ference between the par value or face value of a boud and the 
price offered by investors is called the premium (or discount, 
when the price offered is less) on the bond. 

If a city issues bouds at 5 % when investors are demanding 
6 %, a bond for $100 will sell at a discount of 1 x an at6%, 
since tbe investor receives from these bonds not $6.00 per 
annum but only $5.00 per annum. Evidently the longer the 
bond has to mun the greater would be the discount. 

In general terms the premium on a bond of face value C, 
paying a dividend rate g, bought to yield j per annum is 


P= Cg — jyagjatj per annum. 


PROBLEMS 


1. If a father sets aside annually $100 per year as a fund 
for his son when the latter becoies of age, to what will the 
fund amount at the end of 21 ycars, the money accumulating 
at 4 % interest ? 


2. If a farm mortgage of $10,000 draws 5 % interest and 
the farmer pays annually $600, what is the accumulated value 
at the end of 21 years of the excess payments of $100 per 
annum, accumulated at 5% ? 
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3. What annual payment will accumulate at 6 % in 30 years 
to $10,000? What annual payment would have to be made 
on a $10,000 mortgage, to extinguish the debt in 30 years, 
money worth 6% ? 


4. J'ind in the tables the annuity for 30 ycars which 
S 10,000 will purchase. 


5. What semiannual payment will accumulate in 30 
years (60 payments) to $10,000, interest being 5% com- 
pounded seyannually ? 


6. }*ind the cost of an annuity of $10,000 per year to run 
for 10 years, 20 years, and 30 years, respectively, money being 
worth 4 %. 


7. If a city issues $10,000 in bonds, what amount must 
be set aside annually to accumulate.at 4 % interest to redeem 
the bonds at the end of 20 years? 


8. Find the cost of an annnity of $500 per annum for J0 
years, the first payment to be made 10 years hence, 20 years 
hence, and 30 years hence, respectively. 


9. What premium can you afford to pay on a $10,000 
bond drawing 5% to run 20 years, if money is worth 4 % ? 
What discount shonld you receive if money is worth 6 % ? 


10. What is the present value of $10,000 to be paid 20 
years hence, moncy at 5 % ? 


12. Which is the better offer for a piece of property, money 
being worth 5 %, a renta) of $600 per year for 20 years, ora 
price of $10,000? A rental of $600 per year for 10 years, 
and $700 per year for the following 10 years, or $12,500? 
Assnme no change in the price of the real estate in 20 ycars. 


12. What sum at 4% interest should a railroad set aside 
each year to replace engines worth $35,000, which have an 
estimated life of 25 years? to replace buildings worth 
$1,000,000 which have an estimated life of 100 years ? 
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13. If a man invests $100 each year for 20 years, what 
annuity, for 20 years, can he purchase at the end of the first 
20 years, money at 5% interest? 

14. If a man agrees to take $ 1000 a year for five years for 


a house originally offered at $5000, what is the discount when 
money 1s worth 5 % ? 


15. AtS% interest what annual payment for five years is 
equivalent to $5000 cash in hand ? 


16. Answer questions 14 and 15, assuming that the first 
$ 1000 is to be paid immediately. 


CHAPTER XII 


BINOMIAL SERIES AND APPLICATIONS 


1. Binomial series. — The expressions (1 + i)‘, (1+ 1%, -. 
can be developed in powers of i by means of the binomial] 
expansion, 


(a+ «)*=art R genie SCG ie n(rn—1)(rn—2) | @r-3y3 
_ a 1-2 18S 
-» to (7 — 1) factors : 
° see lyr! gee, 
Ray SU ee a) nF 
In particular, if a=1, 


(L+ay=1te- 2 + 2G he ae + MrT) — 2) | 8 


24 162853 


aaa? re 3) to (r — J) factors Lael 


Mes Se Atel (et) 


So 


This formula expresses a rwe for the formation of successive 
terms of the expansion of (a +2)" or (1 +2)"; the frst teri 
contains @ with the exponent » of the binomial; the second 
term has as coefficient the exponent, or index, of the binomial, 
© appears to the first power, and the exponent of a decreases 
by 1; the coefficient of the third term has two factors in 
numerator and denominator, in the numerator 2(n — 1) and 
in the denominator 1-2; a@ appears with exponent 1 Jess 
than in the preceding term, and « with exponent 1 greater; 
each following term can be obtained from the preceding by 
introducing one further’ factor in numerator and denominator 
and at the same time decreasing the powcr of @ by one and 
increasing that of « by one; the further factor in the new 
numerator is one Jess than the last one introduced there, and 
193 
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the further factor in the new denominator is one greater than 
the last one of the preceding denominator; the coethcient of 
the term in 2°! contains in the numerator (r—1) integral factors 
from n down, and in the denominator (r —1) integral factors 
from 1 up; & appears with exponent r—1 and @ with the 
exponent which added to r—1 makes m, fe. a— 7+). 


lJustrations of the binomial “phan 


a + — 433 FT aa mone a2 2 


<4 ta tBaat 


lst 


b. (a+2)*=a'* +e ni ue. aS 14 


altg? 4 - 


10m TuRM 
15-14-13-12.-11-10-9-8-7 


9 Si 
Tee Gea ee 


Note that it is well in writing the tenth term to begin with 
2°; then a cnters to the sixth power as in every term of this 
expansion the exponents of a and x together make 15; the 
denominator contains 9 factors, 1, 2, 3, +.» 9; the numerator 
contains 9 factors, which should be counted as they are writ 
ten; finally cancellation should be made, giving 


7-11-13 aSx. 
a ome 15.14 15-14-13 
C. a@—x)! = a — = aa + oe qty? sea 4s 
10tm Treen 
Pers eniblos Gh 
dad. (1+2)8=1415 2 pt e a? aie eee 1S os 
19TH 


15-14-13.12 
1.2.3.4 


Note that the powers of ain each term can be dropped, as 
every power of one cquals one, 


paw Tine lig CS 
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e. Compute to 4 decimal places (1 + .04)', 


(1 +08)" = 1 + 15604) 429-24 (one 4 11S (ops 


19-14-13.12 15.14-13-12.11 


4 
TAPIAGIEZE AO?) ea Perey Umer Oued ue 
.60 second .0291 1.00000 first term 
au 51 -60000 second term 
4,20 5).00349 fifth .16800 third term 
.O4 -00070 .02912 fourth term 
3).1630 third term 11 003-49 fifth term 
.0560 OTT .0003L sixth term 
OL 4 1.80092 Ans. 
.002240 .00031 sixth 


02240 10 times 
672 3 times 


.02912 fourth term, to be multiplied by .12 


Note here the method of computation given at’ the left; cach 
term is obtained from the preceding term, three new factors 
of which one is .04 enter into each succeeding term, two in the 
nusneratoy and one in the denominator ; these three factors after 


the second term ( 60) are a or 7x .04; then 13 ae 


3 
then ar or .12; then ji x 04 , which might well be 
5 
10 x .04 
6 


treated as .008 x 11; then the factor would give the 


seventh term from the sixth, making about 2 jn the fifth deci- 
nial place. 
The expansion of 


rg n(n — 1) n(n — 1)(n— 2) 5 ae 
(14+2).=1+nzr+ 3 ee + 1.2.3 a 


may be written as follows: 


oa, => —< 
(Qt eyaitns+ 2 7, 4 OF 7, 4 Oy, 
+ e227, + vee 
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in which 7%, Ts, Ty, Z's, designate the second, third, fourth, - 
terms respectively. This type of representation, in w hich 
each term is obtained from the preceding, is frequently of use 
in statistical work and in computation. 


Jf. Write the sixth and sixteenth terms of (1+ 2)". 


6vn Truss 1671 Vesy 
17-16-15 -14-13 |. eel Gueeine 
T Poe ewes 


g. What decimal place is affected by the sixth terin of 
(1.06)? 


47 -16-15-14-18 
1-2-3-4-5 


(.06)§ = .00000078-; multiply .00000078 by 4, this by 7, this 
by 13, and then by 11, rejecting any beyond 3 signilicant fig- 
ures; thisgives .00000312, .0000218, .000286, and finally .00476, 
Note that the computation of six terms of (1+.06)" involves not 
very much more »umerical labor than this determination. 


O6)§; (.06)$= .000216; (.06)' = .00001296 ; 
( 


h. Write six terms of (a — 32)! 


— 12a" (32) + as a(3 x)? — ae - a°(3.2)? 
12.11.10. , Reenter 
sia 1e 1g edie aes eaiien| a nas eee 


— 36.alz + 2-33-11 ax? — 22. 33.5-11 a9 45. 38-11 abet 

— 22.37.11 a7, 

It 3s not necessary or desirable to perform the multiplica- 
tion in such an expression as 2?.3°.5-11; such terms, if 


desired numerically, are usually obtained progressively from 
preceding terms as in example (e) above. 


PROBLEMS 


1, Expand to 6 terms, (a4+2)*, (a+2)", (a+22)" 
(a—3z)’ 
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2, Write 5 terms in simplest form (prime factors) of 
(1 +2), (L+2)", (1422) (1-32). 

3. Compute to 4 decimal places (1+4.05)*, (J+ .05)¥, 
(1 + .05), (1 — .05)°, 

4. Compute to 2 decimal places the valne at the end of 
10 years of $100 placed at interest at 6% compounded annu- 
ally; use 100 x (1+ .06)" How could you use the result 
vbtained to find the value at the end of 20 years? 

5. From problein 3 give the amount at the end of 6, 14, 
mid 10 ycars, respectively, of $256 at 5% interest, com- 
pounded annually. 

6. Find the value at the end of 6, 14, and 10 years respec- 
tively of an annuity of 1 per annum, paid at the end of cach 
ycar, interest at 5%. Use the formula sj>= apts es ond 
the preceding results. 

7. Compute the values in 3, 4, and 5 by logarithms und 
compare. 

8 Given 2°%=1024, find to L decimal place (2 + .01)" 
Ans. 1077.7. 

Find also (2.1) to one decimal place, and check by logs. 

9. Find (12.3)? to five significant figures. 

10. Hind the amount at the end of 20 years of $100 placed 
at interest, 3%, compounded semiannually. 

11. Write the Sth term of (1 — 32)" and of (1 + 2)*. 

12. How many terms in (1—32)"? Write the middle 
terns. 

13, Write in simplest form the coefficient of 26 in (1 — 2 x)%, 

14. Write the scrics for (1+2)', (1+2)§, (1+2)’, and 
(1+2)% What is the suin of the coefficients ? 

(Nor. — Substitute 1 for z.) 
15. What is the sum of the coefficients in (1 + 2)*? 
16. Write 7 terms of (1 +-Vz)” and of (1 4+ -V)!2. 
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2. Proof of (a+ x)" = a" +f artx oe arn? + 


rr Ten to A 'Totat ov (r — 1) Factors 
we a 2) ana 4... ana we Es 6 — arrrtlyml 4... 


The proof of this expansion for positive integral values of x 
is effected by the process called mathematical induction. 


Evidently (a+ 2)? = a? + 2aa +4 2%, follows the rule; 


also (a+2)8= «a? + 3a% + 3 a2? + 2%, follows the rule. 
By the rule, 
eX pas 13 oe 403... 2 ive a AORete Le 
(a+ia)i= Bide= = we + 5 Ls Ses os 3 (SoS se 
= a+ 40a + O02? + dav + 2'; 


by actual multiplication we find the same series, showing that 
the rule as given holds for n = 4, 


Assume 
(a+ 2)" =a + nue +e) eng? 
a(n —1)(n — 2) --- 1S 2ae)) ee APTS 
15237) ir eae 


rts TRAM 
a(n —1)(n — 2)-» (n—7 42 
ead 9 1) 


multiply by G+r=a+rx 


a 


(Partie i 


(a+)! = antl (n+ 1)a™2 +(n “f- sine rae ltl +. 


Tusk New rsw Tray 


(2 — 7 + 3)(n 
“+ (7 — 2)(7 —1) 


n(r —1)(n— 2)--(n—7 43 
4 Mn — 1)(n — 2) - (n— 7 + 8) a-r+ioe—l 
1 es hort G— 2) ‘e x My 


(: 


wo 
tol to 
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Note that these two cooflicients of the new 7th term have 
the first (r — 2) factors of numerator and denominator the 
same; multiply the denominator and nusnerator of the second 
term by r—1 and then add the numerators, taking out the 
common factors, giving 


New rt Ten» Comnon REMAINING LRRNAINING 
ACTORS Factor or Factor ar 
First Vern Sxconvp Tek 


on oe (n—7+3)] [—74+2) + COIN aerttar 
1-2-3-4-6-(r—1) 


The new rth term may be written, then, 


(et DG = Gis 2) WS + 8) geotnrriget, 
1-2-3-4-.(r—1) 


the rth term of (a + z)"*! 33 formed according to the rule with 
(x + 1) substituted throughout for 2; the numerator contains 
(r —1) factors beginning with (n+1), and the denominator 
contains the same nuinber of factors beginning with 1. 

Hence if this expansion assumed for (« + x)” is correct for 
any valuc pr, it is correct for a value one greater, n+1. The 
theorem is true, by trial, for n = 4; henco it is true for n = 5; 
since it is true for n = 6 it is also true for n=6; -- and so 
for every integral value of 2. 


3. Binomial series; any exponent. — ‘he equation, 


(1+ 2)*=14-= a nal of 4 mr 2) 


1 2°38 
n(n —1)(u— 2)(n—3) 4, ,,, 
citing. rt #4: o 


can be shown by methods of the higher mathematics to hold 
for all values of » whon —1<2<1. ‘This means that a 
series for (1+)! can be obtained by substituting » =} in 
the above formula. Similarly (1+2)-3and (1 +2)", (1+ x)~$ 
or (1 + z)V* can be developed in powers of z, when |x| <1, by 
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substituting for » the values — 3, anc — 7, and the like in the 
above formula. ‘Chese serics are of frequent use in statistical 
work. Thus if money is worth 6% per annum the interest 
for one half year is not 3 % of 1, since this rate continued for 
the full year would give at the end of one year in addition to 
the 6 % of 1, the interest on the 3% of 1 for one half yoar; 
tho interest on 1 for one half year is taken to be 


j= (1+.06)?—-1, 


and this rate of interest per half year aceurnulates at the end 
of two half years a principal of one to (1.06), or is equivalent 
to 6% per year. Similarly the effective rate of 6% per 
ann incans that the interest for one fourth of a year will 
not be .015 times the principal, but rather (1 + .06)4 —1, 
since this is the rate of interest for one quarter of a year 
which continued for four quarters will accumulate a principal 
of 1 to 1.06, since [(1 + .06)*}4 = 1.06. 

In our illustrative problems we will assume that the 
terms that follow any given term in the expansion of an ex- 
pression like (1+<2)$ are together less than the last term 
given; the general proof of the convergence of these series 
is Teserved for the calculus; however, it is evident here that 
each new factor, when z is less than 1, diminishes in value and 
finally the terns arc in turn respectively less than the terms 
of a geometrical series with ratio z; thus, below in the ex- 
pansion of (1 + .06)3, beyond any given term the terms are 
respectively less, term by term, than the terms of a geometri- 
ca] sorics with ratio .06; the sum of all terms beyond the 


fourth term is certainly less than = , Wherein a is the fourth 


term, since the corresponding geometrical series even to an 
infinite number of terms has only this sun, —2- =—% 


. Lae ay 
Note particularly that the expansion of (1 4 x)" for values 
of ~ other than positive integers leads to a series which has 


no termination, Ze. to an infinite series; this series is valid 
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and has meaning only when |2| <1; similarly any infinite 

series given by (a+ 2)" has meaning only when | <1 ln 
a 

our further discussion this limitation will be consistently 

assumed, 


As an illustration of the pussible absurdity from the point 
of view of finite series of the infinite series given by (1 + 2), 


Jet us take the fraction 


which may be written (1 — 2)", 


aud developed by the binomial theorem as, 

Ll+-ete tes at+ 4... 
For values of numerically less than unity this series is valid, 
but if you put 2 equal to 3, or — 5, or other value greater than 
unity, you obtain an absurdity. 


4. Illustrative problems.— a, Compute (1+ 06)? to 5 deci- 
mal places. 


1 . 14-1) 2 £4 ~ DG - 2) . os 
(Q4z)t=143 2 +4G—)) ot  AG-VG— 2) aay 
(1 + .06)# = 1 + 4(.06)— 4 (.06)? + yy (06)? + « 
= 1+ .03 — .00045 + .0000185 + ... 
= 1.02956. 
If the vajuc of (1.06) 2 were desired to eight decimal places, progressive 
cumputation would ve desirable, appearing as follows : 


M1=1] 4).0000135 
Ty = 4(.06) 71 = .08 .000003375 
1 /.06 5 
=A. ( — = — .00045 Prt tee aa 
3 “2 ( 2 ) 2 : 000016875 
oft 3 .08 ees A e039 
ae ig onge rate COON} 00000050625 
042 
1012 
2024 
00000002125 
T; = — 2. 2% 7, = — .000000506 1,080013521 
2 4 — .000450507 
T,=— 1. 7, = 4 .goo000021 1,029563014 
2 5 


2 
Ty =— 5. R= — 000000001 
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The letters 7’), 2’, 7's» Z's + represent the first, second, tint, fourth, 
and succeeding terms; cach ter is obtained from the preceding, intro- 
ducing the new factors. 


b. Write six terms of the series for (1 + x)? and for (1 — a)! 


1G! tle LAS 8 Ba 
pre sub 15 oped a Zion shut RE iy ying Bo Evin aI 
(1 +2) alse + 5 z ape zi+ ron Zz 
a ral Seal ath) aa 
Spey. OF ee 
5 ae 
* 1-2-5-4.5 a 


Alternate terms after the second are positive and neg SAlive. 


A=) Nb cll) tots lee 
1 2a 2°29 5) 302 
1 — aa aN pep Spee 3 
US ee oe ee eke re 
eee oe Ont 
Sins Oi (eieum cae ee 
Troe aniee feng 


=l—|r—}YV—-72—-— 13,44 
= 1— 324 42-72+42-T3 + 3S: Ty t+ yee Tst 
Every teim after tlic first is negative. 


c. Compute V.98 to 5 places. 
(1 — ay = 1 — 4(,02) + LED (.02)2 — 2D (09)2 4. 
=1—-.01 — .00005 — .0000005 — -. 
= .9899495 or .98995 to 5 places. 
ad. Compute the cube root of (1012) to 6 significant Agures. 
(1012)? =(1000)3(1 + .012)3 = 10(1 + .01298. 
401y$=144C.012)4 Ra (.012)2 4 tL DG? (012) 4 < 


= 1+ .004 — .0000]8 + .0000001 — --. 
= 1.003984. 


(1012) = 10 x 1.003984 = 10/03984. 


e. Compute (1.05)? to 4 places; treat this as 1.05 x (1.05)? 
.Q5 may be taken as yy. Check by logarithms, 
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Jf. Compute the square roots of 26 and 30 to 4 places. 
: . 
V2 = 264 = (25 + 1)7 = 501 + A)? = 501 + 04)? 
= 5(1 + .02 — .0002 + .000004) 
; = 5(1.019804) = 5.09902. 
30? =(25 + 5)? = 5(1 + .2)8 = 5(1 4.1 — .005 4.0005 — .0000625) 
= 5(1.0954375) = 5.47718. 
Check roughly, using logarithins. 
g. Compute (1.05)~7 to & significant figures. 


(1.05)-7 = 1 — 7(.05)-4 TA) (.05)2 + =H) (.08)9 


NEDO On SEC ayer 
p= 8)(=9)(= 10) / 954 
1-2-3-4 GOO: Tabak ier wae Buy 


= 1— .35 + .07 — .0105 4+ .0018125 — .0001444 + .0000144 = .71068. 


5. Historical note. — ‘The binomial theorem as applied to 
(a + b)? and (a + 5)* was well known to Juclid (320 B.c.) and 
other early Greek mathematicians. The great Arabic mathe- 
matician and poet Omar a] Khayyain (dicd 1123 a,».) extended 
the rule to other positivo integers. In China there appeared 
in 1303 a work containing the binomial coefficients arranged 
in triangular form, the so-called Pascal (1623-1662) triangle 
of coefficients. 


1bak hy abe skh. oak ghal 
1 1929 4 OPO 
1 1 13 61015 21 
ph yA aI 1 4 10 20 35 ab ye al 

Lees 3 1 1 § 15 35 eS aeG ek 

bo4<:6..4.1 1 6 21 ck tp ZB 
jede10,1025 1 17 151010 51 
He610°20 1561 1 16 16 20 15 61 
Pascaws ‘Prasc.e  Ciisesx Form or Tri- Stirey’s (1480-1667) 

OF COMWEICIENTS, ANGLE OF Correi- Tnrianore oe Covrri- 

Prixtep 1665. CIENTS. CIENTS, 15-$4. 


m ° 
The general rule for any exponent — was first discovered 
ny 


by Sir Isaac Newton, and made known in a letter of date Oct. 
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24,1676, to a friend named Oldenburg. It is of interest to 
note that Newton wrote each coefficient in terms of the coctli- 
cient immediately preceding, following the lines indicated in 
our numerical problems above. The complete proof for the 
yenera] case, any real or complex imaginary number, was finally 
effected by a. brilliant Norwegian mathematician, Abel (1802- 
1829), in 1826. 


PROBLEMS 
1. Vind the coefficients of the first five terins of (1 +2)) 
and (1 — zys and use them in the next two problems. 


z. Compute to 3 significant figures the square roots of 27, 
28, and 29 as 5(1 + .0S)!, 5(1 + .12)%, and 5(1 + .16)?, respee- 
tively. 

3. Compute the square roots of the first eleven integers, 
to 5 places, taking V2 as 7,(196 + 4)# =14(1 + a,)4, V3 as 
2(1— 4)3, V5 as 2(14 43, V6 as (44 2) =2(1 + HS, 

7 as 4$(25 + 3)3, V8 as 2V2, VII as 4(100 — 1)#. Check 
the first four significant figures by logarithms. 


4. Write 5 terms of (1 + 2), and of (1 — 2). 


5. Use these to compute the valucs of V7 and V9, as 
2(1 — 4) and 2(1 4.35. 


6. }*rom the enbe root of 9 find the cube root of 3. 
7. Find the enbe root of 6. 
8. Using the cube roots of 6 and 3, find the cube root of 2. 
9. Compute (1 + .05)+ to 5 places. 
10. Write 5 terms of (2 — 3.2)-4. 
11. White the 6th term of (2 — 32)~, 


12. Find the value to 4 significant figures of ——1 _ i 
expanding (1 — .02)7t. VI— 02 y 
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13. Expand in powers of i to 4 terms aT and rt What 
is the approximate percentage error in using (1 — 4) and 
(1 + ¢) as multiplicrs, respectively, instead of 


when t = .01, .05, .005, and .5, respectively ? 


Tee ea: 


14. Jind the fifth root of 35 correct to 2 decimal places. 
What is the shortest way? Compute the root to 5 places. 
What method can you usc ¢ 


15. Write the term containing 2° in the expansion of 


(1— 32) 3, 


16. Write the first five terms of (10 + 3); of (10.3); of 
(10.3)-§ and give the value to 4 significant hgures. 


17. Time yourself on writing and -sunplifying 10 terms of 
the following five expansions: (1 + a)t, (1—2)§, (1 ~ 22) 4, 
(1 — $28, (1 —32)-*. 


18. Compute correctly to 4 significant figures, using the 


and Time yoursclf on the exercise. 


1 
TeSk be 
18) 27, 54-6268 
98’ 1.02’ 1.08’ .99’ 1.05 


forinulas for 


19. Compute the following to thrce significant figures, tim- 
ing yourself : 
(1.06), (1.06)F2, (1.05), (1.06)8, (1.10)*, (4.06)-4. 


CHAPTER XUI 
RIGHT TRIANGLES 


1. Right triangles. —‘lo apply our trigonometric work to the 
numerical sulution of right triangles place the triangle under 
consideration in quadrant I in proper position to be able to read 
the trigonometric functions of one acate angle. 


x=rcosa=rsinB 


eae 
ssi eaiiaetitapaaeees eto : 
sia aire cetea NECA 
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y=rsina =rcosB 


tana =4= cot B 
x 


@. 
ike 
BSUASBAD TA e BASEBALLS 
SSG Fe Bee eee 
COO 


cota =*= tan B 
, ay he, 
Fundamental formulas of the right etyfor 
triangle 
a+ B= 90°. 


The equation x=7 cos a may be writton cos a= or 
r= = ,as occasion demands; similar transformations are to 
be effected upon the other equations given. 

Given @ with a, y, or r; or B with 2, y, or 7; or two of the 
lengths ; these formulas enable us to solve the right triangle 
completely for the remaining threo parts. 

The student is advised to draw the figuro to scale on codrdi- 
nate paper, using a protractor to lay off correctly to degrees the 
angles given, before attempting to apply any formulas; then 
write the required equations directly from a consideration of 
the figure, and not by attempting to memorize the solutions 
for the different types of problems. The lengths as given 
graphically serve as a check upon the values obtained. 
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2. Right triangles. 
angle, t.c. a and r, or 8 and r. 
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Tyrr I.— Given hypotenuse and one 


A guy wire 168 foot long reaches to the top of a tall chimnoy, 
making an angle of 37° with the ground. Find the height of 


the chimnoy and the distance 
from the supporting peg to 
the foot of the chimney. 


Solution. — First draw the fig- 
ure, 28 indicated, using 4 inch to 
represent 30 units. 


¥ = 168 sin 37° 
% = 168 cus 37° 
Check. y= tan 37° 


SSSSCEEEECSEEHoeraccicerjsccceet 
Besueetunusceuesuceeces (MU SSSIENt 
ssnesraaees pasuiereusssce 
saeaueeeseg Sissi Gt rsa 
aeeeresssWeracavesteniet tases 
SEGEaaacdeb<Gsai Essssaaliacesterts 
op a eiot Ra at 
SusSeeest ousted usisaseuseetess 


ec reaniUesecusenuue qeare TPUATUISEC 


Hypotenuse and one angle given 


Using natural functions there are here three problems in waulliplication. 


Tho logarithmic solution is as fo)lows : 


log 168 = 2.2253 
Jog sin 37° = 
logy= 2.0048 

y= 10 


Check. 


log tan 37° 


9.7795 — 10 


log 108 = 2.2258 
log cos 87° = (9.9023 — 10 
logz= 2.1276 


x = 134.2. 


log z = 2.1276 
= 9.8771 — 10 


log y = 2.0047, 


Angie and side given 


3. Right triangles. 
one leg and an angle. 

If a telegraph pole is 34 feet high, and 
the supporting wire makes au angle of 62° 
with the ground, find the length of the 
wire and the distance from the foot of the 
supporting peg to the foot of the pole. 


seborseseszaeseee 
Cessssupecbeasuamdle 
aeeeddscccedecsauala 
EEEEEEREEOEELE yin iin owe 
PEE A : 
Seemecertatt ales 
pobscssnseuer, PHA 
Toco oy 
susseeupece,Seeerells 
Hatt © foot. 
sai Gti 

8 

8 


Compare with preceding value of logy; a dis- 
agreement in the fourth place Is permissible. Lt 
would not affect the fourth signillcant ligure of 


nor wonld the measurements of 


height of chimney and length of guy wire be 
made with greater accgracy than to one tenth of 


2? 4 y2 = 168" could be used as a cheek. 
i 


Tyve II.— Given 
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The corresponding formulas are as follows : 


z= sl cat 62° Check. 2% =r cos 62° 
34 or 34° = 72 — 2? 
~ sin 62° = (r— 2%)(r +72) 
log 34 = 1.5815 log 34 = 11,6815 — 10 
log vot 62° = 9.7267 — 10 — log sin 62°? = 9.9459 — 10 
logZ= 1.2072 lag r= 1.5856 
% = 18.08. r = $8.51. 


Check. logr = 1.6856 
+ log cos 62° = 9.6716 — 10 
log = }. 2572, checks. 


4. Right triangles. Evre 1IT-—Given a leg and the hy- 
potenuse, 


Tat the side a = 341 aru ¢, the bypotenitse, cqual 725. 
Evilently, sin «= $43, 


b = 720 con mx, Check, U = 841 cota. 
log 341 = 12.5828 — 10 log 725 = 2.8803 
log 725 = 2.8603 log cose = 9.9457 — 10 
log sin@ = 9,6725 — 10 logb= 2.8000 
= 2874" b = 689.7. 


Hint EEE 
— sEesEEEEES ET Fee 
pale 


Check. log 841 = 2.5328 
logcot« = .2731 


log b = 2.8089. 


Compare with above value 
log b = 2.8060 as a chock; 
the ervor of 1 here is in- 
evitable with 4-place log- 
arithms. 


Eee ae 


Pe HSH 2 Ott 


Hypotenuse and one side given Note that on the sinall 
Graphical solution gives a rough check graph only two places are 
to two significant figures, accurately represontabdle. 


5. Right triangles. ‘Cyrex LV. — Given the two legs. 


Entirely similar except that the iuitial formula is for tana instoad of 
Sin (4. 


Note that commonly in lettering right triangles z and y or a and U are 
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used for the legs, r or ¢ for the hypotenuse, @ and 8 for the angles at A and 
8, opposite a and b respectively. 

In ‘ype ITT if @ and c are nearly eynal we may avoid the use of the 
sine of the angle near to 90° by computing the other sido using tho 
formula 

Ui =c?— ut = (c—a)(c+ 4). 
Thus if Q@= 718, €= 725, b2 = (725 — 718)(725 +718) 
= 7(14143) = 10101. 
b = 100.5, 
pither by imspection as in this case, or from a table of squares, ov by 
logarithms, 


PROBLEMS 
Solve the following right triangles by logarithms: 
1. Given 7 = 210, «= 30° 10’, 
2. Given a= 368, « = 30° 14", 
3. Given a = 368, 7 = 579, 
4. Given a = 368, b = 27%. 


&. Solve for the missing parts the following ten problems, 
using logarithms; time yourself; the exercise should be cow- 
pleted within 30 minutes. 

a. Given * = 186, a = 84.3. e. Given a= 930, w= 24°. 
b. Givena = 394, b = .654. f Given } = 184, a =55°15'. 
e, Givena=— 2.89, B=68° 24" g. Given r=.0936, b= .0418. 
d. Given 6 = 706, «=70°10" kh. Givenb=3.24, B = 86° 14", 
i. Given b = 878, a = 48°19’. 
j. Given 7 = 8.4 x 10, B = 34° 16". 


6. Area. — In computations of functions involving incasured 
and computed yalues, measured values are taken, as fur as 
possible, in preference to computed values. Lhe computed 
value involves not only the inaccuracies or errors of measure- 
ment, but also the errors of computation, the incyitable crrovs 
of computation with approximate numbers as well as the 
avoidable errors. Among the following formulas for the arca 
of a right triangle the student should select, in accordance with 
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the principle mentioned, the formula to be used in cach prob- 
lem involving a right triangle. 
A=tab=i1e cobae=fP tava=}c sin « cos «. 


7. Applications. —In the application of the solution of 
right triangles to practica) problems we find that the ditticulty © 
is frequently a matter of ter- 
minology rather than of prin- 
ciple. The student is urged 
to acquire some real famili- 
arity with the industrial and 
scientilic application of the 
principles exp)ained. 

Dip — depression — elevation — bias The terms “elevation.” 
— departure. : ; 

“depression,” “dip? “de 
parture,” and “bearing,” all refer toangles. ‘Thus in the figure 
ABC, if AC is in the direction of the sun or if C represents the 
top of a mountain viewed from A, then angle BAC is termed the 
angle of “elevation” of Cas viewed from A; if the observer 
is at C, on & mountain or in an airship, J7CA is the angle of 
“depression”; 3f A represeuts the horizon as viewed from C, 
then JICA is called the “dip” of the horizon. If CA repre 
sents a vertical section of a vein of coal, the angle ZZC.A or 
BAC is called the “dip” of the vein; in navigation if AB 
represents east, then angle BAC represents the “ departure ” 
north of the line AC, whereas 
in surveying the angular de- 
flection from north or south is 
given as the “ bearing.” 

Frequently some function 
of an angle is given from 
which the angle must be de- 
termined, The pitch of a roof 
is given as the height divided 


by the span, whence the corresponding slope angle of the roof 
is 6, given by 


Common terms relating to angles 
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lun 9 = 6. 
$ 


where his the height and 2 s is the total span. 
The slope of a railroad is commonly given as so many (A) 
fect of rise in A feet horizontally ; this gives the slope angle 


6 from tan 6= =aaah %- 


A spiral thread winds about a cylinder advancing a height 
h, called the “lead,” i one complete turn; the circumference 


sokscae 
iF a 


Full size representation of a one-inch cylindrical screw 
The ** lead *? is 8, of an inch, 


of the cylinder is the base and the “lead” is the altitude of 
a right triangle which may be regarded as wrapt about the 
cylinder to give the spiral. The augle « made with h by the 
spiral line is called the angle of the spiral; evidently 


Erejrenettny tis seueseiness < 


Circumference, AC, and length of one spiral, AB, of the above one-inch 
cylindrical screw 
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PROBLEMS 


1. A standpipe subtends an angle of 4° at the eye of an 
observer; if its height is 280 fect above the level of the eye, 
find its distance from the observer. 


2. If the diameter of the standpipe in 1 subtends an angle 
of 15’ at the eye, what is the diameter in fect? Suppose that 
the angle at the eye lies between 10’ and 20’, what range of 
diameter would these values give ? 


3. The shadow of a flagstaff 60 feet high is 48 feet long. 
Find the angular elevation of the suu. 


4. Using trigonometric functions, find the height of a 
building which at the same time casts a shadow 87 feet long. 


5. lvind the lengths of the circle of latitude and the circle 
of longitude through your home 
city. 

6. When the sun is directly 
over the equator, the latitude of 
any place on the earth’s surface 
from which the sun is visible is 
the angle between the zenith line 
(the vertocal) and the line to the 
Zenith distance represeating gun, when the sun is on the me- 

ate ae F vidian. find the shortest length 

uy Celestial equator, di- : 
aliases, STs zenith seer et tice ip . ne 
direction of 2. af ? reat 
also for latitude 42° 18' N, 

7. Compute the diameter of a circle circumscribed about 

an equilateral triangle of side 40. 


sSesesesessp7 sab CeCHESRVceS 
seaneene sp . Se tH 
a oedsuncuusucceug 


eran eee 


Settee ete tet 


8. Find in a eivele of radius 486 em, the chords of aigles 
of 30°, 60°; 45°, 90°, 120°, G2ancoe 


9. For any angle a, find the chord and the chord of half 


the angle in terms of the radius 7, Apply the latter formula 
to obtain the results of problem 8. 
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10. A pendulum of length 34 inches swings between two 
points 10 inches apart; compute the arc of the swing. If this 
is a seconds pendulum, passing the vertical once every scc- 
ond, whiat is the velocity of the pendulun bob? Find the 
chord of this are, and the difference between the chord and the 
are, 

11. A circular arch over a doorway is to be 4 fect wide and 
20 inches high; compute the radius. Compute for heights 
of 10 to 24 inches by 2-inch intervals. 


12. Given the radius 10 feet and the span 4 feet of a 
circular arch. Compute the height. Compute for spans of 
2 fect to 20 fect, by 2-foot intervals. 


18. Adapt the preceding results to a radius of 8 feet. Tow 
closely would interpolation give correct results? discuss by 
considering the problem graphically. 

14. Ina circle of radius 100 inches, compute to one decimal 
place the lengths of sides and the perimeters of regular in- 
scribed polygons of 3, 4, 5, 6, 7, 8,9, 10,11, and 12 sides. Time 
yourself on the exercise. State the general formulas involved. 


15. Compute perimeters of regular circumscribed polygons 
of 3, 4, 5, 6, 7, 8, 9, 10, 13, and 12 sides in a circle of raclius 
100. Time yourself on the numerical work; 30 minutes 1s 
ample time. 


16. Compute the perimeter of a regular inscribed polygon 
of 96 sides, and of a regular circumscribed polygon of 96 
sides, radius 100. How does the circumference compare with 
these two values? Archimedes computed these lengths by 
plane geometry methods and so found z to lie between 3} and 
312. Check his result, 


17. Troquently arches of bridges are circular segments; 
find the radius of the circular arch of the famous Rialto im 
Venice (sco illustration, page 225). ‘the width of the arch is 
95 feet and the height is 25 feet. Draw the graph of the arch 


to 9en)e. 
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18. One of the largest masonry bridges in the U. S. is the 
Rocky River bridge at Cleveland; the height of the circular 
arch is 80 feet und the span is 280 feet. Find the correspond- 
ing radius. 

19. Find the angle of the spiral represented in the above 
diagram of the one-inch cylindrical screw. 

20, Find the angle of a cylindrical screw of diameter 4 inch 
which advances 7, of an inch in one complete turn. 

21. A twelveinch gun has a inuzzle velocity of approxt- 
nately 2500 feet per second (f.s.). The velocity is tested by 


A eadus Peccescusseteesccessesesess=ne esi! AP 
i ECE HEE EE 
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st inesssustsnsseeoeceacteetacegersersetseraereeictaaiasiaets 
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Determination of velocity of a projectiJe 
One screen is at the wuzzic of the gun. 


electrical means; screens are placed at a known distance apart 
and the projectile in passiug thirongh the screens breaks 
successively two electrical circuits which scrye to give the 
time of flight of the projectile to thousandths of a second 
in passing through the known distance. ‘Lhe apparatus may 
also be used to determine the angle of elevation of the larger 
guns. Ju the figure 7’A7" represents the axis of trunnions of 
a twelve-inch gun; AA along the axis of the barrel is 25 feet ; 
AES is 180 feet; the one screen is over the muzzle and the 
other screen is at a height of 94 feet above the axis of trun- 
nions. Determine the angle of elevation of the gun and 
reduce to “iils.” Find the horizontal distance JQ between 
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muzzle and screen and the vertical distance between muzzle 
and screen, QS; find the time of flight of the projectile, 
assuming 2500 f.s. as velocity; find “horizontal velocity,” v,, 
and “vertical velocity,” v,, by dividing 2fQ and QS re- 
spectively by this time of flight. The vertical velocity v, 
divided by 32.2 gives approximately the time in seconds that 
the projectile will continue to rise; find this time; the position 
of the projectile after this interval of time is given approxi- 
mately by the product of horizontal velocity, v,, multiplied by 
the time, as horizontal distance from the gun, and by vortical 
component of velocity multiplied by the same value of ¢ less 
16.1 multiplied by ¢@, as ordinate. The equations are 
r= v,l, 
y = v,t — 16.10. 

What error is possible in the angle measured if the height of S 
is given only within one foot? ‘he aim is directed at a point 
two feet below the top of the sercen, as, in general, there is a 
slight “jump” due apparently to the explosion. Estimate 
the jump in degrees and minutes, and in “mils” if the pro- 
jectile hits the top of the screen. 

22. \When two screens are used with a Jarge gun the dis- 
tance between screens is sometimes measured by taking cqual 


Distances of screens from muzzle, M, determined by right triangles 
Two screens spaced 100 fect apart (horizontally). 


distances JUJ and ME at right angles to the line 3S,S2 and 
measuring the angles JIS, MS, MES,, and MES». Note 
that the screens are 20 to 100 feet in the air on tall standards, 
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making it inconvenient to measure the distance with a steel 
tape. Assuming that the distances ME and JZ are taken as 
20 fect and that the angles A/HS, = ICES, = 70° 10’, and that 
angle AIS, = MES, = §2°34', compute the distance Md), 
MS», and S,Ss. 1f the screen S; ig at an elevation of 34 feet 
and the'screen S, is at an elevation of §3 feet, compute the 
angle of elevation of the gun, and the height of the muzzle 
above the plane of its axis if the muzzle is 24 feet long from 
the axis. 

Note that the relative positions of the screens are usually 
determined by two observers in towers whose distance apart 
is fixed ; these observers record positions of muzzle and each 
of the screens. 


23. If a stick of length 12 units casts shadows of lengths 4, 
6, 8, 10, 12, 15, 18, 30, and dO units respectively, determine the 
angle of inclination of the sun. Tor angles of inclination of 
10° to 20° by degrees, determine the corresponding shadow 
length to tenths of one unit. This type of table was the first 
appearance of the cotangent function as direct shadow; it 
appeared as early as 900 a.p. in the works of the great Arabic 

astronomer Al-Battani, 


24. The pitch of a roof is given 
by the vertical height h, from 
the point C to Vf, on the diagram, 
divided by the span, 2s; thus } 
Pitch equals x when spanis 2s pitch is a 45° slope. Find the 

slope angle of a roof of 3 pitch, 
of 3 pitch. If 2s is given as 48 feet, find the length of the 
ite ters in each of the roofs mentioned. 


25. In a roof of span 62 feet find to the tenth of an inch 

the lengths of the rafters if the roof is inclined at 30°, 40°, 42°, 

5°, 53°, and GO°. In each case determine the effect upon the 
length of the rafter of an error of one degree. 


26. Jind the pitch and the angle of inclination of the rovof 
represented in the diagram above. 
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8. Railroad curves. —J1 so far us possible the track of a rail- 
road is laid out in straight lines. Whcrever the direction of 
the tracle is changed a curved Jine of track is:introduced Jead- 
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Simple curve ata turnout on a railroad track 


ing from the onc straight track to a second; these straight 
portions of track must be tangent to the curve which joins 
thei, and so they ave commonly designated simply as tangents. 
Let AV and VB in the figure represent two such tangents, 
mecting at a point V, called the vertex ; tho exterior angle 
XVB is called the dejlection 
angle, and js usually designated 
by JZ. <A single circular arc, 
radius 2, which joins two tan- 
gents is called u simple curve and ib eaiey nial 
is designated in American rail- — oyorg 100 feet; arc approxi- 
road practice by the number of de- mately 100 feet 

gerces Dat the center of the circle 

subtended by a chord whose length is 100 feet, the length of 
one chait used in surveying. Ona simple curve the lengths 
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of two consecutive tangents, from intersection point to the 
circle, ie. AV and VB, are equal; this length is called 7% 
The angle D is commonly giveu only in degrees and half- 
degrees. 

Relation between D and R. Let PB on the figure represent 
a chord of length 100 fect; drop the perpondicular from A, the 


center of the circular are of radius R, bisecting PB. Evi- 
50 

sin 
up to 4° the sine differs numerically from the augle expressed 
in radians by Jess than .1 of 1% of itself; hence you may 


Now for any angle 


‘ 


e 
dently sin 2-7, whence J? = 


replace sin 2 by Da a , the value of 3 in radians, with an 
error of less than .1° of 1% when D is any angle up to 8°. 
Note that the error is less than 5 feet in 5000; the circular 
measure of the angle is larger than the sine so that the error 


will be a deficiency. 


gives the radius. 
Relation between J, R,and T. On our figure in the right 


triangle OAV the angle AVO is 90° —7, and the angle AOB is 
evidently equal to the deflection angle Z 


tau (90° — ate 
2) ey mere 


whence ite lecots 
and T= # tan }. 


Evidently the radius 2 can be expressed in terms of the 
“degree” D of the curve, giving new formulas involving 
D, T, and I. 

Elevation of outer rail. In turning a curve a railroad train 
tends to leave the track, due to the tendency of any moving 
body to continue its motion in a straight line. To keep the 
train ou the track the flanges alone are not sufficient. but the 
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outer edge must be elevated. The formula for ordinary speeds, 


9 
o 


giving number of inches of elevation, is ¢ = a _ 
the gage of the track in feet, u the velocity of tho train in feet 
per second, and 7? the radius of curvature in feet, 


wherein g is 


PROBLEMS 


1. What radii have railroad curves of 8°, 7°, 6°, 5°, 4°, 3°, 
2°, and 1°, respectively ? 

2. If a railroad curve is built with the radius of 2640 fect, 
compute JD in degrees. 

3. On a circular track of 100 miley’ circumference what 
would be the number of degrces ? 

4. On English and continental railroads the curvature is 
usually given by the length of the radius; find the number of 
degrees, American D, corresponding to radii of 8000, 5000, 
4000, 3000, 2000, 1000, 800, 600, and 400 feet, respectively. 
Do uot compute beyond minutes. J*ind D for radii of 300 
weters, 1000 meters. 

5. Compute e, elevation of outer rail, for g=4 feet 8. 
inches, standard gage on American railroads, when v = 60 
iniles per hour, and # = 800, 1000, 2000, 4000, and 5000 re- 
spectively. Compute for a onedegree and for a two-degree 
curve, 

6. Given that two portions of straight track diverge at 
22° 14’, and that. the tangent distance is to be 300 feet, com- 
pute 12; find 2 for 7, the tangent distance, equal to 200, 250, 
and 350. Find the corresponding valucs of D. How could 
you determine the length of 7, approximately 300, so that 
D sill come out in degrees and halflegrees ? 

7. Compute R when 7 = 400, 500, aud 600, respectively, 
the deflection angle being 60°; sismilarly when I= 30°. 

8. Compute e for g=4 fret 8.5 inches (4.71 feet), standard 
gage, v = 60 miles per hour, and curves of 1°, 2°, 9°, 6°, and 8°, 
respectively. 
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CHAPT! 
THE CIRCLE 


1. Formulas. — 


Parametric equa- 
tions of the circle. 
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+ ye = rts a2 4 y? 


r?s 242 


— 


—= 
— 


ty + 2 
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For any point P(x, y) ona circle of r 


origin, we have the relation, 
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which is the equation then of a circle of radius 10 and center 
at the origin (0, 0). This equation is obtained directly from 
the distance formula; 2? + y?= 100 expresses the fact that the 
distance of the point (2, y) from the point (0, 0) is 10; any 
point (a, y) which satisfies this equation is at a distance 10 
from (0, 0) and any point at a distance of 10 units froin O 
(0, 0) satisfies this equation. The Jocus of this equation, then, 
is the circle of radius 10 and center (0, 0). 

The formula may readily be verified on the figure; take 
P any point on the circle, drop PA a perpendicular to the 
x-axis. Then OM? + A4P*=OP?,'in any one of the four tri- 
angles, representing any possible position of P, Herein OI 
and VP must be regarded initially as positive quantities, since 
the formulas of plano geometry were applicd only to positive 
lengths. However OJ/, as a positive length =a, where the 
negative sign is taken for points in IJ and JIJ and 3/P=y, 
where the negative sign is taken in III and IV, whence sub- 
stituting in OIL + AP? = OP’ you have a? + y2?= 10% Fora 
circle of radius r the equation 2?+ ¥?= 77 is satished by any 
point P(a, y) which is upon the circle, for OP will equal 7, and 
every point which satisfies the equation evidently hes on the 
circle. Hence, by definition, the locus of 22+y?=r? is tho 
circle of center (0, 0) and of radius *, for every point on 
the circle satisfies this equation and every point which satis- 
fies the equation lics upon the circle. These two conditions 
must be fulfilled in order that any given curve may be desig- 
nated as the Jocus of a given equation. In other words, tho 
given curve must include all points whose coérdinates satisfy 
the equation and must exclude all whose codrdinates do not 
satisfy the given relation. 

Similarly the two equations : 


x= 10 cos 9, 
y= 10 sin 0, 


give for every value of @, called a parameter, the codrdinates 
of a point which lics upon the circle. The locus of this pair 
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of equations is the circle of radius 10. Thus the ten values of 
6 = 0°, 30°, 45°, 60°, 90°, 120°, 150°, 180°, 210°, and 330°, give 
the ten points, (10, 0),, (V3, 5), v2, Heh (5, 5-V3), 
(0, 10), (—5, 5V3), (—3V43, 5), (— 10, 0), (— 5V3, — 5), and 
(+ 5V3, — 2 which lie upon the circle. Intermediate values 
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Circle of radius 10; units are eighths of an inch 
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can readily be obtained using the tables of sines and cosines. 
The two equations together constitute the equations of the 
circle in parametric form, a type of equation of particular im- 


portance in applied mathematics. 


J€ desired, we may eliminate @ as follows: squaring and 


adding gives 
a + f° = 100 (cos? 6 + sin? 6), 
or wv + 72 — 100 (since siu? 0+ cos? @= 1), 


THE CIRCLE 293 


a relation indepondent of @. But for many purposes it is more 
convenient to keep the equations in parametric fori. 

For the distance from any point C(h, k) toa point P (z, y) we 
have found the forinula d=V(a—h)? + (y — ky; all points 
(z, y) which satisfy this equation for a given value of d, and 
for (h, k) a fixed point, lie upon a circle of which (h, k) is the 
center and @ is the radius; no point not on the circle satisfies 
this equation. 

(2 — h*)+ (y—k)? =7? is then the equation of a circle of 
center (7, k) and radius r. Any equation which can be put 
into this form represents a circle, for it expresses tho fact 
that the distance from any point (z, y) whose codrdinates 
satisfy the given equation, to the fixed point (h, k) is constant 
and equal to +. 

Ju parametric form, the two equations representing the 
circle with cénter (h, k) and radius r are written: 

x—h=r cos 6. 
y—k=r sin 0. 

If @ is given values the corresponding values of x and y 
determine points upon the circle (a — h)? + (y—k)?= 2". 

Illustrative problem. — Find the equation of the circle 
of radius 5; center (3, — 7). 

By the distance forinula, taking (x, y) as any point on the circle, 

(z— 3)?+ (y+ 7)? = 23, 
or Z—6zr+ y?+ ldy —338=0. 

In parametric form the equations of this circle aro, 

z2—3=5 ws. 
y+7 = b sing. 


2. Reduction to standard form. — Any equation of the type, 
at+yt2Ge+2Fy+C=0, 
or Ar + Ay +2Ge4+2Fy+ C=), 
represents a circle. The center and radins are determined by 
completing tho square, as in the illustrative problem below. 
If the expression for the radius is zero, the circle reduces to a 
point; if it is negative the circle is imaginary. 
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Illustrative problem, — Find the ecnter and radius of the circle, 
224 2"%462—-Ty—l5=0. 
his equation represents a circle siuce it can be put into the form of a 
circle, as indicated herewith : 
2(z? +32) + 2(y?— Jy) = 15. 
Mar + Sr +2) + 20%— Fu +4) =U +S ry. 
2(a + 8)2 + 2(y — 7)? = 28h 
(44984 (y— PH)? = A (or 12.81). 
* = V205 
This equation states thal the point (x, y) is av the distance ae from 
the point (- 4, 3); this equation represents a circle with the center 


(-~ §, 3) and radius es ur ae or 3.58. 


PROBLEMS 
Find the equations of the followiug circles: 
1. Center (3, — 4), radius 5, 3. Center (— 4, 0), radius 4. 
2. Center (0, 0), radius 10. 4, Center (— 6, 6), radius 6. 
5. Center (— 6, — 8), radius JO. 
6. Draw the circle of radius 10, center (0, 0) and estimate 
carefully its area on the codrdinate paper. 


Find the centers and radii of the following circles; time 
yourself; the eight problems should be completed numerically 
within 12 minutes. 

7. @+y—1224+12y474+36=0. 
8. 2+ y7—122+4+12y—36=0. 
9. 2+ y?—39=0. 

10. 2 —10r7+ y¥°—39=0. 

1l. 227+2y°-62-—8y—19=0. 

12, 2242y7—524+7y—15=0. 

13. 3 2 +3y—1li2+17y49 = 0. 

14. 2 +62+7—10=0. 

15. Draw the graphs of the preceding 8 circles, using only 


one or two sheets of giaph paper; time yourself, keeping a 
record of the fame. 
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16.- Given x= 65 cos 6, 
Y= 5 sin G, 
locate 16 points on the curve, using the values sin 0°= 0, 
sin 30° =.5, sin 45° = .707, sin 60° = .866 for these and rclated 
angles. 
17. Givon cz=-5+5 cos 6, 
y= —3+5 sin 8, 
locate 16 points on this circle. 
18. When 6= 37°, 43°, 62°, 80°, and 85° find z and y in the 
preceding problems. 


19. Through what point on the circle 2? + y?= 20 does the 
Tadius which makes an angle arc tuu 2 with OX, puss? 


Photo by IT. J. Karploskt 


The Rialto in Venice 
A famous circwar arch, 95 feot wido by 24 fect high. 


§. To find the intersection of a Jine withacircle. Tangents. — 
The intersections of the circle, 27+ y?= 100, with any line 
as y = « + 5, are represonted by the solutions of the two equa- 
tions regarded as simultaneous. Six problems are given here. 


1. 22+ y?= 100, 2. w+ 72= 100, 
y=e. y=uto. 


danas 


+h. 


Solving, by substitution in each of the six cases indicated 


above: 


z— 8. 


ans 
— 
— 


uy) 
6. 22 + 42 es 100, 
y 


6. 2+ 727=100, 


ZEEReneaanaa 
Vana 


SSS TCO CEs eeTTE sl weSesREere 
BSRSSRBGEEN BAG hRaRE 


y 


as 


rH 


(~4A0 88 0888 
BEER. 


UNIFIED MATHEMATICS 
ee 
oda 
PATH | 


i 


wae, 


th 
BRR BSERARES 


B 
A 
rf 


B41 


Lf 
Graphical solution, 


IZ 


Bava 
] y 


226 


= 100, 


are 


x: 


determining intersections of the circle, 


+ 7.07 ; 


0; 
— 2.5 4+ V6.25 + 87.5—=—2.5 + 6.6], 


+ 4.11 or — 9.11, 


+ 7.07, y 


22%? +102 +25 = 100, Ze+5 az — $7.6 


0 or — 10 (by factoring, simplest), 


9.1) or — 4,1): 


, 


= 
= 
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we 
3. gives 2?4+102=0, x 


with various lines of slope 2 
10 or 0; 


1. gives 22?7= 100, 22 = 50, r=4 V0 
cl] 


2. gives 
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4 gives2 x8 + 3224156 = 0, 7 4 1G¢ + 78 =0, 
£-—8+ Vd — 78 
=-—-8+4+ v= 14 
= Imaginary values, not any scalar values of 2; 
5. gives 222?—162—86=0, 227-82 -—18=0, c544 VR 
=44 5.83 
= 9.88, or — 1.83, 
y = 1.83 or — 9.83; 
6. gives 222+ 2k-%+4+(k? — 100) = 0. 


2 Et VR 2K 100) 


2 
=-544V20-2 


Very evidently the solutions of 1 to 6 are all included under 
the solution 6, as special cascs. 

Gcometrically the lines of slope 1 are divided by the circle 
into three classes, viz. (a) those which cut the circle in two 
distinct points; (b) those which do not cut the circle; and (c) 
those which are tangent to the circle, or cut the circle in two 
coincident points. 

Kvidontly lines in 1, 2, 3, and 5 belong to the first class; tho 
line in 4 to the second class. ‘Io determine the tangents one 
must find the value of & for which 200 — &? = 0, as only when 
200 — }*=0 are two points whose abscissas are given by 
a ; +5v 200 — 2? and — : — ; /200 — 2? coincident. In this 
vase, k = + 14.14, the lines y= x + 14.14 are tangent to the 
circle 2? -+y2=100. ‘The abscissa of the point of tangency is 


+ 7.07, since it equals -% 


Rutr. — Yo find the tangent with given slope to a given circle 
write the equation of the family of lines of the given slope, 
y = mu +k, and solve for the points of intersection with the circle ; 
get the condition that the two points of intersection should be coin- 
cident. This gives the value of k for which the line y= max+k 
ts tangent to the given circle. 


Nore. —Tho method will apply to any curve nf the second degree, 
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4. Circles satisfying given conditions. — To find the equation 
of a circle which satisfies given conditions it is necessary to use 
the analytic formulas which we have derived combined with 
the geometric properties of a circle. In general call (h, k) or 
(<, y) the center of the circle and 7 the radius ; sketch the lines 
and points which are given and indicate roughly the probable 
position of the desired circle; solve the problem geometrically 
if possible, or indicate the solution, and express the geometrical 
facts in algebraical language by using the preceding formulas. 


5. Illustrative 
problems. — Jfind 
the equation of the 
circle through A 
(1, 2), B (0, 8), and 
C (7, — 1), (1) using 
the distance formula, 
(2) using the per- 
pendicular bisector 
of the line joining 
two pouits, (3) using 
the gencral equation 
(z—h)? ++ (y—k)? = 7? 
which may represent 
any circle, and (4) 


cUnuussvess using the general 
scensuncaSh equation 
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Circle through three points 
2 y) 
Determination of center by perpendicular bi- etre gE see: 
sectors of chords. +2Fy+C=0. 
(1) Call the center P(h, k), then PA=PB, PB = PCeand 1A ioe 


The distance from A to P equals tho distance from B to P, whence by 
tho distance fonnula, 


L VO—TFF (EB = VR OF EDO; 
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Sinilarly, 

IT, V(h — 18+ (k — 2)? = VN — 7)? 4k +? 
expresses analytically the fact that PA = PC; and 

Nfl. V(h— 0)? + (k= 8)? = VR—TDi + (KF 1)? 


that PB= Pc. 

Since equation III is derivable from J and II, it adds nothing new ; 
any two of these equations are sufficient to determino (A, &) the center. 
Squaring in each and combining terms we obtain from I, 

12k—2h— 69 =0, 
a straight line which ts the locus of all points equidistant from 4 and B ; 


and froin II, SND ee Ae 0. 
Solving, we obtain the one point which is equidistant from A, 73, and C, 
h = 6,77. 
k = 6.00. 
r= V(G4i — 1)? + (6.05 — 2)? =v (38.29 + 16.40) = V49.69 
= 7.05. 


‘The civcle is (¢ — 6.77)? + (y — 6.05)? = (7.06)*. 


(2) The center of the circle is the intersection of the perpen- 
dicular bisectors of the sides; finding the slopes of the sides, 
the mid-points, the slope of the perpendicular to each side, the 
equations of the perpendicular bisectors of AB and AC are 
found (point-slope) to be 

12 y—2%—59 = 0. 
4a—2y—15=0. 
Examination shows that theso aro precisuly in z and y the equations 


obtained i» our first solution in hk and & and from this point the solution 
proceeds asin (1). The student should oxplain the reason for this. 


(3) I. (a—hji+(y—kP=r 
is the equation of any circle, center (h, k), radius 7. 
Substituting br this equation (1, 2), (0,8), and (7, — 1), gives, 


II. (1— A) + (2Q— b= v7. 
It, (O— A)? + (8—H2= 7%, 
IV. (7~ Ah) + (-1—kt aw. 
Vea — il —2h412k—59=0. 
Vitti 1V — 48+ 12h +4+3—C6k=0 


ordh—-2k-—)]5=0., 
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V and YLare seen to be ink and & precisely the equations solved in 
method (1), and in method (2) for z and y as variables, 


(4) I. Az? 4 Ay? +2G2+42 Fy 4+ C=0. 


Substitute in this equation (1, 2), (0, 8), and (7, — 1) and solve for 
the values of G, F, and C in terms of A. 


LU. Ad4A42G44F4C=0. 
11. G1A4+16F+ C=0. 
1 VALA+1SG—-2F4CE0=0. 
Vane) 11T —H0A+2G—12F=0. 
Sete LY ~45A4+12¢646F=0 


or — 15-4642 F=0. 
"These ave the same equations in -& and —7, regarded as the nn- 
2 


knowns, as appeared above in hk and &. 


6. Tangency conditions. —If a circle is to be tangent to a 
given line the distance formula (normal form) from a poimt to 
a line inay be used; if a circle to be found 3s to be tangent to 
0 given circle, then the radius sought, plus or minus the given 
radius, wust be equal numerically to the distance from center 
to center, according as the circles are tangent externally or 
internally, 


7. Circle through the intersection of two circles. — 

I. a? + y? + 10% =0, a circle of radius 5, center (—5, 0). 
Ik #@+y'—49=0, 2 circlo of radius 7, center (0, 0). 
IML. (22+ y+ 10 2)+ Ae? + yf — 49) =0. 


The third equation is satisfied by the points of intersection 
of curves I and JT, for all yalues of & (sce page $3). For all 
constant values of k, DI may be written 


(1 + k)a? + (14 ky? + 102 —49%=0, 


and the form shows that this represents a circle. To deter- 
imine the circle through the intersections of I and IT, and any 
other given point substitute the codrdinates in Ili, and solve 
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for k; since a circle is determined by the three points, it is 
easily scen that every circle through the two points of inter- 
section of the given circle is included in the family of circles, 
(1 +h)? +(1 +4)y?+102—49%4 =0. The method of deter- 
mining % to have the circle pass through some other given 
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Common chord of two circles or radical axis 


point is precisely the same as in the simslar problem with 
straight lines (page $3). 

For k =—1, this equation reduces to the linear equation 
representing the common chord of the family of circles; 
whether two given circles intersect ot not, this line, whose 
equation is obtained by eliminating x* + y* between the two 
given equations, is called the radical axis of the two circles. 


8. Geometrical property of the radical axis. — 

(c —h)? +(y—4)? is the square of the distance from (x, y) 
to the center of uny circle; (e—4)?+(—k)?—7 is the 
square of the length of the tangent to the circle from any 
point outside the circle of center (A, &), radius 7. 

ot y?4+2Gr4+2 Fy +Cis the square of the length of the 
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taugeut from any point (2, y) to the circle whose equation is 
e+ yi +2G24+2 Fy + C=0, since the left-hand member is 
identical with the left-hand member when written in this 
form: 
(2+ GY+(y + FPF) -(G44+ F?- C)= 0. 
Note that if any secant ?AB is drawn through ??(2, y) then 
PA-PR= PI"; hence the expression 
e+y+2Gzr+2Fy4+C 

gives the product of the two distances along any straight line 
from the point P(x, y) on the line to the circle. There isa 
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Distances from a point to a circle 


On any secant through P, PAB, PA x PB is constant. 
PAX PB= PT; = (@—h)?+ (y — k)t— 93 


correspondence to the normal form of a straight line, since the 
left-)iuid member there also represents a distance. 

P+ + 2G r+2Ry+ OQ=2@+ 7426242 Fy + C 
is an equation which is satisfied by any point from which tan- 
gents drawn to the two circles 

P+ y+ 2G0+2 Ryt+ C,= 0, 
w+ y 42 Gye + 2 Py + Ch =0, 
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are equal in length. Hence, the radical axis is the locus of 
points from which the tangents drawn to the two circles are 
equal in length. 


9. Radical center of three circles.—-Given three circles, each 
of the three pairs of circles which may be formed from tho 
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Radical ares and radical centers 


Radical centec of the three circles, 1, 2, and 8. 
Radical center of the threc circles, 1, 2, and 8’, 


three has a radical axis; the three radical axes pass through a 
common point, as may be easily shown by Scc. 4, Chapter Y. 
a w@+yt+2G24+2hy+C,=0. 
b, att f +2 6,242 Ley + C, = 0. 
gc tt+y+4+2G60+2 hy+ = 0. 
l. (a—c) 2(G,— G)x +2, — y+ A-GQ=0 
radical axis of a and b. 
e. (b—c) 2(G,—G,)e + 2(F, —T)y + C: —C; =0 
radical axis of b and ¢. 


~ 


234 UNIFIED MATHEMATICS 


f @+eoraa—c) 2(G,—G,)z4+2(Fi-Fi)yt C— G0. 

Since d+e =0 gives a straight line through the intersec- 
tion of d aud e, and since d +e = 0 gives the radical axis of a 
and c, the latter line passes through the intersection of the 
two former radical axes, 


10. Limiting forms of the circle equation. — 


(x — h)?+(y — k)? =7* represents a real circle when 1? is 
positive. 

(2 —h)?+(y—k)? =0 represents a point circle; the only 
real poiut which satisfies this equation is the point (h, k). 

(a —h)§ + —k)P =— 2, y @ real quantity, represents an 
imaginary circle; no real point satishes this equation, sce 
every real value of z and y makes (a — h)? positive and (y—k)? 
positive, 


PROBLEMS ON THE CIRCLE 


1. Find the center and give radius to 1 decimal place of 
each of the following circles; plot; find the three radical axes 
and the radical center. 

a. ¢+y+6xrx—Sy—16=0. 

b. $4+4+3y—824l5y—71=0. 

Hixt. 3(2*— fz J+ 3(y27 4+ 5y J= 73 Complete snares inside 


Parentheses and note that 3 times the quantity added within each of the 
parentheses must be added on the right. 


c 2+y—Gr—S=0. 


2. Plot the followiag two circles and determine their 
common chord; what is its length ? 
a, #2 4+7?-10r—100=0. 
b e+y°+10y7—100=0. 


3. Write the equation of the family of circles 

a. With center on z-axis, passing through the origin. 
6. With center on y-axis, passing through the origin. 
c. Passing through the origin. 
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d. With center on 32—4 ¥ —5=0, radius 5. 
Note. 3h-4k~5=0. 
4. What limitation is imposed upon the coelficients .A, G, 

Fond Cin Ags Ay 42 Gr4+2Fy+C=0, 

a. if the circle passes through (0, 0)? (1, 1)? 

b. if the circle has its center on the axis of r? y-axis ? 

c. if the circle 3s tangent to the aaxis? y-axis? tangent to 
z~-3=0? 

a. if the circle is tangent toz—y—5=0? 


5. Hind the equations of the circles through the following 
theee points: 
a. (0, 0), (6, 0), (0, 8). 
b. (1, 5), (—3, 1), (7, — 3) 
c. (0, 0), (8, 2), (13, — 3); use two different methods. 
6. Find circle tangent to 3z2+4y—25=0, and passing 
through (2, 3) and (5,1). Note the two solutions. 
7. Find the radical axis of each of the three pairs of 
circles z?+yt—G62r—8y—10=0, 
x+y —202+4 50 = 0, 
224+ 2y° +824 6y—25=0. 
Find the radical] center. Plot. 


8. Find the tangents of slope 2 to the first circle in 7; find 
the normal and the point of tangency. 

9. Find the circle of radius 5 tangent to the line whose 
equation is 42—3 y —9=0 at G, 1). 

10. Jind for what valuc of 7 the line 42—37—9=0 is 
tangent to z°+92—7?=0. Two inethods. Find the point of 
tangency. 

11. Find to one decima) place the points of intersection of 
the circle 2?+42—202+30=0 with the line-y=227—12. 
Plot. | 


236 UNIFIED MATHEMATICS 


12, Use the trigonometric functions to find points of inter- 


section of 
(2? + y? = 100, 
Y= i 
Note that tan 6 = 2, where 0 is the slope-ansie of the line. 


13. Use trigonometric functions to find k, when y=22+%k 
is tangent to the circle 2@+77=100. Draw figure; note that 
tan @=— 4 where 6 is the slope-angle of the normal. 


£=3-+10 cos 8, 


14, Plot the circle " =—5+10sin 6. 


2 = 8 sin 8, 
y = 8 cos 6. 
Note that 6 is here the angle made with the y-axis by any radius. 


15. Plot the arcle 


16, Find the equation of the complete circle of the circular 
arch of the Rialto, referred to the horizontal water line and 


the axis of symmetry of the arc as axes. ‘The arch is 95 feet 
wide by 25 fect high. 


17. Tind the equation of the circle of which the arch of the 
Rocky Rivor Bridge, 280 feet by 80 feet, is an arc, referred to 
a tangent at the highest point of the are as z-axis and the 
perpendicular at the point of taugency as y-zxis. Determine 
the lengths of vertical chords between the are and the z-axis, 
spaced at intervals of forty feet. 


CHAPTER XV 
ADDITION FORMULAS 


1. Functions of the sum and difference of two angles. — Tho 
formulas for (@+0)* and (a — b)? aro illustrations of addition 
formulas frequently of fundamental importance im mathe- 
matical work. Thus 107 - 10”%=10°+» is an addition formula 
Jeading to the whole theory of logarithms, which revolutionized 
computation processes. The question arises ag to addition 
formulas in tho caso of the trigonometric functions after the 
functions have been defined. Just as the exponent formula 
107+” =10* . 10°, which was first proved for positive integers, 
is extended to hold for all values of « and y, so the formulas 
which arc established 
for sin(a +f) and 
cos («-+ 8) when a 
and § are acute 
angles will be found 
to hold for al) real 
yalues of a and f. 


SRRANSEENG TONER tT 


eee 


¢ 


2. Geometrical der- 
ivation of sin (a+f) 


and cos (a+ 8); cceee 

Ls || Bb 
eel 1 hee atthe ii Garena 
a ++ B < 90°. — Given BEE EEE Cee 


a and f, two aeuLe 470P =k; ZPOB=f; ZXOB=a+B; 
angles whose sum 1s OB =r 

less than 90°, to find . 

sin (a+) and cos(a+ 8) in torms of sina, cosa, sin 8, and 


cos B. 
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On the figure let « and B be two positive acute angles whose 
sum is less than 90°, taken, for convenience, distinctly differ- 
ent from each other. Jet O/ inake the angle « with OX, and 
O# make the angle B with OJ’, and thus «+8 with OX. 
From B drop perpendiculars BA to OP and BN to OX; from 
Aon OP drop a perpendicular AM to OX; from A draw 2 
parallel to OX cutting BV at #. 

On the figure, noting that O7 is taken as 7, we have the 
following evident relations: 


AB=rsinB; RB= ADB cose 


CeGnnenan UO nEaOnReneReos . 
pouaGneeuDy, ee ee =7 COS @€ SI) B; 
REECE PERE 7 
RESTO Ee, PEEISEEeicer cine Ori. 00S Go0 AN ==) sina 
QBERDeeee aoc Nd Gees 

Fast seHevas BREN =r sinu cos B; 
DSGRORE CAP TLOORPORWEEG ; 
ttf aces Ganka . 

BORE aif BaeRhwRese NV othe R | a AB A 
PO VIE = ead = sina 

secs aseetarinasees eer 

. E =7sne« sin B; 

: OM=OA cos c=r cos « cos B. 
a 


sin («+ p) = 8 WA RP 


? } 


Hattie 


_rsin« cos 3 +r cos «sin B 
r 
sin (« + 8) = sin « cos B + cos « sin B. 
ON_ OM-— NM 
T 


Similarly, cos (« + 8) = — 
Fs 


_7 cos « cus 8 —7 sin esin 8 
peels hac LY ada ane , 
Yd 


whence cos (« + 8) = cos « cos 8B — sing sin f. 


Having established these formulas geometrically for «+ B 
when 0< a< 90? De B< 90°, andl «+B < 90°, it now 
remains to establish that these forinulas hold for «ll angles 
« and £, including negative angles. This extension is made 
by employing the theorems of Section 12, Chapter VII. 
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3. Generalization for any two acute angles. — 


sin (« + £) = sin « cos B + cos « sin B, 
co3 (« + B) = cos « cos B — sin @ sin £. 

First we will show that when u and 8 are any two acute 
angles the two formulas established above when «+ B < 90° 
continue to hold. ‘he extension to any acute angles requires 
that we prove these formulas to be true further (a) when 
a+ B= 90°, and (0) when « + B < 90°, 

Proof. (a) Ifa+f£=90°, B = 90° — a, whence 

sin B = sin (90° — «) = wos «; cos 8 = cos (90 —a)Ssin a. 
The two formulas then give, by substitution, 

sin («@ + 8)= 81 90° = sin? « + cos? = 1, 
cos (« + 8)= cos 90° = cos « sin « — sine cose = 0. 


‘he sine of 90° is 1, aud the cosine of 90° is 0; hence our 
formulas continue to hold even when «+ B = 90°. 


(6) «+B > 90°. Take the complements of «and £ to be 
respectively x and y, whence «= 90°— « and y= 90° ia B. 
Evidently «+ y wll be less than 90°, by the same amount that 
« + Bexeceds 90°. Purther, since 2 = 90° — cand y = 90°— £, 


sill % = COs a, gin y = cos £, 
COS 2 == Sill; and cos ¥ = sin B, 
Now, sin (« + B)= sin (90° — x + 90° — y) 
= sin (180° — x + y)= sin (@ + ¥), since 
sin (180° — @)= sin @. 

Since «+ y < 90°, sin (a + y)= Sin & COs y + COS & sin y, as 
established above; making the substitutions for sin, cos y, 
cos x, and sin y, we have sin (@ + £)= cosa sin B + sip a cos B. 

Q. B.D. 

Similarly, 

cos (« + B) = cos (180° — x + y) =— cos (x + 9), since 
cos (180° — 6)=— cos 6, for any angle 6. But x and y are 
acute agles, whose sun is less than 90°; 
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therefore wos (a + y)= + cos x cos ¥— Sinz Sin ¥" 
=+ sinw“ sin B — cos « cos B, 


Now cos (a + £)=— cos (x + 9); 
or cos (« + @)= cos « cos 8 — sing sin Z. Q. FD. 


4. Extension of the formulas for sin (a + 8) and cos(a + B) to 
all angles without restriction. -- ‘lo show that these formulas 
hold for all angles it is necessary now to show that if either « 
or f is increased by 90° the formulas continue to hold pro- 
vided that they hold for « and B. 

Thus given 

sin («+ 8)= sin @ cos B+ cos « sin B, 
cos (« + 8)= cos « cos B — sin « sin B, 


we wish to show that sin (« + y) and cos (« + ¥) are given by 
sinilar formulas, when y = 8 + 90°. 
sin («4 + y)= sin(« + B + 90°)= cos (a+ 8), 


= cos « cos 8 — sin « sin B, 
but sin y = cos B and cos y = — sin B, whence substituting, 
sin (a + y= cos « sin y + sin «@ cos y. Q. E. D. 


Similarly for cos (a+ y¥), we find cos cosy—sina siny; 
since # and B enter symmetrically in the above formulas this 
proof establishes that « also could be increased or, by an 
entirely analogous procedure, deeveased by 90°, with tho saime 
formulas for the new values. 

This establishes the formulas for any two angles @ and 
whatever. Jor since the formulas have been proved above to 
hold for any two acute angles « and £, the formulas hold for 
‘any obtuse angle and any acute angle since 7, the obtuse angle, 
may be regarded as 90° + 8. This establishes the formulas for 
any angle in I and any angle in IL; now inerease « bys908 
thus establishing the formnla for any two obtuse augles. 
Continuing in this way « can be any angle in any quadrant, T 


to LV, and @ also an angle in any quadrant whatever, and the 
formulas continue to be true. 
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After these formulas are established for all positive angles 
up to 360°, anothcr method of procedure to establish the 
formulas for all positive and negative angles is to note that 
any integral multiple of 360°, &-360° with & a positive or 
negative integer, can be ‘added to any angle without changing 
the functions of the angle involved in our formulas. ‘hus if 
— 8 is any negative angle, numerically less than 360°, the 
functions of «+(— ) are the same as the functions of 
« +(360° — B) which is the sum of two positive angles; but 
the functions of 360°— 8 are the same as those of — 8 and 
after application of the formula the 360° can be dropped. In 
other words in these formulas any integral multiple of 360° 
can be added at pleasure and also dropped at pleasure, and in 
this way the formulas are established for all angles. 


Illustrative problem.—Given sina=.4d5, cos 8 = .68, find 
sin (a -+ 8) and cos(«+ 8). 
sin «@=.45; « can be in I or II since sin (180° — «) = sin «. 
coy¢=4+V1—-1d?= + V.7975 = + 893. 
cos 8 =.68; B can be in I or IV since cos(— 8) = cos B. 
sin B= + Vi — .68? = V(32)(1.68) = + 16 x V21 
=+.16 x 4.58 = + .733. 


sieutaneas tee /euseneniess 


GRR aRa a 
BSOSUUSRECUPESES 
sin a = .46 determines either cos 5 = .68 determines either 
Q@); OF &3 Bi or Be 


There are strictly four probloms, solved as follows: 
ein I, Bin I. ain I, Bin IV. 
sin «¢ =.4d. 
COs ¢ = + .893. 
cos 8 = + .68. 
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sin B= + 138. sin B= — io! 
sin(« + f) sin{u + B) 
= sing cos B+ cos asin B. = 45 x .68 — .893 x .733. 
sin (a + B) sin (« + B) fe 
= 45 x .68 + .893 x .733 = .306— 6355 = — .349. 
= 306 + .655 = .961. cos (a + £) 
cos («+ £) = vos acos 8— sinc sin B. 
= .893 x .68 — 45x .733 — cos(a+ B) 
= 607 — 330 = 277. = .§93 x .63 + 45 x .733 


= 607 + 330 = .937. 


The two columns represent tivo solutions which have the three 
central values, sin ¢, cos «, and cos B, in cormnon, 

The student is expeeted to complete the solution, beginning 
as follows: 


«in Il, Bin L. «in II, Bin TV. 
sin @ = 40. 
cos B= .68. 
cos « = — $93. 
sin B= + .733. sin B = — .738. 


In general work only one case, indicating which solution is 
given. 


5. Historical note. —The formulas for sin(«+) and 
cos («+ f) are closely allicd to Ptolemy’s theorem (c. 150 a.p.) 
that in any inscribed quadrilateral the product of the diagonals 
is equal to the sum of the products of the opposite sides. If a, 
b, c, and d are the sides, in order around the quadrilateral, and 
eand f the diagonals, ef =ac+ bd; in the Greek trigonometry 
employing chords this theorem plays the same rdle that the 
formulas for sin (« + 8) and cos («+ B) play in the trigonometry 
employing sines and cosines. <A great French mathematician, 
Vieéte (15410-1603), the first to use gencralized cocfticicnts in 
algebraic equations, was the first to give these formulas, as 
sin(2u-+ 8) and cos (2 «+ 8) in terms of «+8 and a; the 
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modern form appeared in 1748 in the work of the Swiss matbe- 
inatician Euler. 


PROBLEMS 


1. Given «= 30°, B=45°, find sin(a+) and cos(«+ 8). 
Check by tables. 

2, Given «= 60°, B= 45°, find sin 105°, and cos 105°. Check 
by the preceding problein, and explain the check. 

3. Given sinu= $, and sinf =,%, find sin(a+ 8), when a 
and £ are both acnte; find sin(«+ 8) when « and @ are both 
obtuse; when a is Aye B acute. 

4, Given a and B acute angles, sin“ =.351, cos 8 =.652, 
find sin(«+ B) by the forinula and check with the tables. 

5. Given sin 18° = .3090, cos 18° = .9511, fiud sin 36°. 

6. Given sin 18° = .3090, find sin 78°. 

7, Using the results of problem 1 for sin7h° and cos 75° 
with the data of problem 5, find sin 93° and cos 93°; thus find 
sin 3° and cos 3”. 

8. , What are sin (45° + @) and cos(45° + «) in ternas of a? 

9, Find sin (60° + a) in terms of sin a and cos «. 


6. The formulas for sin (a—B) and cos(a —$).—If B isa 
negative angle, «— 8 comes directly under the « + 8 formula 
as « 4-(— 8); if B is any positive angle greater than 360°, 8 
can be reduced to Iess than 360° by subtracting 360° (or some 
multiple of 360°) without affecting the functions of «— £8 or of 
B; if B is positive and less than 360°, the functions of « — B 
will be the same as the functions of « +(360° — £), since this 
simply adds one complete revolution ts a—f. Hence 
sin (4 — 8) = 

sin (« + 360° — B) = sin « cos (360° — 8) + cos «sin (360° — f) 

= sin a cos (— £)+ cos «sin (— f). 
cos (a — 8)=cos « cos (360° — £)— siu a sin (360° — f) 
= cos « cos (— B)— sine sin (— £). 
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Substituting in these formulas, cos(—6)=cosB, and 
sin (— 8) =— sin 8 we obtain the subtraction formulas : 


sin («— £)= sin « cos B — cos « sin B, 
cos (« — 8)= cos « cos B + sina sin B. 


7. Tangent formulas. — 


tan « — tan 
tan (a+ B)= tane+ tang . tan (cos py ee 


1—tan« tang 1+ tanec tang 
Since sin (a+ 8) = sin « cos B + cos « sin B, 
and cos (« + B)= cos a cos 8 — sin« sin B, 
for all angles cand £, without restriction, it follows that 
for all angles « and B. 


Dividing numerator and denominator of the right-hand ex- 
pression by cos « cos 8, we have 


tan @ + tan B 
ti openbaar Led 
De) 1—tan« tan B 


Similarly, tan (a—~)= ARN SALE! 
1 + tan « tan 8 

8. Functions of double an angle. — The formulas for sin (2+ 8), 
cos (« + 8), und tan (« + B) hold if B =«, whence 
sin (2a)=sin (u + «) =sin u cos w + Cos u sin g =2 sin « Cos @, 

sin (2 «)= 2 sin & cos a. 
Similarly, cos (2 «) = cos? « — sin? «= 2 coste—1 =1—2sin2u. 
By division and simplification, or directly from tan (« + £8), 
tan (2 @)= 2 tan « : 
1 — tun’ x 

Note that whether « be regarded as positive or negative, i.e. 


as obtained by positive or negative rotation, as +a, or 
+ a — 360°, 2@ has the same terminal line as 2«¢ —7 202 
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PROBLEMS 

Notr.— Seo the preceding list of problems, and nse nninerical values 
as there computed. 

1. Given a = 45°, B = 30°, find sin (w — f) and cos (« — £), 
checking by the tables. 

2. Given «= 60°, @ = 15°, find sin(a@ — 8) and compare 
with problem 1, Find tan (« + 8), tan (@ — £), and tan 2 «. 

8. Given sme = } and sn # =,4, find sin (e — £) when 
e and Bare acute; find sin (« ~ 8). when « and £ aro both 
obtuse. Jixplain the result; find sin (a — 8) and cos (« — £) 
when «@ is obtnse and 8 is acnte. Interpret. Find 
tan (« — B), tan (@ + £), and tan 2a for «and Bin IL. 

4. Given a and 8 acute, sin « = .351 and cos 6 = .652, tind 
sin (4 — 8) and check by the tables. Find tan (e ~ £). 

5. Given sin 18° = .3090, cos 18° = .9511, and sin 15° from 
problein J, find sin 3° and cos 3°. 

6. I*ind sin 42° as sin (60° — 18°). 

7. Jixpress sin (60° — a) and cos (60°— a) in terms of fune 
tious of a. 

8. Find the value of sin (60° + a)— sin (60° — «). 

9. Find the value of cos (45° + «)+ cos (45° — a), 

10. Show that sin (@ + 8) sin (a — 8)= sin? u — sin? ZB. 

11. Find a valuc of cos (« + §) cos (a — 8), similar to the 
preceding, 

12. Given tan a = 1.4, find tan 2 «. 

13. Given cos 2 « = .68, find sin a and cos @; are there two 
solutions ? 

14, Given that one line cuts the axis at an angle a such 
that tan « = 3, and another line cuts the waxis at an angle 8 
such that tan 8 = 4, find tho tangent of the angle between the 
two lines by assuming that they intersect on the 2-axis. 
Check by using the tables to find the slope angles of these 
lines, 
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9, The tangent of the angie between two lines. — Given auy 
two lines as y=32%—5, y=—a—7, it is evident by plane 
geometry that the angle between them is the same as the angle 


sesssbecedcenecunssl 


ee boainatees 


Ht / ci cath 


(eis 
HERSHE nioeiaisis 


aspensesee 

SSSGSGECHESE HH /4 

HST iE SEES EH 
Angle between two lines 

Parallel lines through the origin make 

the same asigle. 


f/3 


value giveu by the expression +—. 
> 


hetween y= 2, y= —2, 
lines parallel to these 
given lines through the 
ovigin, ‘Che word “ be- 
tween” implics no dis- 
tinction as to priority of 
either linc; thus the 
angle may be taken as 
cither a positive or nega- 
tive acute angle, or the 
corresponding supple- 
montary angle. Thusif 
the lines were inclined 
to each other at 30°, 
the angle might be con- 
sidered as + 30°, — 30°, 
+ 180°, or —150°; the 
tangent of the angle 
wonld then have the 


To distinguish between the two lines we may say that we 
wish the angle from the line of slope +3 to the line of slope 


— 1, or in the genera) case, from 
the line of slope sm, to the line of 
slope m,; by analogy with our 
use m defining the anglo ywhich 
a line makes with the zuxis, when 
we say the angle which the Jine 
y=—% makes with y=3a we 
mean the angle obtained by re- 
volving the line whose slope is 


Angle between two lines 
d = A, — 92, 0 > Fy. 
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3 so as to make it coincide with the line whose slope is —1. 
Calling the angle whose tangent is 3 (writton tan 3 or arc 
tan 3, meaning the angle whose tangent is 3), @, and the angle 
whosc tangent is —1, @,, we find that the angle # from tho @, 
line to the & line is ¢ = 4, — @. 


tan @ = tan (6, — 6;) = _tan , — tan 4, __ ™,— Me 
1+ tan 6, tan 0, 1+ NjMy 


If the two lines are parallel the angie is 0, hence tan 6 = 0, 
and m,— m,= 0, or m =m, as anticipated; if the lines are 
perpendicular tang becomes infinitely largo, and for finite 
values of m, and m, (excluding Imes parallel to the axes), the 


denominator 1+ m,m,=0, or m,=— —, ze. the slope of a 
my 

perpendicular is the negative reciprocal of the slope of the 

given line. When one line is parallel to the y-axis, its slope 


qm (Or m,) is intinite, but the angle between the two lines can 
be obtained by dividing numerator and denominator of tan ¢ 


BANE | 

by mg (or m), giving tang =—2__, or —— when m, 4p 
— +m, th 
Meg 


proaches infinity, for the tangent 
of the angle made by a given line 
with the y-axis. 


tang = 1 —™ gives the an- 
1 + mm, 


tank 


gle from the m, line to the m HH 
Jime. HH 
If 6, >06,, ¢ is uegative, but HAH 
the formnla @ = 6; — 4, stil) holds. = O— %, 92>6 


10. Functions of half an angle. cos (2«)= cos?a — sin’« for 
all valnes of a. 
a 
Substitute z for 2 a, and - for a 
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x ‘ 04 
_— 32 = — 91))* =. 
cos & = CUS 55 3 3 


Cd 


Ohl case ten 
pews ae GES 2u 
1 = cos ares 5 


g saverquese 
GGeee—4hTeertadé Pease auure coca 


ere 


Vv 
1+ cosa = 2 cos? 5, 


whence 
cos 5H +Vi(1 + cos 2). 


Half-angle relations 


Sinilarly, sin 5 = + V1(I — cos 2). 
“ [1 ~ vos — WOs Z Se cos %)(l — cos 2) | 
“= =+t 
a 2 = \ 1+ cos % — cos? x 


+if zisin I or JI, and — if ais in III or IV; the formula 


—COSZm. : ° 
ome cost is one in which 
2 sin x 


the sin x takes care of the algebraic sign; and so also 


tan == _ sine , both 
7A, 3 


+ COs x 
by rationalization. 


Note that if a is regarded as a positive angle, less than 360°, 
sin 5 is +; but tho same position of the terminal line 


is obtained by x + 360°; - and s+ 180° havo sine and 
cosine opposite in sign, but tan (5 # 180°) = tan 5 Since 


Cos (— x) = cos (a) it must be stated whether 2 is in J or IV, or 
in 1i or III; we. cos x alone docs not locate the angle x. 
If in I is regarded as a positive angle, = is + acute, and 


sin 5 and cos p are positive ; if 2 in I is regarded as a negative 


ay ° > » 36 : 
reflex angle, 238 negative obtuse, and sin ; aud cos 5 are both 


Od 
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negative; in either case tan 5 is positive. Similarly if ¢ is 


taken in IT, III, or IV, the formula takes cure of all positions, 
proper account being taken of the algebraic sign of the radicals. 


PROBLEMS 


Find the angle between the following lines: 

1. y= 3u—5, and y=— 2 — 7. 
y¥=32—5, and y= a —7. 
2y—3a—7=0, and 3y4+42—5 =0. 
38y=5a—5, ard y = 8x2—10. 
oy=HDe—S,e=— 5. 


et ee fs Aad 


sy¥=5a—T,y= 5. 

7. In the preceding 6 problems, fiud the tangent of the anglo 
made by the first linc with the second line, t.e. the tangent of 
the angle obtained by rotating the second live until it coin- 
cides with the first. Why is it that the sense of this rotation 
is immaterial ? 

8. In the above problems check by finding from the tables 
the trigonometric angles involved. 

9. Find the pencil of parallel lines making an angle of 30° 
with each of the lines im problem 1; find the one of the family 
through (— 3, 5). 

10. Find the pencil of lines making an angle of 45° with 
each of the Jines in problem 3; find the particular one 
through the origin. 

11. Find the pencil of lines making an angle of 90° with 
each of the lincs mm problem 4, 

12. Given sin 30° = ./000, cos 30° = .8660, and tan 30° =.8774, 
find sin 16°, cos 15°, and tan 10°. 

13. Find sin74°, cos 74°, tan 74°, using half-angle formulas, 

14. Given sin 45° = cos 45° = .7071, find sin 224°, cos 224°, 

and tan 222°, 
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15. Use sin (a — #) formula to obtain sin 74° and cos 7}°, 
from the functions of 30° and 221°. Compare with problem 13. 


16. Given sin 18° = 5090 and cos 18° = .9511, find sin 12° 
and cos 12°. 


17. From the functions of 12°, compute the functions of 6°, 
and then the functions of 3° and of 14°, using half-angle 
formulas. 


18. Compute sin 14° and cos 14° by the difference formulas, 
taking 14° as 74°— 6°. 
19. Compute the functions of 2° from the functions of 1°. 


20. Find by Interpolation sin 1° and cos 1° from the com- 
puted values of the functions of #° and 14°. Compare with 
the tabular values. 


21. Make a table of values of the sine, from 0 to 45° in- 
creasing by 14° intervals, 


CHAPTER XVI 


TRIGONOMETRIC FORMULAS FOR OBLIQUE 
TRIANGLES 


1. General statement. — Employing elementary theorems of 
plane geometry it is possible to construct any triangle when 
given the three sidey, or two sides and an angle, or one of the 
three sides together with two of the angles; in trigonometry 
the corresponding problem is the numerical solution, not sim- 
ply the graphical, of the types of triangles mentioned. The 
trigonometric solution which has been given of the different 
types of right triangles, with unknown parts, can be applied 
to effect the trigonometric solution of any oblique triangle; 
but in general, these methods do not give convenient formulas 
for computation. As the general triangle is fundamental in 
surveying (note the tcrin “ triangulation”), in astronomical 
work, and in many problems in phiysicy, more convenicnt 
formulas thay those given by right triangles are a practical 
necessity. 

In gencral the laws and formulas of plane trigonometry 
connect directly with proposi- 
tions of plane geometry; the 
effort is to express the inter- 
dependence of the angles aud 
sides in the form of cquations NEES 0 sanESTeceeeaneee 
involving the trigonomctrie func Se eeenEsees ones 

SESS anne 
tions of the angles. oO ean 

The vertices of any triangle 
being lettered A, B, C, it is con- 
venicnt to designate the corresponding angles at these ver- 
tices by a, B, and y, respectively, or by A, B, and C, if no 

201. 


Baise seee 
pescusseseace 
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confusion of meaning is possible; the sides opposite A, B, and 
Caxe (esignated by a, 6, and ¢, respectively. 


2 Cosine law. —If the two sides of a triangle are given, the 
third or variablo side, opposite the angle «, between the two 


EEE GEE TEEEN senauroutestesnsaapssteseetses 
EE ASE HL NUTTER 
tA Se a 
ERLE ace atassatey ateaeneeeeeittageen tra eaaseeeteee 
HE oe 
SEU scceeasteeAGetid ascoeavecten tits net 
SS DNGHaE a epee HEE 


a=b?+c?-—2becosa 


given sides, evidently changes as a changes. Let 6 and c 
yoinain fixed, T.ct AL be the foot of the perpendicular from 
C upon AB; then AJ=—b cose, for any angle « when the 
direction A#} is taken as positive. Further in every position 
MB= AB- AM=c—b cosa, 
for in every position AIf+ MB = AB. 
The altitude AC =h=b sina. 
Hence, BC’ = MB? + MC 
= (c — b cos «)? + (b sin a)? 
= — 2 be cos « + 67(cos*? a + sin? a). 
v=+c?— 2 de cosa, 
SEMBLE All limitations upon «@ are removed hy 
sueapaabe the different types of figures. Hence 
for any agile a, 
rH a? = b?+ c?— 2 be cosa 
PAT eee gives the length of tho side a, opposite 
MErallinercrsideee a, in terms of the other two sides and « 
Boneeietintionres Since a and « may represent any side 


and the opposite angle of any givon tri- 


angle, 6 and c being the other two sides, our formula inay be 
stated as follows: 
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The square of any side of a triangle is equal to the sum of the 
squares of the other two sides less twice their product into the 
cosine of the including angle. 

Or, The cosine of any angle equals the difference between the 
sum of the squares of the two including sides and the square of 
the side opposite, divided by twice the product of the including 
sides. 


If a, b, and care the sides of any triangle, with «, B, and y 
the corresponding ies angles, we have the following 
relationships : = bt + & — 2 be cos «, 

eat gr Zac cos 8, 
2 =a?+ b?*—2ad cus y; 
G2 + ce — QQ? : 
2 be 
Ce Gi UF 
2 ac 
a + UV — 
2 ab 


or cos «= 
cos 8B = 
COB y = 


3. Cyclic interchange.— Any formula which has been de- 
rived, without imposing any limitations upon a, b, ¢, a, B, or y, 


connecting a, b, c, and trigono- Mintalaiaia aia Gaal alae 
metric functions of the angles a, [TT] ae 


B, and y, will continue to hold if . 
a and } and, at the same time « +H 
and £, are interchanged ; or if (° IL 
b b ts ag 

4 to and 
arg changed to a" {3 a q 
c } . ; BG 
to y) Such changes effect Ht eet tt td 


simply a re-lettering of the figure. Cyclic interchange 
The change of a into b, b into ¢, 

and ¢ into a is called a cyclic interchange of the letters a, 0, 
and c. Note that cyclic interchange gives the second formula 
from the first, and the third from the second. 
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In the figures, « in the first is chosen as an acute angle, but 
this limitation is removed by deriving the same formulas for 
aa right angle and for « an obtuse augle; ¢ is taken as 
longer than 0, but interchanging } and ¢ in our derived for- 
mula leaves the formula unchanged; assuming 0 and c equal 
woud involve no change whatever in our proof; and if J 
‘is assumed greater than c, a fourth figure can be drawn in 
which 23£ falls beyond B on AB produced; but the formula 
a =b'+ ¢ — 2be cos w remains the sainc, as the student may 
easily verify. 


PROBLEMS 


In the following problems use .866, .707, and .500 for the cosines of 30°, 
45°, and 60°, respectively. 

1, Given db = 140, c= 230, « = 60°, compute a. Refer back 
to the section on extraction of square root, page 23. 

2. Compute a when a= 30° and 48°, 90°, 120°, 135°, 180°, 
when 6 = 140, c= 230. 

3. Given @=155, c= 234, B=35°, compute 2. What 
changes in U are effected by changes of + 10’ in B? 

4. Given a = 155, c= 234, compute B when¥’=172. What 
is the maximum change in # which an error of + 4 unit in a, 
b, and ¢ could introduce, 8 being computed to minutes? ‘Take 
155}, 2343 with 1714; take 1544, and 2344, with 1724. Note 
that (1554)? and (1541)? differ from (155)? by about 155; 
similarly with the other values; if the squares arc found by 


logarithms it is well to look up log 155.5 and log 154.5 at the 
same time as log 155, ete. 


5. In problem 1, find cos #, and then %, taking for a the 
value obtained there. 

6. In problem 1, find cos y and y, using the computed value 
ofa. Check by summing 8 and y with the given angle. 
7. Given a= 200, b= 150, e= 300, find « What change 
iu would a change of +1 in @ effect? Suppose that a, b, 
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and ¢ are given only to two significant figures, i.e. @ is between 
195 and 205, 6 is between 145 and J55, cis between 295 and 
305, compute @ and discuss limiting values. 

8. Compute the third side in the following 5 problems, using 
Jogarithins for squaring ; time yourself in the exercise. Fifty 
minutes should be ample time for the 5 problems; devise a 
convenient form und use it in each example. 

a. Given a = 366, b = 677, y = 15° 10°. 
b. Given « = 423, c = 288, B = S5° 15’. 
e« Given b = 627, c = 816, « = 100° 41’. 
d. Given a = 635, ¢ = 341, B = 67° 38°. 
e. Given c= 184, ) = 295, «= 130° 54’. 


4, Sine law.—A circle may be circumscribed about any 
triangle; let the radius be designated by /?. ‘The figure shows 


peel Tr 
poasaeuasicese 
tt ao 
nee toouaeape4 
edee 


: @ b (s 
Sine law: = ——_ = — 
sina sinB siny 
that if 4 is an acute angle, sin pa es if @ is 90°, this 
kK 2h 
formula is still true, as @ equals 2, and the formula gives 
: : a 
sin 90° =; if a is obtuse, the figure gives sin (180° — a)= aR 


whence sil @ = bee 
Pa i 
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Therefore without any limitation whatever upon «, 


sin @=——; 

2K 
H interchange of letters gives 

He Rus By 

roe: Sea OAT 
zk and sin y= abe) 
2 it 

Whence 
Da hla ayy hal 5.9) FF) 
oo cscaeaucouesuesas Sin a sin B SI n Y 


This formula states that in any 
triangle the ratio of the side op- 
posite any angle to the sine of that angle is constant, and this 
ratio is numerically equal to the diameter of the ‘circumscribed 
circle. ; 

Further, <= me = a or the ratio of the sine of any 
augle to the side opposite is constant. 


Sine law: a obtuse 


Note that if 2 /@ is regarded as the chord of 180° of the 
circlo in which the triangle ABC is inscribed, the proposition 
states, in effect, that in any circle any chord is proportional 


to the sine of the inscribed angle which intercepts the arc of 
the chord. 


The formula may be stated : 


sin _sin8_siny_ sin 90°_sin30°__sin 4° 
a b C 2H Te chordie) 


all of the chords being chords of the circle circumscribed about 
the triangle. The ratio of the sine of any central angle in.a 
circle to the chord of double the angle can readily be shown to 
sh 
be constant, TR 


9. The sine law historically. — ‘The sine law was discovered 
by an -Avabic (Persian, by birth) mathematician, Nasir al-Din, 
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at-Tusi, who Jived 1201-1274 a.nv. To him we owe the first 
systematic treatise on plane trigonoinetry, an achievement made 
possible by the combination of the Greek trigonometry using 
chords with the Hindu trigonometry employing sines. To 
Europeans the sino Jaw was communicated by the great Ger- 
man mathematician and astronomer, Regiomontanus, in his 
work on trigonometry, De Triangulis, the first published sys- 
tematic treatise ; it was published at Nuremberg in 1539, many 
years after the death of Regiomontanus, who lived 1436-1476. 


PROBLEMS 

1. Given ¢ = 150, = 200, a = 30°, find sin 8 using natural 
functions. 

2. Given «a=150, «=30°, B=45°, find b, using natural 
functions. 

38. Given a= 150.4, b= 214.3, «= 31° 10’, find sin 8 employ- 
ing logarithms. 

\ 

4. Given a=150.4, a=31°10', B= 44° 16', tind b by loga 
rithmic computation. 

6. In the formula, a@=—b?+c?—2be cos a, substitute the 


values as given in problem 1 and solve for c. Note that there 
are tio solutions. What is the explanation ? 


6. Time yourself in solving the following set of 6 problems, 
applying the sine law; make a type form of solution and use 
it in each problem. Thirty ininntes should be sufficient for 
the G problems. 

. Given a = 366, b= 677, a=15° 10". Find sin B and £. 
. Given a = 423, c= 288, y= 35° lo’. Find sine and «. 
Given a = 627, «= 100° 11', B=43°15'. Find b. 
. Given 6=$16, B= 67°18’, y=34° 9’. Vind ec. 
Given c= 635, B=130° 11’, e=20°12'. Find d. 
Given b= 281, u= 40° 10', 8B=385° lo". Find «. 


MWe & 2 oO 2 
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6. Half-angle formulas. — As the eircumseribed circle has 
yiclded a formula of great value trigonometcically the in- 
scribed circle may be examined trigonometrically with the hope 
of « similar rosult. 


CH §«=—The Lisectors of 
HEGEL PEEESTEELELEEEEHEZ/_zn}] the three angles of 
HEHEHE CHH © the triangle meet in 
HEHEHE SHE © point which is the 
de BE SSETEREESEEREES 9A yi HH Pp 
B EeeEetitstenn taste caancee nace PA YSW ETON. Hip. 
ESUESSEECEOSEESEER SEBEE8 Ae ur,eonaya 4 uw “ Sok ; 
CHEE] scribed circle; let 
BOSE He et this circle be drawn 
HEEL aud let Z, 3f, N, be 
Ha atta] | the seis Ge Ue 
Suscussaqrseaualee sessepoccecnse tment r the 
TH aiontaeE avira] | SCY “en 
Sedp Oc WieClaniad suntv /esteecstaesatsees AM = AY, 
serRaaasbassSbesediscahvas ssticssaaractacs see RE IBNG 
OL = OM = ON =7, radius inscribed circle Gih=10 50 


being tangents from an exterior point. Evidently the six 
seginents mentioned make the perimeter, 2 s, of our triangle; 
2s=a+b+c; adding above we have that 


AM+ BL+CL=AN+ BN+ Cil=s, 
but BL + CL=a,and BN+ AN=c¢; 
whence A)f=s —a, Cl’ =s—c, and similarly 
BN= BL=s—b. 
ON = OL= OM =r. 


1 a 
tan Ae lao Dez us ; tan a ee 


7. Area.—JIn the preceding section the area of the given 
tnangle is easily determined in terms of r and s, for the area 
equals the sum of the three triangles on a, 6, and c as bases, 
each haying the altitude r, .«. 4=— dr(atb+o=—rs. 
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However, if the three sides are given, this formula does not 
enable us to determine r without using a further formula to 
determine A. 

A=jbesina=acsin B= }absiny. 
This type of formula for the area is applicable when two sides 
and the included angle of a triangle are given or found. 


A=4 besin « can be combined with cos a= meee in such 
C 


aft 


a way as to eliyninate «, giving A in terins of the three sides. 
AP = $ 0%? sin? « = 4. b%c? (1 — cos? «), 
= } bc? (1 — cos «)(1 + cos a) 
eh: 2 == (ay? 
ars eer “y+ + ¢2 2) 


4 2 be 2 Uc 
_ et /ur? — U2? +2 be —c\ (U2 + 2be+ 2 — a? 
etl 2 be 2 be 
__ va? — (b — c)?][(6 +)? — a] 
‘ 16 Uc? 


_ (a—b+c)(a+b—c)U+c—aj(b+e4+a) 
= 5 


2 A 4 . 2 


But atittos, and ee ee ete. 


The above formula for A? may be written, 
A? = s(s — a)(s — b)(s — ¢) 
A=va(s— a — b)(s—c). 
(s — eh — b)(s— ¢) 
Further A =rs, whence r =— = 
This value of + is employed with the half-angle tangent 


formulas of the preceding article to determine the angles of a 
triangle when the three sides are given. 
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8. Newton’s check formula. — A formula which involves all 
of the sides and all of the angles of an oblique triangle js 
particularly desirable as a check formula to be uscd upon the 
results obtained hy direct application of the siuc law or ina solu- 
tion obtained by right triangles. Such a formula was devised 
by Sir Tsaac Newton and appeared in his Arithmeticu untversalis 
of 1707; our proof follows the lines of that hy Newton. 


seaeecreveeetitay 
etay4eel hcfole[e|etebeeteteteteiate lars petsialsleteteiatelela] 
RPOBAB HAO IGS og 
stele telet] ots telafetalatetetst=tetotngal 
Beoe 
Let ABC be any triangle; 
from C draw the bisector CE of the angle ACB or y; 
extend BC to F, making CF=CA=1); 
AP is parallel to CE, by plane geometry ; 
angle Cr'd = angle BCH = 3 y. 
Now angle BAF=«4+}y7=90° —14(u— 8), 
since tao+}$PB44y7=90° 
Applying the sine law to the triangle BAF, we have the 
desired formula: 
a+ b_ cos#(a — B) 
c sind y 
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By drawing the bisector of the exterior angle, and drawing 
a parallel froin A, a second useful check formula is obtained: 
a—6_sin}(a—8)_ 
c cosly 
Noting that $y=90°—2(«+ @), division of the second 
equation by the Newtonian, member for member, gives 
a—0_ tan3(a—f). 
a+b toni(at+f)’ 
this symmetrical formula is known as the tangent law. 
Cyclical interchange gives in cach one of the above two 
corresponding formulas. 


9. Historical note. — The formula A =-V/s(s — a)(s — b)(s — ¢) 
was first given by Hero of Alexandria, first century a.p., 
a teacher of mathematics and mechanics in what was probably 
a kind of technical school ut Alexaudna in Egypt; itis called 
Hero’s formula. 

An extension of this formula is given by Bhaskara, a Hindu 
mathematician of about 1000 a.p. Bhaskara’s formula gives 
the area of any quadrilateral which is inscribable in a circle, 
i.e. With the opposite angles supplementary, as 


=<V(s— a)(s ~ b)(s —c)(s — dd). 


Yhe triangle may be regarded as a special case with d = 0. 


10. Reflection and refraction of light. — Rays of light, like rays 
of heat and sound and elec- fineeicitl 
tric rays of various types, HhtdtH 
travel in straight lines from 
the source. Rays of light 
emanating from the sun 
travel in nearly parallel 
rays, since the point of con- 
vergence, the source at the 
sun, is at so great a dis- Reflected ray travels shortest path 
tance from the earth. A ray of light which meets a polished 
plane surface, a mirror, is reflected at an angle which is such 
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as to make the total path from the source (7) to the reflect 
ing surface and then to a second position (/?) the shortest 
possible. J.S7 is the shortest distance from L to S to Timi 
the angle of incidence 7, made by the original ray with the 
normal, to the surface at S where the ray strikes, is equal to 
the angle of reflcetion r, Evidently L522 = LSK'; the straight 
line joining Z to 72', a point symmetrically situated to 2 with 
respect to the polished surface, is shortcr than any other line, 
for any other broken line LS’R= LS'R’ is greater than the 
straight line LSJ?' and hence greater than LS Zt. 

If the ray of light meets, not a polished surface but some 
transparent medium, other than that im which the ray is 
traveling, the ray of light is not continued in the saime 
straight line in which it starts but it is broken, or refracted, 
continuing on its path in a straight line which makes a differ- 
ent angle with the normal than does the original, incident ray. 
It is found by physical ex- 
periments that the angle of 
refraction, the angle of the 
refracted ray with the nor- 
mal, bears a simple relation 
to the angle of iucidence, 


BSSEe! 


aoe B | 
seecaeperpescnae 
@ BeRa 


Sint : 
=a = k, wherein & depends 
sin 7 
aecomese 
Relicad eee upon the nature of the two 


incdia through which the 
light is passing. Thus for a ray of light passing from air, a 
rarer light medium, to the denser water tho valucof & is 4, 
sin¢ _4 
sinr 3 
A stndent who thoughtfully examines this formula will be 
reminded of the sine law, which does indeed give a very simple 
construction for the refracted ray when the constant / is known. 
Let two concentric circles be drawn whose radii bear to 
each other the ratio, 4, of the index of refraction. In the 
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Agure the ratio is taken 4 3, the index of refraction for light 
from ‘ir to water. Extend J,0, the incident ray, to L', cutting 
the circle of smaller radius. rom Z' drop a line parallel to 
the normal ¥'O to cut the larger circle in 2, Connecting I? 


arene 
EHH 


es 


a 


ayant 


5 Wt HoH 
gaan 


LO is the incident ray; OR is the refracted ray 


with O gives the refracted ray. In the triangle OZ'I, the 
COL'R = 1§0? —%, and the £ OV L'= 27, of refraction; by 


the sine law 
sin (180° ~7) _ sint_ 4, 


sin r sinr 3 


From water to air the index is 3, it being found that if the 
refracted ray is replaced by an original ray, this new ray 
in the second medium will be refracted along OJ, the path of 
the incident ray with which we started. 

The construction for the refracted ray in air for a ray of 
light emanating from the water, 720, is entirely similar to the 
preceding. JO is extended to J?’ on the larger circle. From 
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R'a payalle) R'L is drawn to the normal to cut the smaller 
circle. OL is the refracted ray. 

Evidently if sin r= 4 sin é, sin 7 is 
always less than 3. If a ray of light 
starts fromm any point within the arc 
Sseescese A'?’ wherein 7 is the intersection of 
NETH the vertical tangent to the smaller 
circle with the larger circle it cannot 
be refracted into the air ut O, and the 
whole light is reflected at O. This 
property of the light rays is utilized 
Glass reversing prism in certain spectroscopic work, Thins in 
Index of refraction 3 the case of a glass prism, index of re- 

Angle of incidence,45". fraction 3, if light strikes the plane sur- 
ane hs, Sat face at an angle of incidence greater than 
Sieger. 41° 48', since sin 41° 48'= .6666, or 2, 

al] the light will be reflected; this type 
of prism is used in projecting lanterns. 


ATTA 131) 


PROBLEMS 


1. Givena=9,b=14,c=19, find the area of the triangle, 
using Hero’s formula. 


2, Givena=9,b=14,c=19, find «, using the cosine law, 

3. Givena=9, b=14, c=19, find the area by the formula 
A=} dc sina. ) 

4. Given «=9.34, 6=14.31,c=19.27, find the area by 
Hero’s f:rmula, using logarithins. 

5. Givena = 9.34, b = 14.31, c= 19.27, find « by the cosine 
Jaw, and then find the area using the formula involving sin a 

6. In the tivo triangles above find 7, the radius of the in- 
scribed circle, using r-3 = A. 


7. In the two angles above find tan 7 @, tant B, and tan } y, 
using the half-angle formulas. Find the angle sum in each 
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8. Draw circles with radii two inches and three inches and 
show how to construct the refracted rays of light passing from 
air into glass at angles of incidence of 30°, 45°, and 60°. 


9. For what angle will a ray of light passing from glass 
into water be reflected, and not refracted? The index of re- 
fraction of light passing from glass into water is 8. Draw the 
figure. 


10. Find theangle of refraction of rays of light passing from 
air into water, + =J1.33, when the angles of incidence are 
31° 15’, 87° 18’, 44° 25’, 67° 10’, 83° 15’. For which of these 
angles is the course of the ray changed by the greatest ainount ? 

11. Suppose the rays in probleyn 10 to pass from air into 
glass, solve for the angles of refraction. 


12. Construct two of the figures in both problems 10 and 
11, and check graphically the results obtained above. 


CHARTER ANVU 
SOLUTION OF TRIANGLES 


1. Solution of triangles given two angles and one side: caf 
type. — With surveying instruments the simplest method of 
locating the distances from two fixed points to a third imacces- 
sible point is to determine the leugth AZB and the angles « and 
B, at A and B respectively, wherein 4 and B are two points 
from which C is visible. Using the sine law, 


Qa b ¢ 
. => SS eee 
sing sinBosmny 


ae ¢ 
we select the equation —— = 


sine sin y’ 
¢ 3 é 
ata li since in cach of these only one unknown 
sinfB siny 
Ce a) 


quantity appears. The third equation ——— =—-~-., not in- 
sne snp 

dependent of the other two, is used as a partial check upon 

the computed values. As a more complete check use Newton’s 


formula, a+b_ cos4(a— £). 


‘ >3)) 1 
C Sin vy 


or 


This form of triangle appears in the classical problem, whose 
solution by plane geometry is ascribed to one of the seven wise 
men of Greece, Thales of Miletus, sixth century u.c. The prob- 
Jem is familiar to the surveyors, being used in determining 
distances across a streain, or to an inaccessible point. ‘The 
astronomer has the same problem in Jocatiug the distance of 
fixed stars using two observations, at different points in the 
earth’s orbit, of the angle made by lines from the earth to the 

266° 
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star and to the sun; for simplicity, the two points of observa- 
tion may be considered as taken at the extremities of the 
diameter of the carth’s path. 

In locating’ batteries by the sound waves this type of 
triangle is employed; two or three observers at different 
points can locate an enemy battery by this method within a 
radius of fifty feet or thereabouts. 


2. Type form of solution: caB type. — The form of the solu- 
tion is important; follow the given form closely. 
Given «= 65° 11', B = 38° 24' ¢ = 175 feet. Finda and b. 


i en (wrilten Crom the formula a » Which 
Gn sm@ siny 


should not be set down), 


¢ sin peeaaasin 
5 


iny sin a : 
Aza be sina LS Sin esin B H 
ey 2 siny aaaee 
“ = 65° 11’ sins 
B = 38° 24 oH 
vi== 76° 25' Two angles and a side given 
log ¢ = 2,2430 log c = 2.2430 
+logsine = 9.9580—10 + logsin@= 9.7932 —10 
12.2010 — 10 12.0362 — 10 
—logsiny= 9.9876—10 —logsmy= 9.9876 —10 
log a = 2.2134 log 6 = 2.04186 
a = 163.4 b = 115°3 
log a = 2.2134 log 2 = 4.45860 
+logsin@= 9.7932 —10 +logsinw= 9.9580 — 10 


12.0066 —10 +logsinB= 9.7932 —10 


—logsina= 9.9580 — 10 14.2372 — 10 
log b = 2.0486—10 —logsiny= 9.9876 — 10 
But log b= 2.0186 by above log2A = 4.2496 


gAr= 17,760 


computation, which chocks. 
A= 8880 
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The check which wo have used is ouly partial as an error in 
y or sin y would be carried through the work without showing 
up in the check. ‘he Newtonian forinula gives a real check 
upon the computation. 


a+b_ cos}(«—8), 


Check. ; tate 
a+b=275.2 log(a+) = 2.4396 
log c = 2.2430 
1966 
a— 8=26°47' log cos4(a — £)= 9.9880 
y= 76°25" log sind y = 9.7914 


1966 which checks. 


Notes. —The whole form of solution is placcd on paper before the 
logaritlims are inserted, Jxce the given angles in vertical coluunn and 
obtain the third angle by noting the angle which added to the given 
angles makes 180°; thus, here note first that to complete 11’ and 24! to 
1° takes 25’. Add thls 1° Lo the 8° and 5°, the units of oar given angles, 
making 14°; complete by 6°, which is written in its proper place, to 20°, 
Carry tho 2 tens, to the tens, making 11 tens, or 110°, requiring 7 tens 
(written in the proper place) to complete to 180°. 

Look up loge, ze., log 175, writing this immediately in all places 
where it occurs ; for the area, it is simpler to calculate 2A and divide by 
two than to divide by subtracting log 2 in the work. log c? = 2 loge, 
which is set clown in its place. Finish, as fur as possible, with the logs 
of numbers before taking up the logs of trigonometric functions. 
log sin 65° 11/, log sin 38°24’, and log sin 76°25’ should be found in the 
order in which they occur in the tables, to avoid useless thumbing back 
and forth; any vaiue found should be immediately inserted wherever 
it occurs in the form. 


PROBLEMS 


1. Provo the sine law by using perpendiculars dropped from 
& vertex to the opposite side. 


2. Given c= 350.4, a = 36°14’, 8 = 100° 24’, find U and a, 
by the sine law. 


3. Given a = .02504, « = 36° 14', B = 100° 24’, find 0b and ¢, 
by the sine law. 
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4. Solve completely the following 5 triangles; take the 
time of your solutious; write the complete form of solution 
for each problem, in turn, beforo inserting any logarithms. 
The five problems should bo completed within one hour and 
20 minutes using the rough check by the sine law. As a 
separate exercise check all by Newton’s formula, timing 
yourself. 


a. & = 627 o = 100°11' B = 13° 15! 
v. b= 816 B= 67? 18! y = 34° 09! 
c. ¢ = 635 B= 130° 14! a = 20° 12’ 
d. b= 284 aw = 40°10! B= 35° 15’ 
e. a= 366 um = 15° 10’ 6 = 95° 14’ 


3. Given two sides and the angle opposite one: aba type.— 
Given b, #, and a to construct the triangle geometrically. AC 
is laid off of length J and the line 4X is drawn so as to make 
ZCAX=«. Since a must lic ened to, «, w is taken as 


Given two sides and the angle opposite one 


Tho side opposite the given angle must always ve greater than, or equal 
to, the corresponding altitude, 


radius and with C as center an arc is swung to cut the side 
AX. Since the shortest distance from C to AX is the Jength 
of the perpendicular CV, if a is given less than this perpen- 
dicular there is no solution. If a@ is given equal to the per- 
pendicular there is one solution; if a is greater thav the 
perpendicular the are cuts AX in two points, but unless a < D 
the one point of intersection to the left of A will not repre- 
sent a solution. The perpendicular is of longth 6 sina; if « 
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is equal to or greater than 90°, there will be one solution if 
a> b, and uone if a < 2, for the greater angle lies opposite 
the greater side. By plane geomctry then, we have the fol- 
lowing scheme, indicating whether one solution, two solutions, 
or no solutions are possible. 


a > 90°, a < b, no solution. 

« > 90°, a > B, one solution. 

“a < 90°,a < bsin «, no solution. 

a < 90°, a=b sin a, one solution. 

« < 90°, bsin« <a < J, two solutions, 
a < 90°, a > db, one solution. 


Trigonometrically, by our formulas, we would arrive at 
these facts, bnt a student who is not able to observe the 
geomctrical relationships is not likely to be able to interpret 
the trigonometric formulas. When the sine of an angle is 
given, the angle may be either in I or LI, « or 180°—a@ if wis 
cither angle which satisfies the relationship. Then, 

sin 3% sin @ 
a 


if a<b sin«, sin B will be greater than 1 and there is no 
angle satisfying the relationship, if a>b, «> £8 (greater 
angle, greater side opposite), aud only the acute angle B can 
be taken; if a < b, both values of 8 can be taken. 


¥ sina. 


, gives sin B= : 


PROBLEMS 


1, Given «=30°, a= 150, b = 60, 70, 75, 100, 150, 180, and 
200 respectively ; draw the figures and determine the number 
of solutions in each case. Solve for 8 in each ease where it 
is possible. 

2. Given ¢ = 90°, a= 150, b = 75, 100, 150, 200. Discuss. 

3. Given @=150, b= 75; « = 20°, 30°, 45°, 60°, 80°, 90°, 


120°, 150°. Discuss the solutions, geometrically and trigono- 
metrically. 
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4. Solve the following cight problems, having one or two 
solutions, and time yourself. Use the following form of solu- 
tion. The cight problems should be completed within one 
hour. 

a. Given a= 366, b=677, «=15° 10'; solve for p. 

sin B = b- sin « ; 


log b= 
+ log sing = 


or simply B= , if there is only one solution. 


b, Given a= 423, c=288, y= 35° 15’; find a 

ce. Given b= 376, c=804, y=68° 20'; find Z. 

ad. Givenb=630, a=830, «= 98° 56'; find Z. 

e. Givena=67.2, ¢=40.4, y= 24° 49’; find «. 

f. Given b = .0188, ¢ = .0196, y= 100° 14’; find p. 

g. Given @ = 504.2, c= 1763, « = 12° 39'; find y. 

h. Given b = 3,245,000, ¢ = 2,488,000, 8 = 80° 28’; find y. 


4%. Type form: aba type with two solutions. — 
Trorm of solution when two solutions are found. 


Given a = 187, b = 235, «@ = 37° 15’. 


: in «& sin in 
sin 3 ee SINy oe check, ¢ = os: 
a Sin gin £ 


Or Newton’s check formula, 


b+a_ cos} (8 —«). 
Cc Sindy — 

log b= 2.8711 
+logsina= 9.7820 —10 
12.1531 — 10 
—loga= 2.2718 ___ 
log sin 8 = 9.8813 — 10 
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fy = 49° 33’ Be = 130? 27' 
w = 87° 15! & = 37° 15! 
Ry = Vomle. v2 = 12° 18! 
loga= 2.2718 loga= 2.2718 
+ log sin y, = _ 9.9098 — 10 + log sit. yz = 9.38284 — 10 
12.2711 — 10 11.6002 — 10 
— logsin @ = 9.7620 — 10 —logsing = 9.7820 — 10 
log c, = 2.48901 log cz = 1.8182 
c; = 308.4 Cq = 65.8 
logu= 2.8711 log b= 2.3711 
+ logsinyr = 9.9993 — 10 + log siny, = 1.3284 — 
12,3704 — 10 11.6995 — 10 
—logsinf; = 9.8813 ~ 10 — log sin B, = 9.8813 — 10 
loge; = 2.4891 log ¢2 = 1.8182 
Compare with values for log q (and log @) found above. 
2 A; = absin y; 2 Ao= ab rin 2 
log a = 2,2718 log a = 2.2718 
+ log b = 2.3711 log § = 2.3711 
+ oa sin 7, = 9.9993 — 10 log sin y2 = 9.3284 — 10 
log 2.A, = 4.6422 log 2d, = 3.9718 


5. Given two sides and the included angle: type aby.— The 
method of solution here given is the solution by right triangles, 
since that involves no new formula and no greater amount of 
computation than the common solution employing a new tan- 
gent formula; the tangent formula is given in Section S of the 
preceding chapter. 

Solution by right triangles. 


Given a = 280, ¥ = 35, 
b = 240, “= 
E= 


h=u sin 35°, 


ee bdRedeees saccessateraaeteneeses tent 


secscacueae ESGRSSEETES ae 1 
enene porous sesesescene suearasatese 


Sreistiseuseeteeee 


LS naeS z= a cos 35°, 


z= b —a cos 35° 


tan @ = 2 1 86" any d sin y 
20 MeL ; check, c =———_‘ 
z 6—acos 3 sin @ sin B 
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2A=absiny 
log @ = 2.4472 
log sin 35° = 9.7586 — 10 
log h = 2.2058 
— log z = 1.0258 
log tan « = 1.1805 
m = 86° 13/ 
B = 58° 47! 
log @ = 2.4472 
+ log sin-y = 9.7588 — 10 


2.2058 — 10 Cheek. 
— log sin « = 9.0890 — 10 
log c = 2.2068 
c=161.0 


log 6 = 2.3802 
+ log a = 2.4472 
+ log sin y = 9.7580 — 10 
log 2 a = 4.5860 
2 A = 38550 
A = 19270 
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log a = 2.4472 


+ log cos 85° = 9.9134 — 10 


log x = 2.3600 
= 229.4 
z=10.6 


log b= 2.3802 


+ log siny = 9.7586 


12.1388 


—logsing = 9.9821 


logc= 2.2067 


This problem also occurs frequently in surveying. It 
permits the determination of the direction and length of a 
tunnel through a mountain by means of the location of some 


point from which both ends of the 
proposed tunnel are visible. The dis- 
tance and direction from a given point 
to a sccond point, past some barrier, 
are determined by this method. Thus 
the distance from J$ to C through 
woods can be found, if some point can 
be located from which both C and B 
are visible. The distance and direc- 
tion to invisible points are constantly 


a 
a 
; 
a 
a 
a 
a 
s 
es 
3 
a 
a 
N 


Distance across 4 barrier 


needed in artillery fire; another method of finding distance 
and direction of tho target is that of finding an observation 
point from which both the gun and the target, invisible at 


the gun, are visible to an obsorver. 
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PROBLEMS 


Using the form of solution above, solve for the side opposite the given 
angle. 


1. Given a= 3346, L=497%, =38°10". “Find. 

2. Given b=4.882, c=S$.973, u=108°66'. Find a. 

3. Given a=.0485, c=.0682, B=58° 38’. Find b. 

4. Using the form of solution given above, find the side 
opposite the given angle in the following five problems; time 
yourself, and compare with the time for the saine five problems 
solved by the cosine law (page 250). 

a. Givena=366, b=6i7, y=15° 30’. 

b. Givena=428, ¢=288, B=3° 15. 

c. Given b=627, c=816, «=100° 41'. 

d, Givena=635, c=S41, B= 67° 38". 

e. Given c=J84, Y=295, «=130° ot! 


6. Discussion of checks and methods.—The procedure by 
logarithms as with physical measurements involves numerous 
approximations. That two values of log c, in the check and in 
the solution, or by two different inethods of solution, do not 
agree precisely is a frequent result of correct computation. 
However, the disagreement will be within certain wel)-defined 
limits, depending entirely upon the range (number of places) 
of the logarithm tables which are used both for numbers and 
for angles; the tabular difference should be noted, mentally, 
and any discrepancy between check and computation should 
be examined as to its effect upon the value of the computed 
quantity. Thus no error in our computation (page 273) accounts 
for the difference between log ¢ = 2.2068, and log ¢ = 2.2067, 
nor does this here affect the value of ¢. However the 
angle of 86°13’ is so near to 90° that the tangent grows very 
rapidly ; the tabular difference here is large, and inight easily 
affect our result, through the inevitable inaccuracy of ordinary 
interpolation in this neighborhood. 
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7. To determine the angles of a triangle when the three sides 
are given; abc type. — 


lL r (EE 
tan —« = —.,/(8 — a) (8s — b)(s — ¢) 
¢ $—4 r= 8 
tantg=—” pe athte 
‘i s—b oa 2 
tans y= A=VS3s(s— a)(s— b)(s—C)=7'8 
fan Check. a= 
z eee 
C= oe 
23= “+pty= 
oe log (@ — a) = 
- + log (s — 5) = 
8S—a= 
+ log (s—c) = 
s—b= —————— 
— logs = 
s$—ct= lane 
Check by noting sum of s—a, e <a 
s— 0, s—e which equals a, Ta 
logr = logr = 
— log (3 — @)= — log (3 — b)= 
log tan}a = log tan3p = 
$e= }p= 
G= = 
logr= log r = 
— log(a —c) = log 3 = 
log tan hy = log A = 
hy= ai 
vi 


Complete the solution of a problem of this type, form as 
above, taking a = 4320, b = 6840, and c= 8630. 


TIMING EXERCISES 
1. Employing the form of solution as above, solve tho follow- 
ing four problems for the angles «, 8, and y, timing yoursolf; 
write down the complete form necessary for the solution of 
each problem before using the logarithm table. 


b = G40, 


c= 590.. 


a. Given a= 320, 

b. Givena=44.8, b=176.2, c=70.4. 
ce Givena=449, b=8S87T, c= 9.13. 
d. Given a=.0624, b=.0688, c=.0731. 
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2. Solve the following four probleims for «, £, and y, taking 
note of the time required. 


a. Given «= 320.4, b = 640.6, c = 580.4. 
db. Given a= 3482, b= 7461, c= 5395. 
ce, Givena= 1,835, b = 2,346, c= 3.045. 


d. Givena=143x10*, 6=2.34%x10%, c=2.87 x 10° 
3. How would the solution of problem 2 @ be changed if a, 
b, and ¢ were given ag 1.43, 2.34, and 2.87, respectively ? 


PROBLEMS 


‘ype problema. Solve for the other parts; make a note of the time 
required for the solution of each problem. 


a L ¢ 7 B y A 

1. 8294 6788 Somel On 

2. 8294 6788 33° 15' 

3. 8294 6788 33° 15! 

4, 8294 6788 9645 

5. 8206 33° 15’ 67° 25! 

6. $206 BEDI (yOUet 

7. 8206 6009 133° 15! 

8. 356 235 64° 10’ 

9, .03267 O5431 63° 40' 
10. 83 x 10°, 67 x 10% 54 x 108. 


11. Given two forces of magnitude 384 and 276 acting at an 
angle of 38° with each other. Find the angle which the re- 
sultant makes with the larger force and the magnitude of 
the resultant. Note that the 
problema js simplified by re- 
garding the line of the larger 
force as an axis of reference ; 
the second force adds to this 


(ITI IT TTI TIT TT TTT yy 
BEneenn ab suseeesAnpSeReeetescacds ae 
FerAsese seare 


EERE ESE Sere 
seEspuats araait 


Resultant ey iwolforces a component 276 cos 38°; the 
vertical component is 276 sin 38°; tang =—~/08in 38" _. 
384 + 276 vos 38°" 


the magnitude of the resultant, 7, is by the swe law, 
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peer vivant 2/0) 
sip (180° — 38°) sin d’ 
276 sin 38° 
r= 
sin @ 

or 7 = V (276 sin 38°)? + (384 + 276 cos 38°), 
as hypotenuse of a right triangle ; or 

7 = V (276)? + (384)? — 2 x 384 x 276 x cos 38°, 


by the coyine law. 


whence 


12. Given two forces of magnitude 684 and 450, acting at an 
angle of 64°. Find the resultant in magnitude and direction, 
graphically and trigonometrically. 


13. rom an aéroplane moving horizontally at rate of 120 
miles per hour (176 feet per second) a bullet is shot at right 
angles to the path of tho atroplane with a velocity of 2800 
feet per second. What is the resultant velocity in maguitude 
and direction ? 


14, A cylindrica) trough of horizontal Jength 20 feet’ and 
with the ends semicircles of radius 2 feet each, contains how 
many gallons of water for 1 foot in depth, for 1} feet, for 2 
feet? 


15. A typical] oil tank is 30 feet Jong and has a diameter of 
8 feet. Compute the volume in barrels (sce page 94) for each 
foot of depth. Do not carry beyond tenths of a barrel. 


16. What angle docs y=2x%+12 make with the waxis? 
What angle does 3y—42—20=0 make with the waxis? 
Find the area and the other angle of this triangle, formed by 
tho two lines and the z-axis, by trigonometrical methods. 
Find the angle between the two lines by the formula, 
tan ¢ = a and check. Find the area by analytical 

1 + mre 
methods to check upon tho trigonometrical solution. 
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17. In the figure AB represents the move- 
ment in 30 scconds of an aéroplane moving 
parallel to OX at rate of 120 miles per hour; 
Z AOX is measured as 83° 30 and Z BOX is 
measured as 74°48; find the distance O73 
and the position of the adroplane at the end 
of the next $0 seconds if it continues on its 


present course. 


18. In problem 17 discuss the percentago 
effect of an error of 1° in angle AOX and in 
angle AOB, respectively. 

19. Givon that observers A and Bat the ends 
of a battleship 340 feet long observe an object 
O at angles of 106° 30' and 74° 48‘ respectively 
Moving aéro- With the line AB. 


Find BO aud AQ. Solve 


plane this problem also graphically. 


20. A and Bare observation stations on the shore, 10 miles 
apart and may be assumed to be on an east and west line; &, 


the battery, is three miles east 
of A and one mile south. Giyen 
that a battleship /? is observed 
from A at an angle of 68° 12’ 
and from B at an angle of 
59° O02’ with AB; find the coér- 
dinates of P; find the rango 
from # and the angle inade by 
LP with the cast and west line; 
jind the distance using the for- 
mula for the distance between 
two points. This problem is 
solved in actual practice graph- 


HH TP 


Shore hattery observations 


ically on large plotting boards. Using 3 inch to the mile, how 
closely could you approximate the distance ? 


21. In the preceding problem, suppose that the observa- 
fons reported at the end of 1 minute are from A. GS° 08’. and 
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from B, 59°12’, locate the direction of movement of the 
ship. 


22, If the battloship of the two preceding problems is 
600 feet long,and broadside to A, what angle does it subtend 
at A? 


23, When guns are tested at Sandy Hook or other proving 
grounds, the actual range for any angle of elevation of the 
gun is obtained by coincident observation of the splash of 
the shell by several observers located in towers along 4 line 
roughly paralle] to the lino of fire of tho projectile. The 


See anne 
WHE nanaeea 


seaeluese 


Observation towers at proving grounds 


shel] is loaded with a slight charge of high explosive in order 
to give a splash of some magnitude. For convenience in ont 
figuro, we haye assumed the towers on a north and south line 
spaced as indicated; the height of the tower is regarded as 
negligible. Given et obsorvers at A, B, C, D, and Z observe 
the angle of the splash with the north und south linc, the 
azimuth angle, as 2° 20', 21° 24’, 27° 16', 41° 35', and 68° 54’, 
find the distance and direction of S, the splash, from G, the 
gun, which is 400 yards due east of A. Note that any two 
observers give the position of S; the substantial agreement 
of three observers is taken as sufficient. Compare the solu- 
tions. Determine tho codrdinates of S with respect to a 
horizontal axis through BCDZ and a vertical axis through 
AG. Assuming that tle gun was pointed south the deflection, 
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to the cast here, is termed the drift; it is due to wind and 
other causes; determine this anyle. 

It is not essential that the towers he in a straight line; the 
distance and direction of lines between adjacent towers is 
carefully measured. A large plotting board is sed to obtain 
a graphical solution. 


=o, 


London Bridge 
Five pure elliptical arches ; central one 152 fect by 87 fect 10 inches, 
and the others 140 feet by 37 feet 2 inches. 


CHAPTER XVIII 


THE ELLIPSE 


1. Parametric equations of an ellipse. — The parametric 
equations of the circle, with center at the origin 
= 7 cos 8, 
y= r sin 6, 
and of the circle with cemter at (2, ’) 
x—-h=7 cos, 


y—k=r sin 8, 

if modified to read, 
x= 7;c0S 6, 
y= 7, 51n 8, 


and 
z—h=r,cos 6, 


y—k=7, sin 6, 


respectively, give a curve which is closely related to the circle. 

This curve is called the ellipse; 7, and 7, are called the major 

and mivor scroi-nxes of the ellipse, and the circles obtained 
281 
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with xadii r, and vy are called the major and minor auxiliary 
circles of tho ellipse. 


: eae seaaauies 
Rat oo ee 
ZANE 


Fd 
a H+ I} 


An ellipse with its major and minor auxiliary circles 

zZ=7r,cos@ . : XZ = 72 COS G 
, iveS tho larger circle. ‘ 

y= sing ® a y= 72 sin 0 

z= 7, cos 6 

Y= resin 6 

P, Q, and & are called corresponding points. 


gives the smaller circle, 


gives the ellipse. 


Eliminating @ between the two parametric equations of the 
ellipse gives 


y?, 2 
a eee cos? 8 + sin? §= 1. 
V1 79? 

Y a - ¥. . + 1 
Writing, as is customary, a and 6 for 7, and 7, this equation 
becomes 


ENE 
atthe 
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If the ellipse had the center (2, &) and the two values @ and b 
corresponding to 7, and 7., the equation of the ellipse would 
be written 

(x — h)= a vos 8, 
(y —k)=dsin 8, 
in parametric form; and 


— jh)? 28, G/ SO 
ei Wat, 


in so-called standard form. If we assume, as is sometimes 
convenient, that a is thé radius of the larger circle, we would . 
have 

¢—h=)bcos 8, 


y—k=asin 9, 


Age GaN YD, 


as the equation of an ellipse whose major axis’ is vertical. 
Note particularly that the terminal side of the angle @ does 
not pass, in general, through the point on the ellipse which 
corresponds to that angle, but the angle @ is made by a line 
passing through the corresponding points on the major and 
minor auxiliary circles. 


PROBLEMS 
1. Construct the ellipse 
x =10cos8, 
y = Gsin@, 


by finding the points on the ellipse given by @= 0°, 30°, 45°, 
60°, 90°, and the corresponding points in the other quadrants. 


2. Construct the cllipse 
gz = 10 cos 8, 
y = Gsin 6, 
using corresponding points on the major and minor auxiliary 
circles to Jocate points on the ellipse. 
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3. How does the ellipse 
z—3= 10 cos @, 
y+2=6sind, 
differ from the preceding ellipse ? 


4. Locate 10 points on the ellipse 
2—3=6cos 6, 
y+2=10sin 6, 
and draw the curve. 
5. Prove that a is the largest value and } the smallest of a 
line from O to any point on the ellipse. This gives the reason 
for the names, major and minor wxes. 


6. Show that every chord of the ellipse through O is bi- 
sected; O is the center of the curve. 


7. The five arches of the London Bridge are of truce clJiptical 
shape; the central arch has the width 152 feet (=2«) and 
the height 37 feet 10 inches (= 6). Find the equation and 
plot 12 points on this arch; b may be taken as 38 feet. The 
adjacent arches are of length 140 feet and height 37 feet 2 
inches, Write the equations. In each case take the major 
QX1$ a3 Z-axis and minor axis as y-axis, 


2. Properties of the ellipse. — The equations 


xz=a cos @, 

y= b sin 6, 
wherein a>, can represent any ellipse whatever, when the 
axes of the ellipse are taken as the axes of reference. Tho 
geometrical peculiarities of this ellipse will be characteristic 
of aJl ellipses, provided, of course, that no limitation is placed 


upon a and J (cxcept that a may be taken as greater than bv). 
Each ordinate of the ellipse 


x= acos §, 
y=bsin 8, 
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is & constant proportional part of the corresponding ordinate 
in the major auxiliary circle, 


“= acos 8, 
y=asin#. 


* 
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An ellipse with its roajor and minor auxiliary circles 


t= 7, Cos 9 asf Z=7,C0S0 A 

; ives tho larger circle. ‘ ves the smallor circle. 
y=r, sing ® Prac: y=rnsine” 

Z=r,cos@ 

y = Sin 8 

P, Q, and R are called corresponding points. 


gives the ellipse, 


Take any point (acos@, dsin@) on the ellipse, the 


corresponding ordinate in the circle is y,=a@sin@; but 
=bsind= 2 (a sin 6) = uF y Converscly, if the ordinate of 
a a 


any point ou a given curve is always a constant proportional 
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part of the ordinate of a corresponding point on a given 
circle, for equal values of the abscissa, the curve is an ellipse ; 
the ratio need not be less than unity as the figure clearly 
indicates, a vertical cllipse being represented when the ratio 
is greater than unity. ‘his property of this ellipse is equally 
truc of any cllipse, replacing the terms ordinate and abscissa, 
where given or implied, 
qesqraueane>- seeneene by erpendiculars to the 
siteiiercecterataatesis PENSE Hae and winor axes, re- 
Saagececcseaseeee spectively, of the curve. 

If the major auxiliary 
circle is rotated about 
OX as an axis through 


2. 
an angle «u, cosa@=-, the 
a 


projection upon the plane 
of the original position 
wll be the ellipse 


<= acos 0, 
y= b sin; 


evidently the x of any 
point on the projected 
curve may be taken as the 
« of a point ou the project- 
ing circle, or « = a cos 6, 
The ordinate on the pro- 
jected curve is in a Ccon- 


stant ratio, cosa =) to 
a 


the ordinate on the circle. 
Further any plane section of a cylinder with circular base is 
an ellipse, for with the same abscissas, the ordinates of the 


curve of section bear a constant ratio 


to the correspond- 
0S a 


ing ordinates on the circular base. 
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Jct the plane cut the axis of the cylinder in O, and let 
BOX, ou the diagram, bo the intersection of the cutting 
plane with the plane of the circular section through O (paral- 
Jel to the base of the cylinder). Noto that angle PasqQ is 
constant. 

Similarly if a circular cone is cut by a plane cutting all the 
elements of the cone, the section formed is an ellipse; the 
geometrical proof is rather too complicated to give here but an 
analytical proof is indicated in Chapter XXXTI, Section 6. 
The ancient Greeks studied the properties of the ellipse entirely 
from the point of view of the curve as a plano scction of a 
cone. The Greck theorctical work concerning the properties 
of conic sections made it possible for Kepler to discover that 
the path of the carth about the sun is an ellipse, and for 
Newton to forinulate the law of gravitation. 

The propertics mentioned are intimately connected with the 
upplications of the ellipse in engineering problems. 

From the property of the ordinates it follows that the area 


of an ellipse is 2 a aan EA 
a 


The proof is strictly by a “limit process,” and may be made 
reasonably evident by dividing the semi-axis into 25, 50, 100, --- 
equal parts and drawing two series of rectangles ou these 
equal subdivisions about the corresponding ordinates to fall 
entirely within (or entirely without) the elJipse and the circle, 
respectively. As the subdivisions are increased in number the 
one series of rectangles has the area of the quarter-cllipse as a 
limit; it differs from this urea never by an area as great as the 
rectangle of height & and base one subdivision ; so also the 
guin of the second scrios of rectangles has the quarter-ircle 
as a limit, never differing from it by an area as great as the 
rectangle of height @ and base one subdivision; but the sum 


of the series of smaller rectangles always equals : times the 


sum of the series of Jarger rectangles siuce the bases are equal 
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and the altitude of any one of the smaller is < times the alti- 


tude of the corresponding one of the larger; evidently, then, 
the limits of these suins are in the same ratio. In the dia 
gram above the ruling of the paper divides the semi-major 
axis into 25 parts, und gives the rectangles. 


The Colosseum in Rome 


aA famous elliptical structure, 615 feet by 510 feet, by 159 feet high ; 
the arena is an ellipse 281 by 177 fect. 


A rectangle of dimensions 2 a and 2 6 may be circumscribed 
about the ellipse. The sides of this rectangle are tangents at 
the vertices of the ellipse; the middle lines parallel to the 
sides are the axes of the ellipse; the horizontal sides of this 
rectangle cut the major auxiliary circle in points which cor- 
respond to four symmetrically located points on the ellipse; 


sin Deus, cos 9 = +y/1 ssh pV ae whence 
a a a 


2 e 
G=+VU—Dy=t -, are the codrdinates of these points on 


this ellipse. The points on the major axes (+-/a?— 03, 0) 
are the foci of the ellipse, and enjoy special properties with 
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respect to points on the ellipse. The sun is at one focus of 
the path of the earth. 


3. Standard definition of the ellipse. — The locus of a point 
which moves so that its distance from a fixed point called the 
focus is in a constant ratio, ¢, less than 1, to its distance from 
a fixed Jine called the 
directrix, is an ellipse. 

J.et the fixed point be 
Fand D’'D the fixed Jine. 
Through F drop a per- 
pendicular to the direc 
trix D’D meeting it in 
# and use this line as 
gaxis. By definition, 
then, the ellipse will be the locus of a point which moves so 
that PF =e. PZ, wherein PZ is the perpendicular from P to 
the directrix. ‘Two points of our curve will be found to lie 
upon the z-axis; the two points are the points A and A’ which 
divide the segment FJ? internally and externally in the ratio é 
(taken as% on our figure). Take the middle point of A’d as 
the origin, designating A’A, which is a fixed length depeudent 
upou FR and ¢, by 2a. Then OA = OA’ =a, 


AF=e- Ali. 
AF=e-A'h, 
AF + A’ =e(Ah + A’). 
2a=¢c( AR + OA’ + OR). 
=—e(OA+ AR + OR) 
=2e- OR, whence 


ty Secueeae RAN =aee 


PF =e: PZ defines the ellipse 
The constant e is called the eccentricity. 


OR= = 
AF AF=e(A’R — Al). 
2 OF = 2 ae. 
OF = ae. 


Fis (ae, 0) and D’D is &— = = 0; 
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PF=e- PZ, taking Pas (2, y), gives in analytical language, or 
formulas, 


Vea ae + (y — 0)? =e- ( -*)= (ex — a). 
xe? + (62¢e? 4 y? = eta® + a2. 
ae(1 — 2) + y? = ar(1 — 2). 


x? ¥? 


A Rl sey 


Let b= «(1 —e*), 
whence ae +%=1. (1) 
ev 


But this equation is satisfied by every point 


x=a cos 6, 
y= bsin 6, 


dctermincd as we have indicated above, and conversely; our 
two definitions are equivalent to cach other. 

The form of equation (1) shows that the curve js symmetrical 
with respect to the two lines which we have chosen as axes ; 
ze, since « and — x give precisely the same equation to deter- 
mine y, the curve is symmetrical with respect to the y-axis; 
similarly sinee y and — y give precisely the same values for 2, 
the curve is symmetrical with respect to the awaxiy. ‘I'he 
codrdivate axes are axes of syinmetry of the curve. 

By syininetry with respect to the y-axiy we mean that if the 
night half of the curve is folded over on the y-axis as an axis, 
te. revolved about it a8 an axis (or axle) through an angle 
of 180°, the two sides will coincide throughout. Hence 
corresponding to #, and D!D, there is another focus F, and a 
corresponding «directrix D,D',, enjoying precisely the same 
properties with regard to the curve as Fy and D'D, 
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By symmetry, Dv PF oy GZ PZ, 


and since PR, =e- PZ, PoFy =e- Peo 
Sunilarly, PB, = P\F., P22, = PZ, 
and, since PoP, = e+ PZ), P\Fo=e-+ PyZp. 


Sait 
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CSesreeseescerees 


SEERREEEEESScee/etace 
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es 
on 
ep 
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= 
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sesed) (quuswiscap ==pEctoo: 
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o 
as salaau 
SSR ee 
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Ss 


BEER EEE OST ot aa 
as aR 


Pee irre] 4 
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Symmetry of the ellipse with respect to its axes 


4. Sum of the focal distances constant. — Taking any point 
P\(2, y1) On the ellipse, the focal distances P,7*, and IF, are 
equal to a — ex, and a + em, respectively. 


For PF, = ¢- PZ =e (2 — y= ex, — a, which is a negative 
e 
distance since 7, and O are upon the same side of the line 


a 
2+5 
DD. Snailarly Py, = e+ PyZ, = e» — 7 =—(ex,+a). As 


positive valucs #4F, and P,F) are a — ex, and a + ex,; these 
may also be derived by the formula for the distance between 
two points, noting that (2,, y1) is on the curve; 


PEF, + PFy = a— e% + at ex, =2a, 
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5. Right focal chord. — When x= ae, 


are? 1? 


4 ; 
y? = 61 — ¢? =<, since U? = a%(1 — e’), 
2 
y= = giving cae right focal chord. 
a a 


The value y =— * is the value of y obtained in the parametric 
a 


b : U? 
form when sin §=-, y=bdbsind=-—- 
a a 


z=acosd=+ia 1-H =4Ve—V=+ ae, 
Us 


showing that the focus as we have now defined it coincides 
with the focus as first defined. 


6. Standard forms of the ellipse. — The equation =+e =1 
may be interpreted ycometrically, 
M- . MP 
CAL a MI? 


Sek eth 


Ca CE 


ieee 


ier Hie uanuta detsubes 
spaneny SsaseCELREESHEESHEEC Ee oH 
Sui Rnninaeesseasifasitesiiint Ht 
ze 


Ee Eg Here OTTER 


in aes CM and MP represent the distances cut off from tho 
center on the major and minor axes of the ellipse by the per- 


THE LLLIPSE 293 


pendiculars to the axes from any point on the ellipse ; CA and 
CB are the lengths of the semi-major and semi-minor axes. 
Given a horizontal ellipse with center at (h, %) and axes a 
and 8, the relation 
OM WP, 
CA maha 


G—W + WB 1, sinee 


ae 


becomes 


CM=ax—h and MP=y—k, 


Similarly a vertical ellipse with center (i, X) and axes a and 
b, respectively, has the equation 


(y— k)? + 1, since 


ai 
CAM is here y — &K and WP is 2 — h. 


Type forms : (SE + wy 1; DE a. (x a= 1. 
re ¢ a 2 


b = (1 — e?); 


horizontal 
vertical] 


y—kK=0 


ellipse on the hne saul aay 


foci of 
at a distance ae = Va? — 0, from the centor (h, %) ; 

right focal chords extending a distance Ui vertically 
« | horizontally 


y—k=0, 


from the foci oneither side of the major axis | 1=0 
L— =U. 


7. Limiting forms of tho ellipse equations. — 
2 SY) 
EEE ao we = 1 represents an ellipse. 
a 2 
Cas + Woe 0 represents a point ellipse or two 
a 


imaginary straight lines through (h, 4); the only real point 
which satisfies this equation is the point (h, x). 
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G— 5, =-—1 represents an imaginary ellipse; 
a 


only imaginary values of x and y can make the sum of the two 
squares on the left equal to — 1. 

The equation of any ellipse with axes parallel to the codrdi- 
nate axes may be written, 


(z— 2)? niki wir ai. wherein 
a? v 


ka? and kb? represent the squares of the semi-axes. As k 
approaches zero the ellipse diminishes in size, and when k =0 
the equation represents the point (a, y,); when k becomes 
negative the ellipse becomes imaginary. 


8. Illustrative problems. — 
a. Plot the ellipse 42°+1624+9y?—18 y—75=0, 


First write in forin to complete the squares, 
4(@+de )+90f-2y ean h. 
Complete squares : j 
§$(@ +424 4)4 07% —2741) =754+ 1649, 
A(z + 2)? + O(y — 1)? = 100. 
Write in standard fomn : 


(+29, =D?) 


Plot the center, extremities of major and minor axes ; fuci ; extreinitics 
of right foca) chards; at least one further point, obtained from the 
original equation and sclected so as tw give a point approximately midway 
between the extremity of a focal chord and the corresponding extremity 
of the »inor axis ; by symmetry three other points are obtained. In this 
case z = 0 gives desirable further points. 

_94AV8l + 675 
7 9 

= 1+ 3(27.5) 
=1 4 3.06 

= 4.06 or — 2.06. 


y 
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b. Plot the clliptical arch of a bridge, arch 125 feet wide and 
37 feet high. Plot points for every 10 fect of the span; and 
compute to 7, of 1 foot. 


Bett Poe eee ee ee 
BECHER EEE CEE an 
pease oseeacare 


BSR BASES 
Eni 
Elliptical arch, 125 foot span by 37 feet hiah 


Scale, 1 inch to 40 feot. Horizontal measurements aro from the middle 
of a quarter-inch square. 


x via 

(62. Bet) 372 

a? = (62. 5)2 | 62? = 37? ; ae = V (02,5)? — 372; om 372 
a 


y? = 372 — (as) - 2 
Here compute 372 and (one and snultiply the latter by x? = 100, 


400, 900, 1600, 2500, and 8600 ; extract the square root of the differenco ; 
use four-place logaithuns. 
log 37 = 1.5682 
log 62.5 = 1.7909 
log quot. = 9.7723 — 10 
log quot,? = 9.5446 — 10 
tee 983501 
62.5 
Mo? = 1309 — 385.045 yo — + 36.61 
Yoo? = 1869 — 140.16; yoo = + 34.08 
y30? = 1300 — 315.36; ys9 = + 32.46 
yso? = 1369 — 560.64; yoo = + 28.48 
Ysq? = 1369 — 876.0 3 ys = + 22.20 
yoo? = 1369 — 1261.44 5 Yoo = -b 10.87 
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Exercisr. — Draw the major auxiliary circle on half-inch 
cuérdivate paper, and compute corresponding ordinates in the 


preceding arch as ie of the ordinates on the circle; e.g. for 
2.5 


: oT 
« = 10, find y graphically on the circle and multiply by Orel 


PROBLEMS 


1. Plot the ellipse 922+ 362+ y2—Gy=0; what are the 
codidivates of the foci ? 

a in y? 
1472 59? 

3. Plot an elliptical arch, width 233 fect, height 73 feet, 
plotting at Jeast 10 points spaced at 20-foot intervals from the 
center. These are the dimensions of the arch of the Walnut 
Lane Bridge in Philadelphia; the arch is approximately an 
ellipse. 


2, Plot ove quarter of the ellipse 


4. Plot the upper half of an ellipse, giving a vertical ellip- 
tical arch 13 feet 14 inches bigh, and 9 feet 23 inches wide. 
This represents the upper portion of an elliptical sewer used 
in the city of Philadelphia. 


5. What limitation is there upon the values of A and B if 
the equation, A2*?+ By? +2 Ge+2 Fy+C=), is to represent 
an ellipse? 


6. Put the following equations in standard form, complct- 
ing the square first and reducing to standard form by division. 
Time yourself. 
4°4+97?—-824+ 36y=0. 
$2?°+24%+4+y? —6y —43 = 0. 
52?—172%+107? —100=0. 
ox? + 12y?— 117 =0. 

382 — 24et+4y?+ 16y—52=0. 

7, Plot the preceding five ellipses, choosing an appropriate 

scale. Plot the extreiitics of major and minor axes, the 


so Won oF 
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extremities of the right focal chords, and one other point 
obtained by computation, together with the three points sym- 
metrical to the computed point. 


8. Determine a? and 0? to one decimal place, in the follow- 
ing three ellipses: 
a. tT x 4+ 4372 = 397. 
b. 5at—172+107?— 35 y=0. 
c. 1(% — 2)? + 3(y — 3)? = 39. 


9. In the three eJlipscs immediately preceding determine 


v2 a : 
me, — aud — to one decimal place. 
c 


10. In cach ellipse of problem 8 determine 2 when y = 2. 


11. Using the data of problems 8, 9, and 10, plot the three 


ellipses of problem 8. 
12. In the ellipse + ¥ =1, find the foci. What is +ha 
distance of the point whose abscissa is +3 from each focus ? 


of the point whose abscissa js 4, 5, 6, 7, x? 


13. Put the following equations in standard form and dis- 
cuss the curves: 
; q. 2&—G2r2t+y7+ 8y—-10=0. 
. &2&—6e+4+474+8y741) =0. 
v—6r+4y'+8y413=0. 
.@—62+4y7?+8y¥4+14 =0. 
e—Gr+4y+4+8y+kh=0. 


14. The path of the earth about the sun is an ellipse with 
eccentricity .01677 ; this may he taken as ;/5 in the following 
computations. If the major axis of the earth’s orbit 1s 185.8 
million miles, determine the focal distance, ¢.e, from the sun to 
the center of the path; determine also the minor axis. Ifa 
scale of one-half inch to fifteen million miles is taken, at what 
distance will the point representing the sun be from the center 


+ + a 
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What will be the difference in length between 


inajor and muuor axes? 


of the path? 


od fe 


SiRiETinnat 


fon 


secstasdacanl 


H 
The path of the earth about the gun 


SESS UECRRPSSERS 
The distance of the sun 


from the center of the ellipse is represented 


by 4 of an inch, on this diagram. 


9. Tangent to ellipse of given slope.—(Sce page,22d.) To 


find the tangent of slope 2, 


22+h is solved as simultaneous 


An equation whose roots are the 


—_ 
— 


with the ellipse equation. 


abseissas of the two points of intersection is found and the con- 
dition is used that the two points of intersection be coiucident. 


4 ath? — (b? + 4 a®)(ch? — wb? 


ak + 


Ue + ardor + 4ka + k*)— al? =0. 
2 


x (1? + dat)+ 4 aha + ark? — a2? = 0, 


b? + 4 gg? 


_—2ek + Vail + 4a'l? 


pie azh?h? 


24 4 Q? 


—2@k+ 


wo + da? — Be) 


BE4e 
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Put b2 + $a? — A? = 0. 
M=V+4a, 
k=avv+ 4 ai, 
y=2reVP P42 
- are the two tangents of slope 2. 
Similarly the tangent of slope a is obtained by solving 


e. 
(1) a? 4 42 = iL and 
(2) y=ma+tk 


as simultaneous, and writing the condition for cqual roots. 
Clearing (1) of fractions, 


bia? + 27? — wh? = 0; 
substituting from (2), 
6x3 + a? (m2a2 + 2 kina + k*) — a*h? 
= (b? + am?) a? + 2 kerma + (ak? — a?) = 0. 
a —kalm +> v Katm? — (b2 + a2m?)(a2k? — 026°) ark? — «2b*) | 
b? + am? 
Putting the discriminant equal to zero, 
M=—b? + am. 
k=+ V0? + an, whence 
y= Met JV am? + BF 
are the two tangents of slope m to 
ee 
agen 
This method of obtaining the tangent applies to any curve 
given by an cquation of the second degree. 


10. Focal properties of the ellipse. —‘The perpendicular from 
the focus (ae, 0) on any tangent of slope m meets it in the 
point, whose codrdinates are found by solving the equations of 
these lines as simultaneous. 
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The equations, yoamr-+ /aem? + 02, of the tangent, 


and y—-O0=— Js (« — ae), of the perpendicular, 
mM 


may be written 


y— me = Varn! + v3, 
ny + 6 = ae. 


i] 
ajpae 


an 

ee 

as 
aEaeaD 
Gupansau 
tt tt a 

saaren Ar aan 
aaa seaed ise } ® reece tt 


Stra aaainiseitte LENCE EEE EE EEE 


ne oedane 


HY 
i 


Hi eiteataes 


iateeeecensaners are snes) errcstcstnctevice 


The perpendicular from the focus upon any tangent to an ellipse meets 
it on the major auxiliary circle 


The point of intersection satisfies both these cquations ; 
further it satishes the cquation obtained by squaring and add- 
lug both members of each of thesc cquations : 

(1 + m?)y? + (1. + m?)a? = am? + U8 + are? 
= mi? +b? + a? —b? 
= a(1 + m?). 
a? y? = a; 
hence the point of intersection of the perpcndicnlar from the 
focus on any tangent lies on the major auxiliary circle. 
Note that the above demonstration applies equally well to 


the perpendicular from the other focus (— ae, 0) and equally 
well to the other tanzent of slove m. v= ma ~Va%m2 + te. 
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11. Tangent to an ellipse at a point P,(x,, y,) on the ellipse. — 
The method outlined is general, being applicable to any alge- 
braie curve. The point P,(a4, y;) on the curve, considered as 
fixed durmg the discussion, is 
joined to a neighboring point 
P(t, +h, 4+) on the curve, 


sigsaes 


Which second point is then made iin : ET Ar 

to approach (a, 1) along the curve. a + 8 Panearieee ouauus 

The slope of the chord joining P, FREER 
: SSHsteiessbipensietrezitte 

to J,, =, is found not to change cee ee cases cel ecec lec gremesceee 
f paged eccaccaligessusccesesrene 

indefinitely, bat is found to wp- FREER eee eee 


proach # definite limiting value as 
hand & approach zero, #.e. as P, 
approaches PF; alovg the curve. 
This limiting position of the chord 
is the tangont at 7; this line can be shown in the case of 
the ellipse (or any curve given by an equation of the sccond 
degree) to cut the carve in two coincident points at (%, 7) 
and in no other point. 
The method is applied in parallel columns 


is the slope of the chord P,P; 


to a gencral problein ind to a particular problem. 
; Tangent to the ellipse, ai 
ated ota 
at Pi(21, ¥) on the ellipse. at: 2,(3, $) 
Take the second point 
Py(x, +h, y +) on curve P(3 +h, $+) on curve 
Substituting, 


be(a, + h)? + a%(y, +k) — wv? = 0. 
4(3 + h)? + 25(8 + hk)? — 100 = 0. 


bx? 4+ 2 Va, + bn? + ary? + 2 arky, + ah? — ab? = 0. 
But bay? + aty,? — ab? = 0. 
36 + 2th + 424 64 + 80K + 25K? — 100 = 0. 
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Subtracting (and canceling) 
2 Wha, + UZ +2 Cky, + @R7=O, BWA+4h24+80k + 25 b=. 
v k(@k+2 ay,)= —A(2 ba, + VR). (80425 k)= —h(24 +4 h). 


kK 2B + Uh hk 244+4h) 
hk 2ay, + ark ho 804 25k 
Yhe chord P,P, is given by: 
k 8 ok 
SINS Oak Yaris eat 


Since P, is on the curve, the chord equation may be written: 


2 ba, + bh Ws ecm eel 


Vee a a aayenatk Gaee 4 ales MaGORE IS 


— 3). 

Let P, approach P, aloug the curve; and & both approach 
0, ¢.c. can be inade just as small] as you please. ‘hus if h is 
made .01 in our numerical prob 
lem, & will be about — .003, which 
can be obtamed by solving the 
quadratic 


25k2 + 80k 4+24h+4412=0, 


fork. It is evident that the con- 
stant here may be regarded as 
24h+2 and that as h = 0, this 
constant approaches zero, and one 
root of k approaches zero. 

Note that the second value of 
k approaches —2y,, and corre- 
sponds to the fact that the given value of x, x, +h, is the 
abseissa of two points, on the upper and lower parts of the 
curve, respectively. 

Since h and k both approach zero, 

2 ba, + A = 2 Ua, 2i+4h = 24 
and and 
2a?y + wk = 2 ary, — 80+ 25k =— 80 


is the slopo of the chord P,P, 
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and the slope of the chord approaches more and more nearly, 
and as neat as you may please to make it, by taking h (and 
thus 4) smal] enough, 


See 24 
2 ary, ~ 80 
Hence the chord approaches a limiting position, givea by 
202 2 b8z, Be 
y—2 2 — —--=— — 
Ve yay, (%— x), p= rs ati leat) 


which may be written 


= 


Daye + wyyy = ay? + 5*a,2 y—16=— 3(2— 3) 


= be, or y— 1.6 = — .3(% — 38). 
baz + ary,y — ab? = 0 10y+32—25=0. 
2 ee 
or on rear 407 +122 —100=0. 


By precisely this method, step fur step, the langent to 


Ag? + By? +2 Ga+2Fry+C=0, is found to be 
Anz + Byy + G(a+uq)+ Fy ty)+ C=0. 


PROBLEMS 


‘1. Find the tangents of slope +2 and of slope —3 to each 
of the ellipses in problem 6 of the preceding set of problems ; 
the five problems, tungents of slope +2, should take not to 
exceed 30 minutes ; note that after substituting 22+ for y it 
is better procedure, surer and quicker, to combine terms by in- 
spection rather than to expand each binomial before combining. 
This means to pick out the terms containing 2’, for example, 
and write the sum of these coefficients directly. 

2. Draw at least three of the tangents of slope +2 in the 
preceding exercise, and three of slope — 3, each to its conic 
as previously drawn. ind the point of tangency algebraically 
and graphically. 
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3. Without plotting the ellipse itself plot 12 tangents of 
slope 0, 1, 2, 3, 4, 5, 6, and 10, and of slope — 3, — 1, —3, and 
—6 to the ellipse 927+ 25 y?=900; uote that these give a 
fair outline of the ellipse. 


4. In each of the ellipses of problem 8, page 297, find the 
tangents at the point whose ordinate is 2, employing the 
results of problem 10 of the same sect, and using the formula, 
Azz + Byy + G(z+%)+Fyt+n)+ C=0. 


6. Derive by the method outlined in section 11 of this 
chapter the tangent to the ellipse 92?+25y3=900 at the 
point (8, 3.6) which is on the curve; at (— 6, 4.8) on the curve. 

6. In the ellipse 92? + 257? = 900, vorify that the porpen- 
dicular from the focus upon any tangent to the ellipse meets 
it on the major auxiliary circle. Note that the converse is also 
truce. This gives a method for drawing the tangent to an 
ellipse from a point outside the ellipse; explain. 


(12. The tangent to an ellipse at a point on the ellipse con- 
structed from the tangent to the auxiliary circle. — Let (a, y,) 


be any point om the cllipse; the tangent is Sie =1; tho 
ct 


. e > 2 . . 

wintercept, 2, of this tangent is ©, obtained by solving 
© 
22 4 hd 1 as simultaneous with y=0. Lvidently « ae 
a? 52 : x 
depends only upon 2, and a, not involving b or y,. Tenee this 
value would be unchanged if b were taken equal to a. ‘The 
tangent to the major auxiliary circle 22 +7? =a? at (21, Ys) or 
the circle is aa + yy = a®, and the intercept of this tangent 
° » 3 . e 
on the waxis is also ©, ‘This gives the following rule for 
z} 

drawing a tangent to an cllipse at any point on the ellipse : 


Construct the major auxiliury circle to the given ellinse; find 
the point 1”, on the circle having the abscissa of the given poiat ; 
at the point Ps construct the tangent to the clrele, cutting the 
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xaris at T; the line joining U lo P, on the ellipse is the tangent 
lo the ellipse. 


SEH yjestaiast 
BEECH 
See et 
SPH iisisieit 
Sot 
BEBRCECRUTARAGaS 
seac020octassdes 
BESAERRCREGEEDNS 
phanedepedasasus 
Seoesceeseecanes 
DeGuGuseneseuSEE 
passenDeetaarede 4 HH 
Seonucaenpvauecs H ue 
seaeereey/aeustenecess PANES TEE 
Suituscaseasecteccestoness cedeatentevateteen Gctesensteateciaidteat 
EEE ALE Eee EEL SSE EEE HER ANSE NESE 
Edeaudsesocatratau au baseausiatrasuantansoosceastlatiaateni staniaii 
of ue aseeenomnuduveanhene Pee He apeeeeaceperegeee 
ee ttt PEE AEH Pee Hot 
g/Seeeaesastassesessoseuclozcastastattasioetestornsetetreresiew coal 
SiuaylSsHeesdtesteat siti oaenaaattasanseaniggeruateest sssttasiiulee 
Baan SeecucescnssaucaDsacsecacssausavcacaecanecsssseccccscsecsrsoscen 


Tangent to an ellipse constructed from the tangent to the auxiliary circle a 
the corresponding point 


Note that even if d is greater than a, this construction gives 
the tangent, but the circle a?+y%= a? is then tho minor 
auxiliary circle of the given ellipse. 


13. The tangent to an ellipse bisects the angle between the 
focal radii to the point of tangency. — Juet a +ol= 1 be the 
( 
2 
tangent at (@,, y,) which intersects the z-axis at T & 0) 
J 
2 2 
OF ==. BPH 4+ aca (at + ea). 
Dy xy x; 
2 < 
F,T =~ — ae =<(a — ex,). 
£ ay 


Jeuce, ap ea =e = PF. 
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. P,T bisects the exterior angle of the triangle 5,P\F%, 
since it divides the opposite side into segments proportional 
to the adjacent sides. The normal bisects the intcrior angle 
between the two focal sadii; if the normal be drawn, each focal 
radius makes the same angle woth it. 
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Tangent to an ellipse constructed from the focal radii to the point of 
tangency 


Any ray of light or sound striking a reflecting surface is 
reflected in the plane of the normal to the surface and the 
original ray in such a way as to make the angle of incidence 
(i.e. between normal and original ray) equal to the angle of 
reflection. Hence rays starting from FP, in our figure con- 
verge at #. his is the principle of “ whispering galleries,” 
in which the rays of sound starting fiom a point F, converge 
at another point F,, making audible at F, whispers at F,; at 
intermediate points the conversation may not be audible as 
there is no reénforcement by convergence. 


PROBLEMS 
1. In the ellipse 92? + 295 ¥? = 900, give the two graphical 


aes for drawing the tangent at the point (6, 4.8) on the 
ellipse. 
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2. In the ellipse 25a? +9y?=900, give the graphical 
methods for drawing a tangent at the point (— 4.8, 6) on the 
ellipse. 


3. Construct the three ellipses : 
te ak 


ar 
im ao an 100 — 
ye 
00 t ta 

Draw the tangent to cach of these ellipses at the point 
whose abscissa is +6; Jind the equation of each of these 
tangents and prove that they intersect on the «axis. 

4. Hind the Sg sato es | of the two focal radii to the point 
(6, 4.8) on the ellipse a+ Yat; find the bisectors of the 
angles between these foca] radii; find the bisector of the angle 
which does not include the origin, and prove that it coincides 
with the tangent at (6, 4.8) to the ellipse. 


5. If an elliptical arch is to be in the form of the upper 
half of an ellipse, find the equation aud plot ten points, given 
that the width of the arch is to be 100 feet and the height 13 to 
be 40 feet. 


6. If the preceding arch is to have the dimensions as given, 
but is to be constructed as the upper quarter of a vertical 
ellipse, find the equation of the carve. Note that you have a 
pout (50, 40) which is to satisfy the equation of the curve 
which can be written with only the denominator of 2 as un- 
known. Compare this arch with the preceding one as to beauty 
of design, 

7. Find the lengths of the ten vertical chords of the arch 
in problem 4, dropped from the tangent at the top of the arch 
and equally spaced horizontally. 
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g. By the method of article 13, find the tangent to the 
curve given by the equation, zy = 16, at the point (3, 5) on the 
curve. 

9, )iy the method of article 9, find the tangent of slope — 2 
to the curve given by the equation, zy = 15. 

10. Write the equations of the three ellipses of problem 8, 
page 297, in parametuic form. 

11, In the ellipse, at s = 1, find where lines from 
(50, 30) inclined to the horizontal axis at angles of 15°, 30°, 
45°, and 60° respectively, cut the ellipse. Find the lengths of 
these lines from (50, 30). See problem 5. 

12. 1f in the ellipse of problem 6, supporting chords are 
drawn dmgonally between parallel vertical chords, computed in 
problein 7, each from the upper point of the right-hand chord 
to the lower point of the left-hand chord (on the right side of 
the ellipse), compute the lengths of these chords. 


From Tyreell’s Artiste Bridge Dextgn 
Alexander IIL Bridge in Paris 
A parabolic arch ; span, 107.6 1n.; rise, 6.75 m.; width, 40 in. 


CHAPFER XIX 
THE PARABOLA 


1. Definition. — The ellipse has been 
defined (page 289) as the locus of a 
point which moves so that its distance 
from a fixed point, the focus, is in a 
constant ratio less than one to its dis- 
tance from a fixed line, the directrix. 
If this constant ratio is taken equal to 
one, the curve generated by the mov- 
ing point is cajled a parabola. 

PF = e-PZ, e <1, defines an ellipse. 
PF = PZ defines « parabola. | 
PF = e-PZ, e>1, defines « hyperbola. 


2. Equation of the parabola. — 
Through the focus draw the perpendic- 
ular #’Q to the directrix ; take tlis line 
as a-axis, Take FQ, which is constant, 


as 2a. On the axis chosen only one 
309 
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rectrix 
A point equidistant 
from FPand ZZ! moves on 
®& parabola. 
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point is found which is on the given curve; the mid-point 
O, dividing the segment QF in the ratio 1 to 1, is such that its 
distance from F, the focus, equals its distance from the 
directrix. Through O take a perpendicular to OX as the 
yaxis. Evidently F is the point (a, 0), and the directrix 1S 
the line x +a = 0. 
Take P(x, y) any point which is on the given curve, t.e. any 
point equally distant from F'and from the line, giving 
Pipe eZ. 
PF =V(xz — u)? + y’, distance between two points. 
PZ=2 +a, distance from 2 point to o hwe. 


Xote = rad 


gives the distance as negative; but it is not 


necessary fo take account of the sign as in the simplification 
this expression is squared. 
Equating, PF = PZ, gives 


V(x —G)?+ P= e+e. 
a? —2ax+a? + y%= 2° + 2 az + a? 
y? = 4 ax. 


3. Right focal chord. — When x =a, y=+24, giving the 
total length of the sight focal chord as 4a; the coefficient of 
xin y? = daz represeuts the Jength of the right facal chord, 


4. Geometrical properties. — The curve is symmetrical with 
respect to the a-axis, for, assigning any value to x, you find for 
y two values + Vtax; numerically equal but opposite in sign, 
or lying symuetrically placed with respect to the OX-line, 
which consequently is here the axis of the curve. 

The y-axis, =0, is tangent to this curve since, solving, 

? = 4 az, 
+ = 0, as simu)tancous, 


gives y? = 0; y cqnals zero twice, or the two points of inter- 
section of a=0 with y?= 4a are coincident. The point 
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(0, 0) is the point on the axis of symmetry, y = 0, which 
corresponds to itself; this point is called the vertex. The 
line y = 0 cuts the curve in only one finite point, given by 
y =0, and *=0; the other point of intersection of y=0 
with the curve is at an infinite distance. 

Given @ as positive, negative values of « lead to imaginary 
values of y. Hence all points on the curve hie to the mght of 
the tangent at the vertex. As 2 increases without limit, » 
increases also without lint. This curve extends, we may 
say, to infinity. In plotting a parabola, the vertex, the ex- 
tremities of the right focal chord, and at least two other 
points, should be plotted. 

The quantity 2? 4 uz is-evidently negative for points in- 
side the curve, zero for points on the curve, and positive for 
points outside the curve. 

5. Finite points and the infinitely distaot point on the parabola. 
— ‘To plot carefully 7? =8 2, note that 4a = 8, whence a = 2; 
indicate the vertex and, 2 units to the mght, the focus; 4 
units (2a) above and below the focus locate the cxtremities 
of the right focal chord which has the length 4a; take values 
of x at appropriate distances from the vertex and focus to 
give the portion of the parabola desired ; in 7’= 8a, «= 0, 1, 
2, 3, 4, 6, and 8 give sufficient points to plot the curve for our 
purposes. 

The parabola y?= 82 is intersected by the line y=a at 
(0, 0) and at (8, 8); y=} cuts this parabola at c= 0 and at 
a=32; y=.1x% cuts at «= 800, y= 80. These values are 
obtained by solving the equation y? = § x as simultaneous with 
each of the linear equations. 


y =.01a2 


Solving, SOs 


gives .0001 2? =8 a, ~=0 or = 80,000. If one centimeter is 
taken as 1 unit, y=.012 cuts the parabola y°=$82 at the 
vertex and ata distance of 80,000 cm., nearly 4 mile, from the 
vertéx. As the line y= mz moves nearer and nearer. to the 
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5. 3 =16?, or ?=,,8, taking OS as the horizontal axis 
and takivg 4 inch to represent 10 units of s (distance in feet) 
and 4 inch to represent 1 unit of ¢ (time in seconds), This 
gives the distance fallen from rest in time ¢ by a freely fa))- 
ing body. 

6. Find the intersections of y=x, y=}2, and y=yy2 
with the curves of problems 1, 2, and 3. 

7. Solve s= 800¢ with s=16¢?; s = 800¢ is the space cov- 
ered by a body moving with uniform velocity 800 uuits per 
second. Whatis the physical meaning of the valucs obtained 
for the point of intersection ? 

8. A. mass rotated on a cond exerts a force of tension on 


» y2 : 
the cord, F=7~ - Given m=1 pound, and r=10 feet; 


draw the graph for velocities of 1 to 100 fect per second, taking 
F on the horizontal axis. Compute the corresponding number 
of revolutions per minute for v= 10, 20, 50; and 100 fect per 
second. What is the relation between 
v and n, where 2 is the number of 
Tevolutions per minute? Indicate on 
the vertical scale a second scale giv- 
ing 7. 


BS 
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6. Geometrical interpretation of 


y= 4ax. 


The equation y2= 4axz may be inter- 
preted geometrically as follows : 

MP’ = 4 a: Va, 
the square of the perpendicular from 
any point ona parabola to the axis is The square on PM equals 
equal to the rectanglo formed by the ye ae ee 
length cut off on the axis from the ver- = a 
tex by tho perpendicular, with a constant line of Jength 4a, 
the length of the right focal chord. 


E 
! 
& 
: 
: 
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7. Standard and limiting forms.— Given that the axis of a 
parabola is parallel to one of the codrdiuate axes, the relation, 


NE’ =da- VM 


Thus in the upper 
figure a parabola is 
drawn, having V(— 2, 
5) as vertex, 4a = 4, 
axis paralicl to the 
HH ke w-axig aud opening 

HH searscsraseiz: HHH to the right; the re- 
eis HEH eure lation 
te MP’ =4a-VM 

leads to 
ae (¥y — dy = de + 2), 
Ht «Were WV the point 
(h, k), VAL would be 
xh since it is the 
distance from a point 
A horizontal and a vertical parabola whose abscissa is 1, to 
@ poiwt whose ab- 
scissa is 2; similarly AP is y¥—k; now when the curve 
opens to tho right Val is seats hence the equation is 
(y —k)*= 4 a(@ —h), with a positive. Were the axis parallel 


to the axis, but the eurve opening to tho left, the equation 
would be; 


rt uf loads to 2 (or 4) stand- 
sees guecnccnan rH z ard forms of the 
s 5 parabola. 


aE 


ibs 


(y — De 4 a(x — h), with a negative. 


Sinularly the curve on our figure which opens down is given 
by the equation (« — 3)? =~ 8(y — 2). 

In the general case, (x — kh)? = 4a(y — k) has V(h, k) as 
vertex; tho axis is a ~h =0 and is parallel to the y-axis; 
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the curve opens up when a is positive and down when a is 
negative. 


(y — k)? = 4 a(x — A) 


(x— hy? =4a(y—2 


Standard forms of the parabola equation 


Asa approaches 0 in 9? =4aa, tho parabola approaches 
more and more nearly to coincidence with the z-axis; two 
coincideut straight lines constitute a limiting form of the 
parabola. As a@ becomes larger, the parabola approaches tho 
Y-AX18. 


8. Tangent of slope m. 
y? = 4. ae, 


mx + 2kmz + i? — 4ax = 0. 


2a—km 2a—kmy — mk? 
_ (2a—km) + VC a—km) 
whence, since A = 0, k=— 


y= ma ee is the tangent of slope m to y= 4 az, 
am 


a =) is the point of tangency. 
me? m 


9. Tangent from an external point. —J or any given point 
(21, 41) outside Oe curve tivo values of m will be found for 


which y = mz 4 & will pass through (a, y,); hence there 
m 
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are, in general, two tangents which pass through a given point 
outside the curve. gn? — ym+a=0, 
“Tt V. ar Vyi—4 aa, aX, 

2m 
For points inside the curve, y,? — 4am, is negative, and there 
are no tangents. 


m= 


10. Tangent at a point (x,, y,) on the parabola. — by the 
method of article 9 of the preceding chapter the tangent to 
the parabola, y? = 4 ax, at (a, th) 
on the curve 1s found to be 

Wy =2a(x+ 2). 
Sinilarly the tangent to 
By +2 Go+2 Fy+c=0 
is found to be 
Byy + Ge+ny+lhyt+yn+ C=0; 
and with the 2 term present, dz replaces in the abovo cx- 
pression the term By,y. 


11. Illustrative example.— Put in standard form and plot 
carefully 4y—12y4+ 62-1150, 
4(y?—3y =— 62411. 
1(%—3y + )= 
—624+114+9=—624 20, 
completing the square inside the 
parenthesis. 
Ay — $= — 6(a — 28) 


EE UUetettey i EE 


TH EEE HH? une hae — O(2— 42). 
draftees iartcstteitane (y —3)'=—4@— 49). 
teat rilt a8 Vig, $ 3 type a-; AXIS y—=0; 


da=—— 3; a=— 4. 
Plot V, J, RIC, and the further point where y=4, 
— 2)? =4=—3@—39); 


2—t0=—&; © = 4. 
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Draw a smooth curve tangent to z= 4, at V(4e, #) through 
the points which are plotted; here it would be well to find 
from the original equation the intercepts on tho axes. 


PROBLEMS 
Put in standard form and plot: 

1. 4y?—12y746e-11=0. 5. (y—3)?=8e2+411. 
42°—12x—Gy—11=0. 6. y2=62411. 
4e?9—129246y—11=0. 7. f= >a 
y—Cy—8s%—5=0. 

Solve graphically, to 1 decimal! place, 
x + y? = 25 
y? = 8x, by drawing both graphs to the same axes. 


oe ON 


Put in standard form and plot the equations obtained in the 
two following problems : 

9. The formula for the height of a bullet shot vertically 

upward with a velocity of 800 feet per second, s = 800¢ — 162. 


20. The formula for the time of beat, in seconds, of a pendu- 
g 2 
lum is == -1, taking g = 980 and 7 measured in coutimeters ; 


taking g = 32, 7 must be measured in feet. 

Compute corresponding values of ¢and / by logarithms, cor- 
tect to 3 significant figares. Would the diagram be changed 
if g is taken as 982 instead of 980? At sea level on the equator 
g = 978.1 cm./see.2; at Washington, 980.0; at New Vork, 980.2, 
at London, 981.2; or in feet/sec.? 32.09, 32.15, 32.16, and 32.19, 
respectively, 

11. ‘the Heli-Gate steel arch bridgo in New York is one of 
the Iargest arch bridges in the world. See the illustration, 
p. 353. Lhe lower arc of the arch is a parabola, 977.5 feet as 
span and 220 feet as height of the arch. Write the equation 
of the are, taking as waxis the tangcut at the vertex of the 
parabola and as y-~txis the axis of the parabola. Compute 
4a to 1 decimal place. The roadway ig 130 feet above tho 
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base of the arch; compute the length of the roadway between 
the parabolic arcs. ‘There are 23 panels or opentngs, spuced 
42,5 fect apart at the centers ; compute the vertical lengths to 
the roadway froin the arc of the parabola, also to one decimal 
place. Compute the approximate length of the parabolic arch it- 
self by computing the lengths of the twenty-three chords on the 
parabola ; note that only 12 computations are necessary ; donot 
carry beyond tenths of a foot, as hundredths would have little 
significance. Locate the focus and the directrix of this parabola. 


12. Engineers use the following method for constructing a 
parabolic arch; show that it is correct. Suppose that it is 
desired Lo construct a parabolic arch of width 100 feet and 
height 30 feet; a rectangle 60 by 30 is drawn and the right- 
hand side is divided into 10 (or ) equal parts which are joined 
to the upper left-hand vertex of the rectangle (and parabola) 
by radiating Jines; the upper horizontal side is also divided 
into 10 (or ») equal parts and ordinates arc drawn at these 
points ; corresponding lincs intersect at pojnts on the parabolic 
arch desired. Of the lines drawn the second (or 7th) ordinate 
to the right of the vertex corresponds to the second (or 7th) 
radiating line drawn from the vertex to the sccond (or 7th) 
point of division frow the top, on the right-hand side. 


13. Ifan ordinary automobile headlight reflector is cut by 
a plane through its axis the section is a parabola having the 
light center as focus. If the dimensions of the headlight are 
10 inches in diameter by 8 inches deep, locate the focus. 


14. Locate the focus of a parabolic reflector, 6 inches in 
diameter and 4 inches deep; 5 inches decp; 6 inches deep. 


16. ‘The cable of a suspension bridge whose total weight is 
uniformly distributed over the length of the bridge takes the 
form of a parabola, Assuming that the cable of the Brooklyn 
bridge is a parabola, which it is approximately, find the equa- 
tion m simplest form; the width between cable suspension 
points is about 1500 feet and the vertex of the curve is 140 feet, 
approximately, below the suspeusion points, 
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16. The Kornhaus Bridge over the Aur at Berne, Switzer- 
land, has for central arch a parabola; the span is 384 feet and 
the height of the arch is 104. feet. If there are vertical 
columns spaced 24 feet apart, determine the length of these 
coluinns, assuming that the roadbed is 30 feet above the vertex 
of the parabola. If the floor of the roadbed is on a 2.7 per 
cent grade, determine the difference in elevation between the 
center of the bridge and the ends. 


17. The parabolic reflector at the Detroit Observatory, 
University of Michigan, has a diameter, which corresponds to 
arch span, of 37.0 inches; the focal length of the mirror is 
19.1 feet, from vertex to focns. Determine the height of the 
arch (or the depth of the reflector); determine the equation 
of the parabolic curve. The rays from a sun or star which 
strike this surface parallel to the axis of the parabola converge 
at the focus. What 19 the slope of this mirror at the upper 
point of the inirror? At the point whose abscissa is $ inch? 

18. To draw a tangent to a parabola from ap external point 
you can proceed as follows: take the external point as center, 
the focal distance as radius, and describe an are cutting the 
directrix ; from the point of intersection draw a line parallel 
tu the axis; the intersection point with the parabola is the 
point of tangency. Prove this method. 

19. Find the tangents of slope + } and — .3 to each of the 
parabolas in exercises 1 to 7; time yourself. 

20. Find the tangent to each of the parubolas in exercises 
1 to 7 at the point on each parabola whose abscissa is +2, 
the exercise should he completed within thirty minutes. - Show 
the geometrical method of working one of these problems. 

21. Vind the tangents to the parabola in problem 1 from 
the point (2, 10) outside the parabola. Describe a geometrical 
method of working this problem after the graph of the parab- 
ola is drawn. 

22. Plot to scale with the dimensions given the fnndamental 
parabola of tbe Alexander III Bridge. 


CHAPTER XX 


THE HYPERBOLA 


1. Definition and derivation of the equation. — (See cllipse, 


page 289, and parahola, page 309.) 


e>l. 


Take FA perpendicular to J)'D as the z-axis, imtersecting 


the given directrix at Q. 


iti = 227, 
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AA’, O is taken ag the origin aud the perpendicular through 
this point to X'NX as the y-axis, OA = OA' =a. 
Precisely as in the ellipse, 


AF=e.- AQ, 
All =e. A'Q; 
whence A+ A'F =e. (AdA'). 
AF+0A'+ OF = 2 ue, © 
2 OF = 2 ae, 
OF = ae, 
and, by subtraction, OQ= Me 


Fis (ae, 0); D'D is ee 0) 
e 

The relation PF =e- PZ gives the equation, 

V(x — ae)? + 7? = (z—$): 

é 
x? + are? + y? = e7a? + a2, 
w(1 — c?) + 2 = a%(1 — e?). 

Up to this point the work is practically identical with the 


work in the case of the ellipse; here, however, 1 — ¢? is nega- 
tive, since ¢ >1. Hence we write this equation, 


z*(e? — 1) — y? = a%(e? — 1). 


Fs nid Hea 
a ar (e?—IP 
Let Ub? = at(e?— 1). 
si ay 
aoe 


2 4 
2. Geometrical properties of the hyperbola, ~~ =1— 
Since y and —y lead to the same values of x, the curve is 
syminetrical with respect to the z-axis; since t and — « lead 
to the same values of ¥, the curve is syminctrical with respect 
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to the y-axis. IIence the intersection of the two axes is the 
center of the curve. 
oa a 
Solving for y, yore -—VP—o; 
this expression shows that the curve is symmetrical with 


respect to the xaxis, for any value of x gives two values of y 
equal in value but opposite in sign. Since any value of 2 
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Symmetry ot the hyperbola 


numerically less than «@ gives imaginary values of y, the curve 
lies wholly outside the region bounded by z+a=0 and 
c-a= 0. When =+ a, y=90; these are self-corresponding 
points on the horizontal axis of symmetry; these points are 
called the vertices. When y=0, x is imaginary; the vertical 
axis of symmetry does not intersect the curve. 


Solving for z, zat Vy +B; the curve is symmetrica} 


with respect to the y-axis; every real value of y gives two 
corresponding real values of x, symmetrically placed with 
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respect to the y-axis; the vertical axis of symmetry does not 
cut the curve in real points, As y inercases in value, without 
limit, so do the two corresponding values of z increase in 
value, numerically without limit. 

Since there is this vertical axis of symmetry it is evident, 
precisely as in the ellipse, that there is a second focus, 


F,(— ae, 0), and a corresponding directrix, a + t—0, 
e 
The axis which cuts the curve is called the principal axis; 
the other axis is called the conjugate axis. The linesz=+a 
are tangent to the curve at the vertices. See page 310. 
3. Right focal chords. —The foci are the points (ae, 0) and 
(—ae, 0); when v=+ae, y= ° VeE = a = +tb6Ve—1; 


but since J* = a2(c? —1), these values of y equal + on each 
a 


: : 2 U2 i 

right focal chord is of length =~, and is constructed by 
t 
erecting at the focus lines perpendicular to the principal, or 
transverse, axis of length ton each side of the axis. 
a 

The foci are at a distance +ae from tho ccnter; now 
b? = at(e2— 1) gives ae = Va? + b?, which is the length of the 
diagonal of a rectangle of sides ¢ and 6. - 

4, Finite and infinitely distant points on the byperbola. — 
Given to plot the hyperbola y=, note that a?=16, 


b2= 49; 49=16(e?—1), whence e&?—-1=4%, e? = $2, and 


It will be found convenient to draw the rectapgle having 
Oas center and extending 4 units to the right and left of O 
and 7 units above and below. The half-diagonal of this 
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rectangle has the Jength V65, and may be used to locate on 
the principal axis the two foci. 
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Asymptotes and one branch of the hyperbola ae _ =i 


The linc y= cuts the curve at oc a alg ==xiL, he ; 
16 49 716x49 
28 28 V33 
/33 bo ‘ 
The line y=mz cuts the curve in two points, whose ab- 
scissas are given by 


ee eS or ate _o= 28 


aE ee 
Dest 49 — 16 m A9—16 m? 
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As 16m? approaches nearer and nearer to 49 these two 
points of intersection move farther and farther off; when 
49 — 16 m?=0, m = + j, the two points of intersection of cach 
of these linos with the hyperbola move off to an infinite dis- 
tance; the lines y=iaand y =— 42 are called asymptotes of 
this tiyperbola, intersecting the curve in two ‘coincident points 
both at an inlinite distance. 


22 
In the byperbola tees the two lines peslls and 
a a 
b 2 % 
meta or = — Fe 0 and =+7=0 are asymptotes; note 


that ( : =H Bey, gives the Icft-hand member of the equa- 


tion of the hyperbola, when the right hand is unity. 


5. ILlustrative problems. — Plot the liyperbola 


The rectangle of sides 8 and 14, parallel to z and y-1xes respectively, 
is plotted with its center at the origin, As noted above, the diagonals 
of this rectangle give the distance from the centcr on the trausverse axis, 
here horizontal, of the foci; the diagonals extended are the asyinptotes, 
and to these lines the curve approaches more and more nearly as the 


curve Seca towards infinity. The right focal chords have the total 


length mo plot — vertically above and below the foci, Vake z= 6, 


this 485 another point between vertex and right focal chord ; 
F-= el syst i v1.2 =H 11.12) = £1.84; 


take z= 10,y=£7V5.25 = + 7(2.29) = + 16.03. 
Plot also the symmetrical points, 


PROBLEMS 
‘perbola & — 2 =, 
1. Plot the hyperbola AOmeTG 1 
2. Plot the hyperbola — cia be Si 
1007 100 


This type of hyperbola, a = J, is called an equilateral or ree- 
tangular hyperbola, Why? 
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ee] - 
> —— ——- = 1 
3. Plot the hyperbola 3759? 


quired to one decimal place. 


2 
4. The equation of the hyperbola =-£ = 1 may be put in 


parametric fori, z= asced 
Y= b tan re] 


Noting that sec @ is i 
2 Cos 


computing values re- 


5” find by using logarithins five 


points on each of the above hyperbolas. Check on the graphs 


drawn. What is the gcometrical significance of 0? 


5, Find the cquations of the asymptotes of each of the pre- 
ceding hyperbolas and find to 1’ the angle of inclination to 


the horizontal axis. 


6. Compare the righthand branch of the hyperbola 


2? y’ a 


1469 


1, with the parabola 4? =F — 4); this parabola 
ds 


has the same vertex and passes through the extremities of the 
right focal chord. Prove this. Do these curves coincide in 


other points ? 
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Focal distances to Py (x1, yi) on the hyperbola 
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6. Difference of the focal distances constant. —Dcsignate the 
right focus by F, and the corresponding directrix by DD’, 
and the left focus by 7%, having D,D% as the corresponding 
directrix. Then the focal distances PF, and PF, are ez, — a 
and ex -+a, respectively; the difference, PF, — PF\= 2a, 
is constant. 

The hyperbola may be defined as a curve gencrated by a 
point which moves so that the difference of its distances from 
two fixed pots is constant. 


7. Standard forms of the equation of the hyperbola. 


(Ge IBY IO 5 
6? : 


a?® 
(y—ky (@—h)?_, 
| ee a 


Precisely as in the ellipse, article 6, Chapter 18, the cquation 
2 
of the hyperbola = ae =1, may he interpreted 
a- 
Oi MP, 
Osan OB: 
For auy hyperbola whose axes of symmetry are paralle] to the 
coérdinate axes we obtain, from this relation, the equations 


aD. ey (=k? _@— Wty, 
a 


and a G? 
for a horizontal hyperbola, for a vertical hyperbola. 
s s 
PSH 
SSNS 
PRS papas 
FNS sescessasveesest 
FesestiDes eas seasgeccedsu.wc sv auseupeseges 
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Horizontal hyperbola Vertical hyperbola 
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§. Conjugate hyperbolas and limiting forms of the hyperbola 
equation. — Given any hyperbola, 


2 y? 
cma 
: ae ye 
the lines a 
a. U8 


— o_o = 


represents a vertical hyperbola about the same rectangle and 
having the same asymptotes. Any two hyperbolas so related 
are called conjugate hyperbolas. 
Tilustration, 
(2—3)?_ (y+?) 4 and (20) ERR (y ce 1 are con- 
16 49 16 49 
jugate hyperbolas; the second is written in standard form 


aan ea 1, wherein the focal distances + ae from 


the center, and the distances + © of the directrices from the 
e 
center (3, — 2) are obtained, regarding a* as 49 and U? as 16. 
The asymptotes of these conjugate hyperbolas are given by 


the equation aor (y wee = 0, or by the equivalent in 


separate factors, 
z—3 y+2 0 —3 
ee ee a ioe ae 
r 7 Derr 


‘ an BY — k) 
The equation Gah ~ way =, representing two real 
4 


straight lines, is @ limiting form of the hyperbola equation, 


(GeO Yistol) em 
a2 Ui 


stant and the hyperbola approaches inore ae nore nearly the 


two straight lines =<! al Fe i 0 and == s—A,oe =n = 0. 
) 


i 
bo 


= 0. 


Asm approaches zero, b remains con- 
a 
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9. The equilateral or rectangu- 
lar hyperbola. — ‘Ihe hyperbola 
Ya is called an’ equilat- 
a a 
eral hyperbola since b=a; it is 
also called a rectangular hyper- 
bola as the asymptotes are at 
right angles to each other. 

Since l? = q?(e? — 1), the value 
of ein an equilateral hyperbola 
is V2 or 1.414 1 for e>v2, The equilateral or rectangular 
Ue>a?; for e<vV2, lb? < ar hyperbola 


on 
ue 
ors 


10. Illustrative problem, — Put the equation 
4224+ 10b¢—9y?—18y—75=0 
in standard form and plot the curve. 
d(at?+4z00 )-9y24+2y JTS 
A(x? 442+ 4)— 0(y2 + 2y41)= 75416 —9 
4(z + 2)?— Oy + 1)? = 82 
(2+ 2)?_ @+iy_, 
20.4 Vv. 
The center is at (~2, ~ 1); tho hyperbola is of horizontal type ; 
@=20.5anl¢= 4.33; J2=9.11 and b = 3.02 ; 
a 2 
ae = V20.5 + 9.11 = V0.01 = 5.44; e =o) 
further convenient points 
are given by z = 5; substi- 
tuting in the original is 
easiest, giving 


Hatin 


2 


072+ 18y— 105 =0; 


‘ 
BS, ESEREBREBNGE 


y+ 2y—1gi=0 


roth 
saunsenesas of Gassesecuuseace 


srititeiisie(atast aR 


against your I + V1 a Apa 


=— 14 410.08) 
Upper portion of right-hand branch of the 
given hyperbola =—1+ 3.50. 
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PROBLEMS 


1. Put the equation 
422+162—9%y?—18y+4 107 =0, 
in standard form and plot. 
2. Plot one quarter of the byperbola 


oe rable Ue 
eee RSE 


3. Plot a hyperbolic arch, width 200 feet, height 60 feet, 
as part of a rectungular hyperbola, Assume the equation 
if! ~ 2? = u?, and note that (100, a+ 60) is on the curve. 


4. What limitation is there upon the values of A and #2, 
if the equation Aa? + By +2G242Fy+C=0 represents a 
hyperbola ? 
5. Any equation of the form ay =k, 
or (az + dy + €:)(ae + BY + &)=h, 
has for its locus a hyperbola; the liucs obtained by equating 
the left-hand member to zero are the asymptotes. Plot the 
hyperbolas zy =10 and (z—3y)(z —4 y)= 50. 
6. Put the following equations in standard form, completing 
the square first and reducing to standard form by division. 
a 427—-9y —§$24+ 36y=—0. 
b. Sxzt+ 24¢— 32+ 6y—43=—0. 
¢. 32?§—-Iix—10y¥74+100=0. 
d, 52?—12y2?—117 = 0. 
e. $a%*— 244-4 y2?-16y—52=0, 


7. Plot the preceding five hyperbolas, choosing an appro- 
priate scale. Plot the extremities of the conjugate axes; 
plot the rectangle and its diagonals; plot the extremities of 
the right focal chords; plot at least one further point, 
properly chosen to give the form of the curve, and its 
symmetrical points with respect to the axes. Jt is desirable 
to plot at least two of these curves completely ; the remaining 
curves néed be sketched only in the first qnadrant. 
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8. Determine @ and 0? to ono decimal place in the follow- 
ing three hyperbolas : 
Qa. 17 2? ~ 437? = 397. 
b& S5a—1T2—-10f—35y=0. 
i(2 — 2)? — 8(y — 3)? = 39. 
9. In the three hyperbolas immediately preceding deter- 


; b? 
mine ae, — and > ~ to one decimal place. 
a’ 


10. In each canta of problem 8 determine a when y = 


11. Using the data of the three preceding problems, plot 
the three hyperbolas of gs 8. 

12. In the hyperbola = A _ ¥ = = 1, find the coérdinates of the 
foci. What is the distance of the point whose abscissa is 12 
from each of the foci? of the points whose abscissas are 10, 11, 
15? State the general form for this distance. 

13. Put the following equations in standard form and discuss 
the curves represented by these equations : 

a. v@—hex—y?—G6y=0. 
b. e@—-Ca—dyt—8y4+7=0. 


, Gk _ WF =o 


25 


CHNVIEREXNI 


TANGENTS AND NORMALS TO SECOND DEGREE 
CURVES 


1. The general quadratic in x and y.— The general equation 
of the second degree in 2 and y 13 written, 


Ad? +2 Hey + By +2 Gr +2 Fy + C=0. 


The equations of the circle, parabola, cllipse, and hyperbola 
are special types of this general equation. Since none of 
these standard forms, representing curves of the second degree 
with axes of symmmctry parallel to the codérdinate axes, have 
an ay term, we find it convenient to discuss tho gcnera) 
equation, with H = 0, or 


Ax + By +2G2+2 Fy+C=0. 


This represents ono of the curves — circle, ellipse, parabola, 
or hyperbola — mentioned above, or some limiting for: of the 
same, tocluding pairs of lines and imaginary types. It can be 
shown that 


Az’ + 2 Hay + By +2 CGe24+2FrFy4+C=0 


represents no new curve; simply one of the above-mentioned 
types turned at au angle to the codrdinate axes. 


2. General equation of the second degree represents a conic 
section. — Given a right circular cone, it can be shown hy the 
geometrical methods of Euclidcan geometry, that the section 
which is made with the surface of the cone by any plane is 
one of the curves above mentioned; thus a plane parallel to 
the base cuts the cone ina circle, or in a point circle if through 
the vertex. 
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Lhe cone is conceived as the whole surface determined by 
the straight line elements of tho cone produced to infinity. 

A plano which runs parallel to only one of the elements cuts 
the cone in a parabola, or in two coimcident lines if the plane 
passes through an clement and a tangent to the circular base 
of the cone. 

A plane which cuts all the elements in finite points cuts 
the cone in an ellipse; this isa point ellipse when the plane 
passes through the vertex of the cone. 

A plane which cuts the coné paralle) to the plane of two. 
elements cuts it in a hyperbola: if the plane passes through 
the vertex the hyperbola reduces to two straight lines. 


3. Historical note on conic sections. — The fundamental prop- 
erties of conic sections were discovered ly Greek mathema- 
ticians carly two thousand years before the invention of 
analytical geometry which was perfected by Descartes and 
Fermat, French mathematicians of the seventeenth century. 
A treatise on conics was written by Euclid (c. 320 x.c.), but it 
was entirely superseded a century later by a treatise by Apol- 
lonius (c. 250 x.c.) of Perga, whose treatise included most of 
the fundamental properties which we discuss. The proper- 
ties of the parabola connected directly with focus and divectrix 
are not included in the eight books (chapters) on conic sec- 
tions by Apollonius, nor was the directrix of the central conics 
employed by him. . Pappus of Alexandria (¢. 300 4.v.), almost 
the last of the Greek mathematicians of any note, included 
theso in his Jfathematical Collections. 

The Greek mathematicians were interested in these curves 
for the pure geometrical reasoning involved, That the paths 
of the plancts were conics they did not know; nor did they 
know any practical applications of these conics. However, 
the fact that Greck mathomaticians had studied these prop- 
erties made it possible for John Kepler and Isaac Newton 
to establish the Jaws of movement of the planets in the uni- 
verse in which we live. ‘he. men mentioned and Nicolas 
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Copernicus, who reasserted the heliocentric theory of the uni- 
verse, were all thoroughly versed in the pure geometry of the 
Greeks; their new theories were built directly upon this 
foundation of pure geometry. 


4, Tangent of slope m to a second degree curve.— Any line 
y=mz+k cuts a curve given by au equation of the second 
degree in two real points, or in two imaginary points, or in 
two coincident points. The abscissas of the points of inter- 
section are given by the quadratic in « obtained by substitut- 
ing y= nz + k in the equation of the curve; the two equations 
are solved as simultaneous equations. The condition for tan- 
gency is that the two points of intersection of the line with 
the curve shall he coincident; this will be the case when the 
two roots of the quadratic in z, ze. the two values of the 
abscissas of the points of intersection, are equal. 

When the intersections of a line with a quadratic curve are 
given by a linear, instead of a quadratic, equation, the mean- 
ing is that one point of intersection has moved off to an in- 
finite distance. As the coefficient of the square term of a 
quadratic approaches zero one root becomes larger and larger 
without limit; see page 98. 


Parabola, y?=4az, 
y= mz +h. 


Solving, ne —(km — 2a)4+V4a(a — mk 
m2 


For equal roots, or coincident points, k = aA 
m 


A, y=mr+e is tangent to 7*=4 az at — 20, é 
are me m1 
Ellipse; = -(-2s =a" anditheminer 
te sah peg be! e hne y= mz+hk, 


Solving, oo x= — Am + Val? (am? + D2 72) 


6? +. a?m? 
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B. y=mz + Va'm? + 0? is tangent to the ellipse 


anv am? + b2 ny + U2 


a? 
a? amt+e 9 aarp 


sie iat abe= + 
bape 


For every value of m there are two real tangents to an 
ellipse. Similarly 


Gg y = Me aa V/ atm? = b2 
is tangent to the byperbola, 
e — tk =latr= Gal Wiles 
the (ae Jat? — v? 


For values of |m|> ba there are two real tangents to a 
a 
hyperbola; for |m|< : the tangents are imaginary; for 
mat 2B there is only one tangent and its point of tangency 
a 


is at an infinite distance, or, as noted before, the lines y= + be 
a 


are asymptotes of the curve. 

The method of this article is employed in deriving tangents ; 
the equations given under A, B, and C above are used mainly 
in proving geometrical properties of these curves. Note that 
if these equations are used as formulas, they apply only to 


curves of the type givon; y=ma+— gives the tangent only 
to a parabola of the form y? = 4ax (a may be positive or nega- 


tive). Similarly, y= mx + Va'm? + dD? gives the tangent of 
slope m only to the ellipse, 


z+u- 1, (a? may be less than 6?) 
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PROBLEMS 


Find tangents of slope 2 and of slope —3 to the following 
three curves. Tollow the method of article 4. 


1. o2+y—102=0; find the points of tangency. 
2. 3y2—42—6y=0; find also the normal of slope — 4. 


3. 2243y2—42—G6y=0; find the diameter joining the 
two points of tangency. 


4. 2y—25=0. Find the tangents of slope —2, and the 
points of tangency. Find the tangent of slope m. For what 
values of m are the tangents imaginary? Vlot 10 points on 
this curve. Where dv al] points of this curve lie? Find the 
- intersections of y =.01%+45 with this curve. 


5. lind the tangents at the cxtremitics of the right focal 
chord of y2=8a; where do they intersect? Similarly in 
yr=+ac. Is this true of any parabola? Explain. 


6. Find the tangents at the extremities of either right 


foca) chord of w+ a1; 
aegy | A 


where do they intersect? Similarly with 


Where do these tangents intersect? What change is necessary 
to prove this property for the hyperbola? Explain. 


7. Hind the perpendicular from the focus of y2=82 to the 
tangent of slope 2; where do they intersect? Similarly for 
the tangent of slope m. State what yon have found as a 
property of any parabola. 


d 2 2 
8. In the ellipse = + - = 1, find the perpendicular from the 


focus to the tangent of slope 2; find the point of intersection ; 
note that it is a point on’the circle, 22 +y°=25. Prove that 
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the same is true of the perpendicular from the focus upon 
any tangent of slope m. rig that in the ellipse 


# = 

ik 
the perpendicular from op focus upou any tangent neeta it 
on the major auxiliary circle. 


9. Follow the directions of problem 8 with the hyperbola, 


2 2 
—~—-L=1 
1669 es 

and oot ; 
az U2 


making necessary changes. 


10. Find the angle between y=5x2—7 and the parabola 
y? = 8 x, 

The angle between a straight line and a curve is defined to 
be the angle between the straight line and a tangent to the 
curve at the point of intersection. 

Notr. — Solve for the points of intersection; write the equation of 
tangent at each point of .tangency ; find the angle between each tangent 


and the lnc y=52—7. See article 8, chapterd5. Check by Gnding 
the slope angle of tbe lines y = 52 —7 and of the tangent lines. 


11. Vind the angle between y=22—5 and 2?+ y?= 100, 
at each point of intersection. Check as in problem 10. 


5. Tangent at a point (x, y) on a curve given by an algebraic 
equation. —On any curve a line joining a point P, to a point 
P, is called a secant; obviously this secant cuts the curve in 
two distinct points. If 7, approaches /’; along the curve, the 
secant changes, approaching more and more nearly, in general, 
a definite limiting line. The limiting position of the secant is 
called the tangent to the curve at P,. 

The analytical method of obtaining this limiting line is as 
follows: 

Tako P, (2, y:) any point on the curve; 
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Take Pp as (a) +h, y + &) also on the curve; thie chord P,P, 
has the equation y — y= = (@ — 2%). 
t 
Find the value of - conditioned by the fact that 2, and P, 
é 


both lie on the curve, by substituting (zy) and (4% +h, y+ *) 
in the given equation and subtracting, member for mem- 
ber. 

This value of : will be found, in general, to have a definite 

r 

limitiug value as k and h approach zero; this limiting value is 
the slope of the tangent. 

The method outlined applies to any curve given by an 
algebraic equation. 


y=4az; P,i(%, 4) on curve; Py(2, +h, y +4) on curve; 
y¥-y= "(a — %,), chord joing P,P». 


(M+kPs4a(a, +h), or y?+2ky4+h—4 a2, +4 ah, 
since J’, is on curve. 


yi? = 4 ax, since P, is on curve. 


2ky, +h? =4 ah, by subtraction. 


k 4a Tea 
ia aay? gives the slope of the chord joining P, to 2. 


Let & approach 0, & also approaches 0, but ‘ whways equals 
¢ 


4a 
ea and this value approaches more and more nearly to 
4a 2a aie Ra oe 
oa or A as a limit; this limit is the slope of the tangent. 
1 i 


yY—-Y™Y= = (x — 2) is the tangent to 
1 


y? = 4 az at (x, 7) on curve. 
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This equation may Ne simplified, 
ny — yy? = 2 ac —2 ax, 
yiy=2axr+y?—2aa,; but y,?2=—4 ax, whence 
yy = 2 a(a-+a,), which is the tangent equation. 


By precisely this method, the tangent to 
ies a | 
atpoh at (1, 1) 


on curve has been found, in section 11, chapter 18, to be 


UyD WY 
iia bead 
The tangent to 
Daa E meh AX (%, 31) OX curve is ye _ il 
az be ’ wy /i a ee d2 bree 


The tangent to 
Ax? + By + 2 Qx+2 Fy + C=0, at (a, y)) on curve is 
Aaya + Byy + G(x +2,)+ Fly +y1)+ C=. 
The tangent to 
Ax? +2 Hay + By? +2 Gx +2 Fy + C= 0, at (a,y,) on curve is 
Axx + IT(xy + yt) + Bry + Ge +2,)+Fy+n)+ C=0. 


All the preceding are embraced in the last formula, as 
gpecial cases. The fina) form should be remembered and used 
as a formula. 

The above special forms for the equations of the tangents to 
conics given by equations in standard form may be used to 
derive tangential properties of those curves. Some of these 
properties are touched upon in the problems below and will 
recur in the next chapter. 
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6. Tangential properties of the parabola. — 


4 ax, any parabola P, V2. 


p= 


Za(e+%), 
axis at 7, the dircctrix at Q, 


tangent at P,(2,, 71) on curve, cutting the 
the vertex tangent at S. 


YY 


(2 —2,), normal Py, cutting the axis at XN. 


Vr 
9 


a 


\iisiesseenictoaredleeetsttnttenncy) 
SNS SSSSEESSStCaSie estccenatecetatts 


ett 


BU 
He pane mah CP ceeetecdsescctescssra 


Tangential properties of the parabola 


T and WN are obtained us the wintercept of tangent and 


normal, respectively ; 


0). 


T is (—a, 0); Vis (x; +2a, 


Vof, the tangent cuts off from the vertex on 


Hence -V7' 
the axis the same distance that the perpendicular from the 


point of tangency on the axis cuts off from the vertex. 


This 


gives a simple method of drawing a tangent to a parabola: 
drop the perpendicular P,3f to the axis; extend the axis from 


the vertex, making V7" 


P,T is the tangent. 


VM, the length of the intercept; 


=2%,+ a. 


PZ 


TF=%+a=FN. 


PF 
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Hence Z FTP, = Z FP,T, base angles of an isosceles A. 


Now 4FTP,=ZTP,Z, alternate interior angles of 
parallel lines, ote. Z2FP,T=ZTPZ, te. the tangent 
_ bisects the angle between a focal chord and a line parallel to 

the axis; the normal PN bisects the supplementary angle 
FP,k, making Z FP,V=Z NPR. 


Further S§ is the mid-point of TP, (since VSY is parallel to 
P,\M and bisects the side TL). 


FS is perpendicular to T7’;; the perpendicular from. the 
focus to any tangent meets it on the vertex tangent. 


QF being drawn, A QFP, = A QZP,. 
ITence QFP, is a right angle. 


Extend P,F to cut the parabola at P,; draw P:Z, to the 
directrix, and 7,Q. 
A P.Z,Q = A P,FQ. 
Hence P,Q bisects the angle Z,P,/ and is the tangent. 


Further 7 P,QP, is a right angle, since it is half of the 
straight angle about Q. 


Summary of tangential properties of the parabola 

1. Tho tangont bisects the angle between the focal radtus 
and a line parallel to the axis; the normal bisects the in- 
scribed angle between the focal radius and a line parallel to 
the axis through the point of tangency. 

2. The perpendicular from tho focus of any parabola on any 
tungent meets it on the vertex tangent. 

3. SLangents at the extremity of a focal chord meet on the 
directrix, and at right angles. 

4. The focal chord is perpendicular to the line joining the 
focus to the intersection on the directrix of the tangents at 
the extremities of the focal chord. 
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7. Tangential properties of the ellipse and hyperbola. — 


2 2 
=+t= 1, any ellipse, = - = 1, any hyperbola. 
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tangent at (%, y;) on curre, cutting the principal axis in the 
port 7. 
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Tangential properties of the hyperbola 
The tangent bisects the angie betwoen focal radii to the point of tangency. 


: ayy ary, 
) — = eee —_ » . — => — — 
UPS Uae bt, ( — 2); UP Bx, (z— x), 
giving the normal at 2, y, on curve. 
2 
Tis (E, 0); Wis (cm, 0). 

od 

In the ellipse, ln the hyperbola, 


a? ; 
FT= Shee F\N=ae~—ea,, FyT=ue— a BY N= ety ~ ae. 
4 


2 
F,T= ae +—; I, N= ae + €2,. PyT=a0t ©; PP, N= x, + ae. 
L 
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The lengths F,.V and iV are secn to be proportional to the 
lengths P,F, and P,F,. 


PF a since % ee vi awe — C0, | 


PF, ¥F,N’ a+tex, acters,’ 
a’? 
PR FT Giriex met aed, 
Similarly —-? = —, since ——1 = a 
Jeg est, Jaf! a+ex, a ave 
% 


If a line from the vertex of a triangle divides the opposite 
side into segments proportional to the adjacent sides, the Jine 
bisects the angle of the triangle; hence the tangent and 
norimal at any point on the ellipse and hyperbola bisect inter- 
nally and externally the augle between the two focal radii to 
the point. 

Another method of constructing the tangent is to construct 

2 
= In the ellipse the major auxiliary circle 2? + y? =a? is 
1 
drawn and the tangent at P;(%,, y2) ov this circle 2% + yoy = a? 
has the intercept ae draw the tangent at (a, y,) to the circle, 
vy 
entting the X-axis at 7; connect 7’ with P, on the ellipse. 

In the hyperbola x, > a, so that this construction cannot be 

used; froin A(z, 0) on the X-axis a tangent to the circle 


5 : é 5 . @.. 
x? 4+ y? = q? intersects it at 2 point U whose abscissa is ae since 
L 


Oa. 
1 


Summary of tangential properties of the ellipse; hyperbola, and 
parabola, regarding the parabola as having « second focus at 
an infinite distance on its axis of symmetry. 


1. The tangent to an ellipse, hyperbola, or parabola bisects 
the angle betwecn the focal radii to the point of tangency. 

2. The perpendicular from the focus upon any tangent 
mects it on tho circle having the center of the conic as ceuter, 
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and passing through the principal vertices, In the parabola 
this circle has an infinite radius and so reduces to the tangent 
Vine at the vertex of the parabola. 

3. Tangents at the extremities of a focal chord meet on the 
directrix. 

4. he focal chord is perpendicular to the linc joining the 
focus to the intersection on the directrix of tangents at the 
extremities of the given focal chord, 


PROBLEMS 


1, Find the tangent to the curve xy = 25 at the point (5, 5) 
by the method of article 3, 

2. Find the tangent to 2=Sy at the point (5, 28) by the 
method of article 5. 

3. Find the tangents to the curves in problems 1-3 of the 
preceding sect of problems ata point (a, y,) on each curve by 
the general formule. | 

4, Ifind the tangent to the curve z?=8y at a pout 
(a, 71) on the curve; note that (a, y,) satisfies the equation 
of the given curve; find a second equation which the point 
(2, y,) must satisfy 1f the tangent obtained is to pass through 
(5, 3) which 1s not on the curve; solve the two equations as 
simultaneous and thus obtain the point of tangency of a tan- 
gent from (5, 3) to the given curve. 

5. Find tangent and normal to the curve 22-10 2-8 y—5=0, 


at the point whose abscissa is 2; find the tangent of slope — 2 
to this carve. 


6. What tangential property of parabolic curves makes 
them useful in reflectors? Explain. Prove the property. 


7. Write the equation of a hyperbola having the foci and 


vertices of the ellipse = 4 ¥ 3 ; 
ertices of the ellipse 7 — ct ay ae las vertices and foci, respec- 


tively; find where these curves intersect; write the equation 


of a tangent to each of the curves at one of the points of inter- 
section; discuss these lines, 
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8. Write the equation of the tangent at a point (7%, ¥;) to 
each of the following curves; use the general formula; time 
yourself. 

a. 40? —O67+9y+5y=0. 

b. 42°-—Ga—9y?—hy=0. 

ce. 4a%--6a—fy= 0. 

d. 422+ 6ay+ 9y2?—62 —dy=0. 

EN athe 

é. iG + Ee = 1; 
qe and x, can be thought of as co-cflicients of «2 and 72. 

f. 2—62—-—4y—-—8y+7=0. 


9. Find the tangents to the first three curves in the pro- 
ceding excercise at the points where these curves cut the 
€-AX13. 


it is not necessary to clear of fractions as 


10. Find one point on each of the curves of the eighth 
problem and write the cquation of the tangent at that point. 


eee pee ee ae 
From Tyrrell, History of Bridge Engincetng 
Elliptical arch bridge at Hyde Park on the Hudson 


Tho span is 76 feet and the rise is 14.7 feet. Note that the reflection 
completes the ellipse. 


CHAPTER XXII 


APPLICATIONS OF CONIC SECTIONS 


1. General. — Numerous applications of the conic sections, 
viz., cirele, ellipse, parabola, and hyperbola, have been indi- 
cated in the problems given under the discussion of each curve. 
In general it is the tangential properties of the curves and 
the further geometrical peculiarities of these curves that make 
them so widely and so variously useful. The fact that simple 
geometrical propertics are connected with curves given by 
algebraic equations of the first and second degrees in two 
variables seems to imply a certain harmony in the universe of 
algebra and geometry. 


2. Laws of the universe. —In 1529 the Polish astronomer- 
mathematician, Copernicus (1473-1543), rediscovered and 
restated the fact, known to ancient Greeks, that the sun is 
the center. of the universe in which we live; he conceived the 
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planets to move about the sun in circular orbits, About a 
century later the great German astronomer, Kepler (1571- 
1630), was able to establish the following laws of the universe: 

1. The orbits of the planets are ellipses with the sun at one 
focus. 

2. Equal areas are swept out in equal times, by radii from 
the sun to the moving planet. 

3. The square of the time of revolution of any planet is 
proportional to the cube of its méan distance from the sun; 
toy siete 

T,? di,’ 
and d, and d, the diameters of their respective orbits. 

Kepler’s work was made possible by that of all his pred- 
ecessors, particularly the Greek mathematicians who had so 
thoroughly discussed the properties of the conic sections, and 
further by the work of the Dane, Tycho Brahe (1546-1601), 
whose refined observations gave the necessary data. 

Newton (1642-1727) completed the work of systematizing 
the Jaws of motion in the universe in which we live, showing 
that the attraction of any two bodies for each other is in- 
versely proportional to the square of their distance apart and 
directly proportional to their masses. Newton showed further 
that this assumption leads to the elliptical motion in the case 
of the sun and any planet. 

The paths of comets which pass but once are known to be 
parabolas, or possibly hyperbolas with eccentricity close to 1. 


if 7, and T, are the periodic times of two planets, 


3. Projectiles. — The first approximation to the path of a 
projectile is a parabola, Indced for low velocities, below 
1000 feet per second, the path is almost parabolic’ even with air 
resistance. The parametric equations of the path of a projec- 
tile shot horizontally with a velocity of 1000 feet per second, 
neglecting air resistance, are, in terms of ¢, the number of 
seconds of flight, as follows: 

2 = 10002, 
y=— 16%. 
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When a projectile is shot at an angle « with the horizonal, 
we have shown that there is a horizontal component of veloc 
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Path of projectile shot horizontally from a tower 
1000 feet high; initial velocity of 50 feet per 
second 


ity, veos«, and 
a vertical compo- 
nent of velocity, 
vsinag. The equa- 
tions of the puth 
of this projectile 
shot from the 
ground as %-axis 
are as follows: 


t= Vp COS -f, 
Y= Up sin«-t 
—1628. 


PROBLEM. — 
Find the path ofa 
projectile thrown 
with a velocity 
of 50 feet per 
second horizon- 
tally from the 
top of a tower 
1000 feet high. 


constitute the parametric equations of the path, the axes being 


taken through the top of the tower. 


Giving to ¢ values 


t= 1, 2,3, -- 8, these equations determine the position of the 


projectile after ¢ scconds. 


£=0,1, 2, 3, 4, 5, 6, 7, 8 determines the following points 


upon the parabola: 


(0, 0) (50, — 16) (100, — G4) (150, — 144) (200, — 256) 
(250, — 400) (300, — 576) (350, — 784) and (400, — 1024). 
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50 
we? =— 156.25 y is the equation of the parabola in standard 
form; the coordinates (%, y,) of any point obtained by sub 
stituting a given value for ¢ in the paramctric equations above 


Since c= 004, y=— 160, y= — 16. Ee for all values of #. 


wil) satisfy this equation since t2 =(& path 
30 16 
On any ordinary coérdinate paper tle curve 2? = — 156.25 y 


can be plotted only as a? = — 156 y. 
The drawing shows very plainly that the projectile reaches 
the earth when t =7.9 seconds, approximately ; solving 


-— 1000 =— 162 (y=—160, y= — 1000), 


gives ? = 62.5, 
t=7.91-. 
The motion of a falling body is a special case of the equa- 
tions above. y=— 16 é gives the space in {cet covered in time 


t seconds by a freely falling body, falling from rest. 


4. Illustrative problem.— For a bullet shot at an angle of 

30° with a velocity of 1000 feet per second the equations are: 
2 = 8661, 
y = 500¢— 16 @. 

This bullet will, on a level plain, remain in the air until y = 0; solving 
gives tho value for the time of flight. ‘Che range is given vy inserting the 
valuc of ¢ so found to find z. 

The velocity of J000 feet is equiva- 
lent to two separate yclocities, one 
vertical of 500 feet per second, onc 
horizontal of 806 feet per second, 
These are ¢ andl y components of the 


velocity. If no othor force acted on selene Fs 

this projectile, the path would be a PH Th 880) 

sere cutie, eiyen Dy Vertical and horizontal compo- 
z= 8068, nents of a given velocity 
y= 5004 


But since gravity acts, liminishing the vertical velocity, the total y is 
given by y = O0t — 16%, 
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the — 16 #2 being duo to the effect of gravity. The fall in ] second due 
to gravity is independent of the upward motion, 


The path is given by 
iy z= 806 l, 
y = 500 ¢— 102. 


When y = 0, the projectile is on the ground, the z-axis. 
5 
1(500 — 162)= 0, £=0, or i=”, the first value, ¢= 0, means 


simply that the projectile is shot from the ground. t= = $1}, is the 


number of seconds the projectile ix in the air, Finding z when ¢ = 31} 
gives the horizontal distance, or the range. Kliminating ¢ gives the 
Cartesian fori of the equation of the parabola 


= 
2= 866 t, or t= —, whence 
oy 866" 


% 
y = 500-2, — 16(5) , which reduces to 
ng) 


(z — 13530)? =— 46870(y — 3906). 

The numerical work ts somewhat tedious in such a problem, and ijt 
is indeed in most practical problems, The labor can be materially 
shortened by remembering that since the initial velocity is probably 
correct only to the second significant figure, correct here to lundreds 
of feet, and since y is taken as 32, instead of 32.2, an error of defect in 
the division of } of 1%, the crror by excess in the quotient wil] be also 


¢of1%. 


PROBLEMS 


1. Of the planets Mercury is nearest to the sun. The mean 
distance of Mercury (=a) is 36 million miles; e= .2056; 
compute the equation of the orbit referred to the principal! 


diameter as axis; find the distance of the sun froin the center 
of the path. 


2. Venus is the planet which is second in order of distance 
from the sun; the inean distance is 67.27 snillion miles; e= 


.0068, compute the equation and constants as in the preceding 
problem. 


3. Compute the orbit of Mars and focal distance; mean 
distance is 141.7 million miles; e = .0933. 
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4. Knowing that the earth has a time of revolution of 
365.256 (use 365.3) days and that its mean distance is 92.9 
million miles, compute by Kepler’s third law the times of 
revolution of the planets in the three preceding problems. 


5. Discuss the maximum and minimum speed of the earth, 
assuming that the angular velocity ig constant; note that the 
focal distance is 1.5 million miles, and the variation will 
depend upon the different Jengths of the radius. 


6. Assuming that the big gun which bombarded Paris had a 
range of 75 miles when pointed at an angle of 45°, find the 
initial velocity from the equations, 

rise Oia 

y = .707 vt — 16.1 &. 
Insert in these equations «=75 times 5280 and y=0 and 
solve for v and ¢; the valnes obtained are the theoretical 
initial velocity in feet per second and the time of flight in sec 
onds, noglecting air resistance. 


7. A body falls a distance of 10,000 feet; find the time of 
fall. 


8. A body is thrown up vertically with a velocity of 100 
feet per second; discuss the motion. 


5. Reflectors. —The fact that the tangent to a parabola 
bisects the angle between a focal radius and a line parallel to 
the axis leads to diverse uses of the parabola. Rays of light 
from the sun or from a star mect a parabolic mirrored surface 
whose axis is directed towards tho sun or star in rays paralle} 
to the axis of the parabolic surface ; these rays converge at the 
focus of the parabola and are by this ineans intensified. 

In an automobile reficctor and in searchlights the conditions 
are reversed ; rays emanating from the central’ light at the 
focus are reficcted in rays parallel to the axis. 

A ray of light directed towards one focus of a hyperbolic 
surface striking the surface is reflected towards the other 
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This property is used by 
s of light from the parabolic mirror at 


focns, since the tangent bisects 
not lie between the p 


radi. 
ray 


Detroit Observatory 


dgeausBeueD 
Parabolic ard hyperbolic reflectors at the 


The curvature of the large parabolic mirror is greatly exaggerated on 


elliptical wirror beyond F, might be used for the same purpose. 


=~ 
‘ 


the diagram. 


, Ann Arbor; the diameter of the mirror is 3 
the focal length is 19 feet; the focal length of the 


hyperbolic mirror used is 5 feet, the second focus of the hy- 


The parabolic mirror here pictured, is in use at the Detroit 


Observatory 


In an auditorinm it 1s desired 


P 


Sound rays are entirely similar to light rays so far as reflect 


ing properties are concerned. 
This is the case in the Hill Auditorium at Ann Arbor, 


Michigan ; axial sections of the hall made by planes are para- 


walls wbout the stage in parallel lines to all parts of the build- 
bolic in form, having the focus at the center of the stage. 


ing; the reflecting surfaces have parabolic sections with the 


‘that the sound waves should be thrown ont from the reflecting 
focus at the center of the stage. 


perbola is 2 fect behind the vertex of the parabola and at this 


point, F,, the rays are directed into a spectroscope. 


inches ; 
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6. Architectural uses of conics. —The intimate conncction 
between beauty of fori and nuinerical relations is undoubtedly 
illustrated by the “golden section.” The most satisfactory 
dimensions of a rectangle from an artistic standpoit are such, 


Hell Gate bridge, over the East River, New York City 


The largest parabolic arch in the world, in one of the most beautiful 
bridges of the world ; the arch has a span of 977.5 feet, height 220 feet. 


so it is accepted by those-qualified to judge, that the longer 
dimeusion is, approximately, to the shorter as the shortcr is to 
the difference between the two. In other words, if the width 
is given, the desired height is found by the “golden section,” 
i.e. by dividing the line in extreme and mean ratio. Thus 
for width 40, the height x is found by solving the equation, 

40x 


2 4Q0—2’ 


this gives a quadratic equation for x. Note that if a square 
is cut off at one end of this rectangle a similar rectangle 
remains; so also if the square on the longer side is addcd to the 
rectangle a larger rectangle similar to the original one is 


formed. 
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We have found a certain connection apparently existing be- 
tween simplicity of form and simplicity of algebraic equation. 
Thus the straight line is represented by the simplest algebraic 
equation in two variables, the first degree equation; the circle 
which is the simplest curved line to construct is represented 
by a particularly simple type of quadratic equation; to other 
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The Williamsburg bridge over the East River, New York 


Longest suspension bridge in the world; the parabolic arc of each 
18-inch cable is 1600 feet in span by 180 feet in depth, width 118 feet ; 


weight of the whole 1600-foot span {fs 8000 tons. Largust trattic of any 
bridge in the world. 


types of quadratic equations in two variables correspond only 
three further curves, viz., ellipse, parabola, and hyperbola. 
That these second-degree curves, the conic sections, are 
artistically satisfactory is evident from the extended use 
which has been made of these forms by artists, ancient and 
modern. 

In the construction of arches it is found that beauty of 
geometric form is intimately connected with simplicity of 
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algebraic equation, The parabola and the ellipso have wide 
uses in construction not only because of beauty of form, but 
also because of purely mechanical adaptation to the stresses 
and strains caused by the weight of arch structures. A 
recognized authority’ on bridge building, states that “arches 
must be perfect curves,” and warns against the use of false 
cllipses. 

‘he fact that in many-of the greatest bridges of the world 
the pure ellipse and parabola appear so frequently is an indica- 
tion of the wide acceptance of the theory that elliptical and 
parabolic arches ara beautiful in form. The great Hell Gate 
Bridge of New York has for the main arch a true parabola 
(see problem 11, p. 317); London Bridge has five elliptical 
arches as the fundamenta) part of the sub-structurc. Even 
the hyperhola has been used, but that only rarely. Let it be 
noted that partly because of the greater ease in design the 
circular arch is much more common, and the approximation 
to ellipse or parabola by using several circular arcs with dif- 
fercut centers is also common, 

No less than four distinct and different uses of the parabolic 
are are found in the construction of bridgcs and trusses. The 
suspension bridge with a parabolic cable is one type; the 
parabolic arch with vertex below the roadway of the bridge 
is a second use; the parabolic arch intersecting the roadway 
is the third type; and the parabolic arch entirely above the 
roadbed, as a truss, is a fourth type. 

Elliptica] arches and less frequently parabolic are commonly 
uscd in the design of largo foyers of theaters and in other 
large halls. 

Parabolic and pure elliptic arch forms are used, although 
not as frequently as circular and horseshoe forsns, in the 
design of sewers. Even complete perfect ellipses have been 
used (see problem 6, p. 356). 


1Mr. G. H. Tyrrell, of Evanston, linois, Artistic Bridge Design, 
Chicago, 3912. 
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PROBLEMS 


1. Solve the quadratic in the preceding article and check 
on the diagrain. 


2. Continue the series of rectangles to the right aud find 
the height above forty which satisties the conditions given for 
beauty of forin of the rectangle. 


3. The Panther-Hollow Bridge, Pittsburg, has a parabolic 
arch, 360 feet in span with a rise of 45 feet. Draw the parab- 
ola. Assuming that the vertical chords are spaced every 
twenty fect and rise 15 fect above the vertex, find their 
Jeng ths. 


4. In the preceding problem the smaller arches leading to 
the bridge itself are probably clliptical. The width of theso 
arches is 28 feet and the height of the arch proper about 8 
feet. Draw these arches. 


5. A parabolic sewer arch used in Harrisburg, Pa. (designed 
by J. H. Fuertes) has dimensions of 6 feet in width by 4 
feet high. Construct ten points. 


6. A vertical elliptical sewer in Chicago, Western Avenne 
sewer, constructed 1910, has dimensions 12 x 14 feet. Draw 
the figure. 


7. Draw an elliptical and a parabolic arch, width 100 fect, 
height 30 feet; compare. 


8. Draw to scale the parabolic arc of the Williamsburg sus- 
pension bridge, 1600 feet in span by 180 feet indepth. Iind 
the equation in simplest form, choosing proper axes. Find 
the lengths of four vertical chords from cable to the tangent 
at the vertcx of the arc. 


7, Elliptical gears. — On machines such as shapers, planers, 
punches, and the like the actual movement during the opera- 
tion of shaping, planing, or punching is desired to be slow and 
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steady, and the return motion is desired to be much more 
rapid. Circular gears give a uniform motion, but elliptical 
gears permit the combination of slow effective movement with 
quick return. The two ellipses are of the same size and «are 
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Two positions of elliptical gears, mounted on corresponding foci 


Note that the right-hand ellipso swings through a largo augle, in this po- 
sition, as compared with the left-hand one, 


mounted at the corresponding foci. In every position then 
the two ellipses wil] be in contact since the sum of the focal 
distances in either ellipse equals 2a, always, and this also 
equals the. distance between the two fixcd foci which are 
on the axes of rotation. 


PROBLEMS 


1. Draw three positions of two elliptical gears, each being 
an ellipse 6 inches by 10 inches. Determine maximum and 
minimum radii. When the ellipse is turned 5 times a minute, 
what is the fastest lincar speed of a point on cither ellipse ? 
Note that it is given by using as radius the maximui radius, 
FP in our figure. Find the slowest speed. 
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2. In the Sandwich hay-press of our illustration the diamo- 
ters of tho ellipse of the elliptical gears aro 21,5, inches aud 


Elliptical gears on a hay press; the slow pressure stroke 


18), inches; plot the graph and discuss inaxisaum and mini- 
mum linear speed, given that the angular velocity is twenty to 
twenty-two revolutions per minute. 


Elliptical gears on a hay press; quick return motion 


8. Applications in mechanics and physics. — The applications 
of the conics in mechanics and physics are very frequent. 
Thus the equation giving the period of a pendulum, 


2a 
EEE or fo tae 
g 


: g 
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(sce page 317) is the equation of a parabola, when g is taken as 
constant. Sinulurly the velocity of water Howing from a tube 
or over a dam depends upon the height or head of water above 
the level of the tube or dam ; the relation is v = 64.4h, where 
h ig incasured in feet; this also is a parabolic relation. 

‘he bending-moment at any given section of a beam sup- 
ported at both ends and uniformly loaded varies at different 
points on the beam, being greatest at the middle. ‘These mo- 
ments are computcd graphically in the case of a bridge, being 
given by a so-called parabola of moments. ‘his parabola for 
a bridge of length 7, uniformly loaded with a weight of w per 
foot, is given by the equation, 


ayes Bon og 
M=}ul—lLw . 2, 


wherein z is the distance from the ccnter of the bridge. The 
parabola is plotted across the length 7 of the bridge, with the 
vertical ordinate at the mid-point representing the maximum 
nioment. 

Thus if a bridge is 100 feet wide and uniformly loaded 
2 tons per foot, the moment at any point « distance from the 
center of the bridge is given by the formula 


m=* eH 1000 2 


=} x 10? —1000 2*. 


Draw the corresponding parabola, choosing appropriate units. 

When a rotating wheel is stopped by the application of 
some force which reduces the velocity uniformly per second, 
the equations giving the number of revolutions before the 
wheel comes to rest correspond closely to the equations of 
motion of a body moving under the acccleration of gravity. 


86= wf — 5 kl, 
§ represents numerically the angle covered in time ¢ seconds, 
the body having an initial rotational speed of w, revolutions 


per second and the velocity being retarded every second by 
k revolutions per second. Here again we have an equation he- 
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tween @ and ¢ represented by a parabola. ‘he time in which 
this body comes to rest is obtained by dividing the initial 
velocity by the uniform decrease in velocity per second, te. 
by the acceleration (or retardation). 

The relation between pressure and volume of a perfect gas, 
temperature being constant, is given by the equation : 


p-v=k; 
in words the volume is inversely proportional to the pressure. 
Plotting points gives points on a hyperbola of which the 7-axis 
and the v-axis are the asymptotes. 

Such illustrations could be multiphed, but many relations 
of this character, eg. the ellipsoid of inertia, require considor- 
able technical explanation which would go beyond the limits 
of this work. 

9. Quadratic function. — The graph of the quadratic function, 

ux? + bx +c, is the locus of the equation, 
y=anr4+ beste. 


2 cw 
yaer (C8) 


7 SUS b?— duc 
(=+54) = (ut 4a 3) 


The graph of y=az?+b2+cis a parabola ; e+ 2 =0 is 
a 


the axis. If ais positive the parahola opens up; the vertex 


U b?—dac\ . . . 
is Lie aa Se) ; 1f b®? — 4ac is negutive, the vertex is 
above the w-axis and no real value of 2 makes y =Q, since the 


graph does not cut the axis. Ifais nevative, the parabola opens 
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down ; if b?—4ac is negative, the vertex is below the z-axis 
and again the graph does not cut the a-axis. If b2—4dac=0 
the graph is tangent to the a-axis. Evidently 2? —4duc <0 
is the condition that az?-+ bz -+c¢=0 should have imaginary 
roots; 6?—4dac=0 is the condition for equal roots; and 
b?—dac>Ois the condition for real roots. 


PROBLEMS 


Plot to the same axes the graphs of the functions in prob- 
lems 1, 2, and 3. Discuss. 

lL yo Sat4+2u— 7. 

2. y= SDe?+ 224+ 7. 

3. y= Sat4+2e+4. 

4. Ifa wheel is rotating at the rate of 800 revolutions per 
second, and a force acting continuously reduces the spced each 
second by 40 revolutions per second, tind the time in which it 
will stop, and the number of revolutions made during the 
retarded motion. Use the formula given in article's. 

6. Given that 10 cubie centimeters of air are subjected to 
pressure, at « pressure of 1 atmosphere the volumo is 10, 
hence pv = 10 is the equation connecting volume and pressure, 
Plot the graph of this for values of p from 4 atmosphere to 6 
atmospheres’ pressure. 

6. Plot the parabola of moments for the Hell Gate Bridge, 
assuming a uniform loading of 2 tons per foot. Do not 
reduce tons to pounds, but use ton-feet as units of .noment. 
The equation is JF = 490? — 2%, taking 980 as the length of the 
bridge. 

7. Plot the parabola of moments of the Panther-Hollow 
Bridge in problem 3 of the preceding excreisc, assuming 2 
tons per foot.as loading. The equation is AL = 180? — x’. 

8. Find the equation of a parabola whose focal length is 
19 fect. Draw the graph to appropriate scale. This is the 
parabola which, revolycd about its axis, gives the parabolic 
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reflector, previously mentioned, which is in use at the Detroit 
Observatory. (See page 352.) 

Find the equation of a hyperbola which has the same focus 
as this parabola, the axis of the parabola as transverse axis, and 
the second focus on the axis at a distance of 2 feet on the other 
side of the vertex. This is the hyperbola which, revolved 
about its axis, gives the hyperbolic mirror :nentioncd. 

The parabolic mirror has a diameter of 37 inches. Find the 


18.5 
2” thus finding the depth of the 


af 


abscissa for the ordinate 


mirror. 


9. Plot the parabola y*=70.02a. This is the parabola 
which is fundamental] in the construction of the Hill Audito- 
riuin. (See page 352.) The plane of the floor ents the side 
walls in this curve; so also the intersection of the ceiling and a 
plane passed vertically through the main aisle of the hall. 
In the plans the computations of ordinates for given abscissas 
are madc to the thirty-second of an inch. Compute the focal 
ordinate. “This is the radius of the circular arch over the 
stage. Coinputc the ordinates for « = 21, 26, 31, 5t, and 71, 
and express in feet and inches. 


10. The Italian amphitheaters are, in general, clliptical. 
The Colosseum in Rome (see illustration, page 288) is an 
ellipse with axes of 615 and 510 feet. Draw the graph to scale. 
On the samme diagram and with the same center and axes of 
reference draw the arena, of which the dimensions arc 281 
feet by 177 feet, to the same scale. Note that the minor axis 
of the arcna is almost the “golden section” of the major axis, 
¢.e. 177 is approximately a mean proportional between 281 
and 281 less 177. J°ind the mean and compare. 


1 The bridge at Hyde Park (see illustration, page 346) is 
elliptical, with a span of 75 feet and an arch height of 14.7 
feet. Draw this elliptical arch to scale. 


CHAPTER XXITI 


POLES, POLARS, AND DIAMETERS 


1. Definition. — The straight line 
Axx + Byy + G(x+2%)+ Fy +y)+ C=0 
is called the polar of P; (a, y,) with respect to the conic 
Av + By? +2G2+2Fy+C=0. 
The point P, («,, y,) 1s called the pole of the line. 


2. Fundamental property of polar lines. —If the polar of 
P\(%, 71) with respect to the given conic passes through 
P (%, Ye), then reciprocally the polar of Ps(%, ye) will pass 
through P\(a,, 91). 

This fundamental property of polar lines enables one to 
prove complicated geometrical theorems for conics with a 
minimum of machinery. The proof of the theorem is itself 
simple, for substituting in the polar of .P;(%, x), the co- 
ordinates (a2, ¥2), we have that 


Axes + Bye + Cla + %)+ Fl¥2 + y+ C=9, 
if the polar of P, passes through P» However the polar of 
, is, by definition, 
Age + Byy + Ga + %)+ Fy + y2)+ C=0, 
and substituting (x, 71) gives precisely the preceding expres- 
sion, which is of value 0; hence P,(a%, y;) is on the polar of 
P(X, Y2)- 
3. Geometric properties of the polar. —If P,(2, y,) lies on the 
curve, the polar is the tangent at that point. (See the preccd- 


ing chapter.) 
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Tf Py (%, x1) lies outside of the conic, the polar is the chord 
of contact of tangents from P,. 


Let P,(22, y2) be the point of tangency of a tangent drawn 
from P;; 


by definition, the polar of 2’, is the tangent at P2(%2, Y2) ; 
by construction, the polar of J, passes through P, ; 


PEEEEEECEEEEEEEEEEEEE EEE EEE EEE EEE Ee EE 
SEEEEEEEEECSRSE Eee cantesss cecaatetootar toaazt toss teeeatesatie 
eee eee eseaue ei Sescenes 4 Pet SRECRE EEE SRGESEEEGS . 
Aepwieressecuecuaseels 
PENSE 

| 


. 
cr 5 
t 


e 
The polar of any point outside a conic is the chord of contact 

by the fandamenta] reciprocal property, since the polar of J’, 
passes through 7, the polar of J’; will pass through Py. 

Siniarly,- callhug 2P,(z,, y;) the other point of tangency, the 
polar of P, (2, 4%) will pass throngh P;. 

Since the polar of P, is a straight lime and since it passes 
through the two points of tangency, it is the chord of con- 
tact joining these tivo points. 

If P,(“,, 91) lies inside, or outside, or on the conic, the polar 
is the Jocus of the intersection I (a', y’) of tangents drawn at 

the extremities of any chord passing through J). 


Let f(x’, y’) be the intersection of tangents at the extremities 
of any secaut ; 
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then, by the construction, the secant drawn is the chord of 
contact of R(a’, y’‘); 


by construction, the polar of R(a’, y’) passes through P,(2y, 7;) ; 

hence, by the fundamental reciprocal property, the polar of P, 
will pass through J? (a’, y’) ; 

but the polar of P, is a straight line; 


hence the locus of J? (x, ¥) is a straight line, the polar of 

LP, (x, ¥i)- 

By pure Euclidean geometry it is rathcr complicated to 
prove that the locus of the mtersection of tangents at the ex- 
tremities of ail chords of a circle passing through a fixed 
point is a straight linc. ‘Tho above proves this proporty for 
every conic. 


4. Diameter: definition and derivation. — The locus of the 
midpoints of a serivs of paralle] chords in any conie is called 
a diameter of the conic. 

‘The method, applicable to any equation of the second degree, 
iy given fora special case. ind the diameter bisecting chords 


of slope 3 in the ellipse 9x? +. 25 y= 900. 


Let y=3e+k 

represent any line of slope 3. Solve, as simultaneous, with 
9 x? + 25 y? = 900, which ropresents 

the conic. 

Substituting, 

23-4 2? + 150ka + k? — 900 = 0 

is an equation whose roots are tho abscissas, 2%, and #., of the 
two points of intersoction. 


Solving, 
n= 1k + VCORE = ABST? — 900) 4 


468 es 
150k — V (150 k)* — 4(234) (4? — 900) 


a2 468 
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For the midpoint (2', y') of the chord, 
of ite eels, 
2 78 
the midpoint hes on the chord 
y=3a+hk, « 
hence, yaSetk= etka. 


The middle point of any chord, 
y=3ath, 
ig given by 
a! = — 33k, 


y' =+5, and these two equations 


GEE SEES aSesea er SSEERECERRETE 
id Se sees E SEC SEgSES 
SURULDELSSseesanesteseess Hal ZeVcceHash pet ens 


STrarTHIDHESEESEEEELEREHGTzz 
teeitit | SHeHEISHsoaitsattestecatis 
cnet SrHHelsydessstasreesseevatis 
Suassuaeg) <auesan(odasame noouedenaoveenuassenees sane 
Seasaanoos eee eetrten(rhry=eras getter at rerevrereasessie 
EEE 17 CEH (Reseseeeecened sd 0cQOcdiudlasesnas HJ 
SEHcoassecgdecocceaaie de eeouteesttestitatieattesintaiitssiiry 
SREGR GRRE shanene SLOT TNT a 
SErSessstslitit ieatessiCae sen Cece OsateeeeeOvGaHiHE 
Seeedeeeiiacaasaszssstejfeesscopys ConeeeEeeeeerunnana eee 
SO RUE SECR FES RSSPSCCRECEREE SUVA SEES BSCE HH 4 
Stasi doses tesaiteststerai reat tosateasttasCceestesinitnistcaitiat 
SRSRREGRESRERAREDEDE GREER COCO 


Any diameter of a parabola is parallel to the axis of the perabola 


constitute parametric equations of the locus of the midpoint. 
Eliminating k by solving for k and substituting (or by division 


here), we see that for every value of & the codrdinates of the 
middle point satisfy the equation 


y= — fez, 
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By precisely similar reasoning, the diameter bisecting chords 


Hence the middle point is on the straight line 
of slope m in the conic, given by 


0 


By+2 Ge+2 Fy+C= 


Az+mBy + G +mP 


Applying this to the simplest standard forms of ellipse and 
hyperbola, ve see that every diameter of a central conic passes 


through the center 


Axe 


0. 


is 


; applying to the parabola, yy2=4az, we 


This shows that the diameter of any 


obtain my —2a=0. 


ter moves with the curve, preserving its position relative to 
5. Reciprocal property of diameters in central conics. — In the 


parabola is rotated or moved to any other position any diame- 
the axis of the curve. 


parabola is parallel to the axis of the parabola, for when a 


the diameter bisecting 


0 above, 


conic 92?+25 y? ~ 900 


seus 


fl 
a8 

augnat¢gi\y an 

BaReraw 


: 


Conjugate diameters; each bisects all chords parallel to the other 


chords of slope 3 has the slope —,;. Now the diameter 
bisecting chords of slope — 3% has the slopo 3, for by substi. 
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tution in the general formula, we have 92 —4(25)y=0, or 
y=3o. 

Fach of these diameters bisects chords parallel to the other. 
These are called conjugate diameters, In precisely similar 
manner this property can be established in any ellipse or 
hyperbola for the diameter bisecting chords of slope m. Do 
this for the diameter of the general conic above. 


PROBLEMS 


1. What is the equation of the chord of contact (polar) of 
(10, 0) with respect to 9 2 425 y? = 225? Solve this with the 
curve. This gives the points of tangency of taugents from 
(10, 0). Write the equation of the tangent at each of. these 
points. This process illustrates an analytic method for finding 
a tangent from an externa] point to any conic, 

Az? + By? +2 Ge+2 Fy+C=0. Explain. 


2. Find the equations of the tangents to the following conics 
from the poiuts given; follow the ecthod of problem 1; time 
yourself. 

. ¥—82=D, from (— 2, 6). 

. —-8x—GCy—10=), from (—8, 5). 
o+y?—102+S8y— 59 =0, from (18, 6). 
e@—dy—10r+ 8 y—59=0, from (10, 8). 
a? + y? — 25 = 0, from (1, 8) and from (2, 8). 


e & oe o& & 


oO 


4 . 2 
. Prove im the ellipse e+¥=1 that if the diameter is 


drawn through (2), ¥;), the tangents at the extremities of this 
diameter are parallel to the polar of P,(m, y,). Cull the 
points on the diameter (2, y,) and (2, 73), and note that they 


lic on the ellipse. Write the equations of the different lines 
mentioned. 


4. Prove the property mentioned in the preceding problem 


2 2 
for the hyperbola > _ . = land for the parabola 7? ~4 ax =0. 
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6. In probicm 2, write the equatious of the diameters bisect- 
ing chords of slope 2 aud of slope —}, using the general 
forinula for diameter 


6. In problein 5 write the equations of the conjugate di- 
ameters in the central conics. 


7. Draw the circle 2? + y4?—36=0; draw 5. secants 
through the point (4, 3); draw the tangents at the two inter- 
section points of each secant with the curve. The d points 
of intersection, one from cach pair of tangents, should lie in 
a straight line. What theorem proves this ? 


8. Prove that the tangential parallelograin circumscribed 
at the ends of conjugate diameters of an ellipse b?x*+ a’y?= ab? 
has a constant area. First show that the one end of the 
diaincter conjugate to the diameter through P,(a, y¥,) is 
A. ae Ds ; find the equation of the tangent at P, (z,, ¥); 

& 


b 
find the distance between (0, 0) and (a, ¥,); find the equation 


of OP,; find the perpendicular distance from P, to OP,; by 
nultiplication show that the ares of this quarter of the given 
parallelogeam is constant. 


9. Taking P,(z,, ¥,) and P,(x.2, ye), which, by the preceding 


exercise, may be written Pi — ar : 2) as the extremities of 


a pair of conjugate diwmeters in the ellipse U’2? + a’y? = a, 
show that the sum of the squares of OP, and OP, equals 
az + b3, 

Ihyr.— Reduce the expressions for OF? and OP to common de- 
nominator, aud use the fact that P\ (2), ¥,) is on the given cllipse. 


2 ° . 
10. In the hyperbola 7-<= 1, the conjugate diametcr to 


the diameter through 2,(%, y,) on the hyperbola docs not 
cut the curve itself. Prove thus. 

The extremities of the conjugate diameter are taken as 
the pots in which the conjugate diameter intersects the 
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conjugate hyperbola = -¥=-1 With this definition the 
( 


property of problem 8 can be proved to be true for the hyper- 
bola. State the method. What modification would you expect 
so far as the property of problei 9 is concerned ? 


11. Prove that the polars of all points on a diameter of any 
conic are parallel, comparing with problems 3 and 4 above. 


12. Show that tangents at the extremities of a series of 
paralle) chords in any conic intersect on the corresponding 
diameter. 


13. Prove that any point on a diameter of the ellipse 


2 
= as =1and the intersection of the polar of the point with 


the diameter divide the diameter length internally and ex- 
ternally in the same ratio. 


Hint. —‘Vake (a, 4) and (— 4,, — y)) on the curve as the extremities 


of the diamcter; take the point of the diameter as the point (eas 


~T : 


Mm+7M/ 
,l—r 


intersection point of the polar of this point with y = #2, and note that it 
£1 


) which divides the diameter extermally in the ratio 7; find the 


is the same as the point which divides the line joining (%1, y1) to (— 21, — 1) 
internally in the yatio r. ‘he property holds for any conic. 


If through any point a secant to a conic is drawn, the point 
and the intersection of the polar of the point with the secant 
divide the chord of the conic formed by the secant internally 
and externally in the same ratio. The proof is somewhat 
more complicated than that of the preceding special case. 


14. Show that the tangential parallelogram to any central 
conic formed by the tangents at the extremities of a pair of 
conjugate diameters has its sides bisected by the points of 
tangency. An ellipse can be rather neatly inscribed in any 
parallelogram by drawing the ellipse tangent to the sides of 
the parallclogram at the. midpoints. 


CHAPTER XXIV 


ALGEBRAIC TRANSFORMATIONS AND 
SUBSTITUTIONS 


1. Transformation of coérdinates. — For varied reasons it is 
sometimes found desirable to change the Jocation of the 
codrdinate axes with respect. to a curve which is given by an 
equation involving variables. Usually this shifting of the axos 
is for the purpose of simplifying the discussion of the geo- 
metrical properties of the curve in question, Thus the ellipse 


has been given in the form @—W 5 Wa, but the 


geometrical properties of the same curve are discussed with 
reference to the center (h, %) as origin, giving the equation 


Oe a kee 
a ay 


The axes may be subjected to a translation, giving new axes 
O’X' and O’Y' parallel to the old axes; or the axes may be 
turned through an angle «, giving new axes OX! and OY’ 
about the old origin; the two motions can be combined, execut- 
ing first the translation, usually, and then the rotation; it is 
possible also to shift to new axcs incJined at an oblique angle 
to each other, but the formulas involved are too complicated 
for an elementary work. 


2. Translation of axes. —Suppose the «axis fixed and the 
y-axis moved parallel to itself to a new origin O at distance 
OO’=h, from O. Take P(x, y) as the codrdinates of any 
point with reference to the original axes. Lvidently, as the 
«axis is unchanged, the y of this and every other point remains 
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the sane. Let Af be the foot of the perpendicular from FP to 
the a-axis; then by our fundamental property of the distances 
between three points on a directed line 

OM = O00 + ON 


But Olf=x, OO =h; 
the distance either posi- 
tive or negative OO’; 
while O'M = a’ by defini- 
tion. Hence, whatever 
the position of P(x, y), 
we have, 
eae +h. 

Similarly, if the z-axis is shifted parallel to itself by an 

amount k, 


cae a 


Ho sn eSeHeRErESESCesseten ites 


Translation of axes 


y=yl+k. 
The two equations 

Rea ey he h, 

Visa tar 


transform any equation given with respect to any axcs, toa 
set of parallel axes having the point (h, %) as origin. 


3. Algebraic substitution in functions of one variable. 


THEOREM. — Substitution of x'+ h for x in any algehraic equa- 
tion of type aye” +a,z*"' + a, _,¢ + a, = 0, n an integer, gives 
& new equation whose roots are h less than the roots of the old. 


The proof of this theorein depends directly upon the pre- 
ceding article. The substitution z= a’ +h snoves the y-axis 

units, reducing the abscissas of all points by h if hk is positive 
and increasing them by —A if h is negative. 


TLL sTRATION. —If the graph of y = 27? — 2z?— 182 + 24 is plotted, 
the substitution y= y and z= 2! + 4 simply shifts the y-axis 4 units to 
the right, thus decreasing the numerical valuo of cach root by 4. 

‘Lhe new equation is 


y =(2' + 4)3— 2(m + 4)2— 18(2' + 4) 4 24 = 2'9 4 1022 4 142! — 16. 
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Now whatever number substituted for z makes 23 — 222 —18z + 24=—0, 
it ls evident that 4 less substituted for z’ will make 


(z! +4)3— Q(z! + 4)2— 18(0' + 4) + 24 = 0. 


Graphically, of course, as we have indicated, the y-axis has been pushed 
4 units towards the right, and the abscissa of cach point of intersection 
of the curve with the z-axis has been reduced by ¢. 
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Graph of y= 8 ~2x* ~ 18x+ 24 


Similarly, in the general equation above, when 2’ +h is sub- 
stituted for z, whatever number a satisfies the original equa- 
tion in z, @ — kh will satisfy the new equation in 2’. 


Substitution of x +h for x in any algebraic equation forms 
a new equation in x whose roots are h less than the roots of the 
given equation. 


This type of substitution is used to facilitate the computa- 
tion of roots of numerical algcbraic equations. 

A simple method of constructing the new equation in nu- 
merical eyuations will bo oxplained below, in section 11 of the 
next chapter. 
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PROBLEMS 


1. Show that the formulas of transformation given trans- 
forin the equations of ellipse and hyperbola having (i, k) as 
center to the simpler form without first-degree terms. 

2. Transform the equation (y — 3)? = 8(@ + 2) to the point 
(3, — 2) as new origin, new axcs parallel to the old. 

3. )3y translation of axes transform the equation 

g—do2y—62+Sy—10=0 
into 2 new equation in which the first-degree terms are lacking. 

4. Find the equation of the line 3y — 42+ 6 =0, referred 

to parallel axes through the point (3, 2). 


5. Compare the slope of a straight Jine referred to new 
axes by translation, with tbe slope referred to the old axes. 
Compare intercepts. Compare the slope of a tangent at a 
fixed point on any curve with respect to new and with respect 
to old axes. 

6. Given the expression for the volume of 1000 cu. cm. of 
mercury at 0° C. when heated to ¢° C., v = 1000 + .0018¢ (sce 
page 63), transform to parallel axes with the point («¢=0, 
v= 1000) as new origin; find the new equation in v' and t. 
Does yv' represent volume ? 
13¢ 
Te 
sound in air at ° centigrade, transform to parallel axes with 
(32°, 1054) as new origin; discuss the cquation. 

8. The equation #—22?-— 18+ 24 =0 (page 373) was 
found to have a root between « =4 and z= 5; transform 

y= O— 22?-18e4+4+21=—0 
to parallel axes through (0, 4) and the uew equation in 2! will 


have a root between 0 and 1. Compute this root to tenths by 
substitution. 


7, Given v = 1054 +——, the velocity in feet per second of 


9. The equation 2°— 24?-—18242!—0 has* a further 
root between 1 and 2. Compute this root to one decimal place 
by the process explained in the preceding problem. 
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10. lind the roots of 22°+ 62? —102—8 =0, as in prob 
Jems 8 and 9 by considering the graph of the equation 
y=203+62?—102—8, when referred to new axes. (See 
problem 4, page 99.) 


11. Transform the followmg equations to parallel axes, 
having (A, k) as the new origin; determine (/, X) so that the 
terms of the first degree shall disappear. 

a. d522*+42xy—y— 8x4 —Sy—10=—0. 
b Se+4ay+y?—Sa—dSy—10=0. 
ce. zy—Ta—10y—5=0. 

d. 4223—G2-y?-—8y—10=0. 


12. Transform the folowing equations to parallel axes 
having (hk, &) as origin. Can you determine (h, k) so that the 
terms of the first degree shall disappear? \Why not? (Sec 
problem 13.) 

a. 4ae°—Gae—8y—10=0. 
b. 4e+taay+72?-—82—5y—10=0. 


18. Show tbat if an equation of the second degree contains 
no first-degree terms, the origin is the center of the curve by 
showing that if (%, y,) is any point on the curve (— 4%, — y) 
is also on tlie curve. 


4. Rotation of axes.— The formulas for sin (a+) and 
cos (a+ B) give very neatly the relations which cxist between 
. the codrdinates (a, y) of a point referred to the old axes and 
the codrdinates (a’, y’) referred to the new axes. Take P(2, y) 
any point referred to the original axes; let a be the angle of 
rotation through which the axes are turned ; let § be the angle 
which the line OP makes with the «’ or new w-axis. By 
section 4, chapter 15, for all values of « and £, 


cos (« + £)= cos « cos B— gin « Sin B, 
OP cos (a + 8)= OP cos « cos B— OP sina sin 8. 
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But OPcos(e+ f)=2; OPcosB=2; OPsing=y; 
besice, az’ cosa—y’ sn«. 
Further, sin («+ 8)= sin « cos 8 + cos « gin B. 
Multiplying by O7, and substitnting, 

yo=u' sinu+y’' cosa. 


These same relations might also have been obtained by pro- 
jection; they hold for every position of the point P. 


a=2’ cosa—y’ sina, 
yor sinat+y’ cosa, 


effects the rotation through the angle a, and refers any equation 
in two variables to new axes inclined at an angle « to the old 
uxes. 


5. Every second-degree equation in two variables represents a 
conic section. Proof.— ‘To prove this theorem we need only to 
show that the equation 


(1) Ae? + 2 fey + BY +2 Gr+2Fy+C=0 
can, by rotation of axes, be transformed to an equation of the 
type 
YP (2) Aa? + By? 42Cx242Fy4+C0=0. 


Every equation of this latter type represents, as we haye 
shown, either circle, ellipse, parabola, or hyperbola or some 
limiting form of one of these curves. 


Substituting, : tie 
x= 2' cosa—y’sin«, 


ee RT / 
yrrT siba+y7 cosa, 


the cquation Ax? + 2 Hay + By? +2Gzr4+2Fy+C=0 
becomes 


A(z’ cos a —7/ sin «)?+2 JI(2/ cos uw — y' sin u)(2’ sin «+ y/ cos «) 


+ B(x sina + y' cos «)? + 2 G(x’ cos « — 7 sin a) 
+ 2 F(z’ sina + y’ cosa)+ C= 0. 
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Collecting terms, we have, 


(A costa + Bsin?a +2 IZ cos @ sin a)? 
-+(A sin? a + Boos? ¢ — 2 H cos asin a)y? 
+[—2 Acosasina+2 IU(cos? « — sin? «)+ 2 Beos asin wje'y’ 
+(2 Geos « + 2 Fsin «a +(2 Fcosa — 2Gsina)y’+ C= 0. 


Tet A’x’? + 2 JI'z'y’ + Bly’? +2 G2! +2 Fy +C=0 
represcnt this equation. 


We wish to show that it is always possible to find an angle 
a for which JT’ becomes 0. 

2H 
A— B’ 
noting that cos?a@— sin?@=cos2aand 2sin«cosa = sin2 «. 
Since Jf, A, and J$ are real numbers and since the tangent of 
an angle can have any value from negative to positive in- 
finity, it follows that there is always some angle 2 for which 

2H 
less than 360°, 2 and 2 «+ 180°, which satisfy the given re- 
lationship. By turning through «, or «+ 90°, one half of 
either of these angles, the equation Az’?+2% Hzy+By?+ »..=0, 
reduces to an equation of the type A’a’?+ By? 4--=090, 
with the coefficient of the «'y’ term equal to 0. The angle 
a of turning can always be selected as a positive acute 
angle, since if tan 2 @ is positive, 2 may be taken as an acute 
angle, and if tan 2 is negative, 2a may be taken as an obtuse 
angle of which the half-angle @ will be acute. 


Setting J/’=0, leads to the equation tan2«¢= 


tan2e= There are in fact always two positive angles, 


Illustrative problem. — What angle of rotation will rcmovo 
the zy term from 3a? + 62y — 5y* = 100? 


2iiaev 
z aes B t 
eee 8 
cos2a= 4; cosé@=V}(1 + cos2a)= ; 


v10 


sina =V}4(1 —cwosday=—L. 
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We select « acute, as noted, hence the positive values of the radical are 


The formulas of transformation becouie, 


take). 


lan 
~~ 
\ 
~ 
xy 
bon) 
—_ 
{ (=) 
| a 
i 
= 
-|5 
>. 
| 
&B 
I§ 
on} i 
HT 
i] 


Substituting, we have, 


vo(32! — y')? + (3.2! — y') (x! + 3y’)— a(x! + 3y’)? = 100. 


euaralavseenee 
SH 


sessdeseol ae ae neat 


100 


[—} 


The hyperbola 3 x? + 6 ry — 5y? = 100, or 4x — 6 y”2 


cxpansion but preferably combine 


g terms, do not write the 


combinin 


In 
like terms by inspection, 
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reference to the new axes 
The codrdimates of 
ct to the new axes 


This curvo is plotted with 


, Nclined at an angle 
®% point (2, y’) on this 


. Satisfy the new equation 


«, tana = 4, to the zaxis 
Curve, considered with respe 
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x2 fg ° G 

a aa = 1; when considered with reference to the old axes as (z, y), 
the cobrdinates satisfy the original equation. ‘hus the codrdinates of the 
intersection with the original z-axis (5.8, 0) satisfy the origina) equation ; 


this point with reference to the new axes has the codrdinates 


6.8 x8 
aed 


Afr reosa+ysing = 
Vv 10 


yore zsina + ycos @ = —28, 


or (5.5, — 1.8). The values for (2’, y') in lerms of (z, y) can be con- 
ceived as obtained by rotating through the angle —a. 


PROBLEMS 


1. Find the equation of the curve zy—Tx+3y—15 =0 
when referred to axes making an angle of 45° with the given 


A ; 1 : : 
axes. Note that @ is 45°; sin A eat rationalize 


denoininators after substituting. Plot the new axes at the 
angle indicated and plot the graph of the new equation, obtained 
by substitution, with reference to the new axes. 


2. Find the equation of the curve 
Jat+ 2tay+1672? —62-loy=0 

with reference to axes making an angle arctan ¢ with the old 
axes. Note that sin« =4 and cos«=§8; in substituting take 
the fraction 34 as a factor in the value of both x and y and, 
after substituting, combine terms by inspection without writ- 
ing each expansion separately. 

3. Find the equation of the curve 

59 a2 —- 2toay 4+ 667? +724 —396y + 444 = 0, 

when referred to new axes such that the new zaxis makes an 
angle whose tangent is 4 with the old axis of abscissas. 


4. In the equation 4ay—82+10y +7 =0 make the gen- 


eral substitutions which effect the turning of the axes through 
an angle a, and determine « so that the coefficient of the a’y’ 


term shall disappear. 
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6. Nature of the conic Ax?+2 Hxry + By? +2 Gxr+2 Fy + C=0. 


A central conic is ove which hus a point which is such that 
every chord passing through this point is bisected. If this 
point be taken as origin of codrdinates, it follows thatif (x’, y’) 
is on the curve (— 2’, ~— y’) is also on the curve. A substitu- 
tion, s=2’ + hand y=y'+hk, which causes the terms of the 
first degree In our equation of the second degree to disappear 
gives the equation Az’? + 2 Hz'y’ + By? + @/’=0. Now what- 
ever point (z’, y’) satisfies this equation (— 2’, —y’) will also 
satisfy the equation, and hence thie new origin is the center of 
this conic. 

The substitution s=2/+h and y=y’ +k gives two linear 
expressions in fh and k as coefficients of the new 2’ term and 7 
term, and these are sect equal to 2cro and solved for & and k to 
determine the center. 


2Ah+2Hk4+2¢=0 
and 2Hh4+2Bke+2F=0 


are the two equations which determine the center. 


If the two equations which serve to locate the center repre- 
sent two parallel lines in & and k, the conic has no center and 


is a parabola. This condition is that mgjemo gies OF that 


?-AB=0. When JI?— AB=0, the terms Az?+2 Try + By? 
form the square of a linear expression in z and y. 

Further it is shown below that if 7? — AB < 0, the conic is 
an ellipse, and if 7? — AB> 0, the conic isa hyperbola. The 
couditions determining the sature of the general conic are as 


fol] : 
HONE I? — AB <0, ellipse, 
Ff? — AB =), parabola, 
H? — AB > 0, hyperbola. 
These are the conditions that there should be no points on 


the curve at infinity, one point at infinity, and two directions 
giving infinite points. They may be derived by substituting 
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y= mz +k and determining valucs of m for which the quad- 
ratic has infinite roots; it follows that for these values of m 
the line y=mxz+h will meet the curve in points infinitely 
distant. or the ellipse the values of m will be imaginary, 
and H? — AB< 0; for tho parabola the two values of m will 
coincide, and H?— AB=0; for the hyperbola the two values 
of a will be real and different, representing the slopes of the 
two asyinptotes, and J2?7-AB>0. | 

A socond and independent proof is given in the next article. 
There it is shown that the product A’B’ is positive when 
Hi?— AB is negative; but when A’ and BD’ are of the same 
Sign the product is positive and the curve in 2’? and 7/2, not 
involving xy’, is an ellipse. Similarly the product A’B’ is 
negative when if? — AB is positive, and the curvo represented 
by the transformed equation is a hyperbola. 


7. Central conics; abbreviated process of transformation. — 


Substitution method. — Determine the center; transform to 
parallel axes with the center as new origin; determine « and 
substitute; plot with reference to the final axes. 

Abbreviated method. — Determine the center (hk, ’); trans 
form to (h, k) as new origin; determine A’ aud B’ by solving 
as sinultaneous the equations, 

A'4+ Bo=At B, 
— A'B' = JP — AB; 
select the pair of values of l' and B' such that A‘— B’ will have 
the same sign as ZH; plot the new equation with reference to 
new axes having the origin at the center determined and the 
axes inclined at an augle a with the old axes, « being such that 
2 If 
A-B 
Derivation of A'+ B' = A+ B; = ily = H*— AB. 
A = Acosta+ Bsinta+2 Hos usin a. 
' = Asinta + Beos?a~— 2 JT cos «sine 


By addition, A'+ B= A+ B. 


tan 2 « = 


° 
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The proof that — A'B'= 1*— AB is somewhat long but 

not diffionlt. ‘Lo the product — A’B! add 
JI" = [2 JI (cos? « — sin? a) — 2 (A — B) sina cos «Jf, 

which does not alter the value since JZ’ is taken to equal 0. 
Tho expressions wil] combine to Z?— AB. The student would 
do well to verify at least one of the coefficients. 

Since «is chosen as a positive acute angle, 4’ — B' has the 
same sign as H, for A‘ — B' 

=(A—B)cos2a+4+2 Hsin2e 


eam Harare aos. cos 2a+4sin2 “) 
Now sin2« is positive, and cos2a@ has the same sign as 

a and hence the product of cos 2 a by al is positive ; 
hence A’ — B' is the product of 2 77 by the sum-of two positive 
quantities and so is positivo if J¥ jis positive and negative if JT 
is negative. 

The equations A+ B=A4B 

—A'B' = Hf? — AB 


enable us to determine A’and B' by solving these as simulta- 

neons equations. ‘wo solutions are found, and the solution 

is selected which makes 4’ — J’ have the same sign as JZ. 
Only the new constant term, when transforming to (2, &) as 


new origin, offers any extended computation. This constant 
term 


Al? + 2 Hk + B+ 2Gh+2FK+C0 
may be written 
h(Ah + K+ G@)+ Hh + Be+ F)+ Gh + FRK+G, 


which reduces to Gh + Fk + GC, since the other two expressions 


Within parentheses were set equal to zero to determine the 
center. 


Illustrative problem. — Vind center, axes, and plot the conic, 


32° 4+6a7+5 y2—122—18 y—24=—0. 
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Substituting (z’ + h, y’ + k) and selecting the coofficients of 2 and y’, 


to set equal to zero, 


0. 


Gh+ 64—12=0, 
6Gh+10k—]8 


+}. 


= 
— 


tA 


— 
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Solving, & 


] 
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6 
2 


— 


— 
= 


10. 


=0, or 7.16x/7 + .S4y""? = 40.5 
=— 6. 


0; w= 43 


=9-—15 
=— 6, 


81 
2 
Alt B' = 8, 
— A! Pp}! 
Solving by substitution, 
84. 


{HOS Am 


now constant, Gh + Fk4+C=>—6-}—9- 9-24 
A? — 8 A'HO 


The ellipse $x2+6 xy + Gy? —12x—18y — 24=—90 
new (x', y’) equation is 


or 3x7+6x'y' + Sy? — 


the 


’ 


A! — Bi lias the same sign as JJ; hence the upper algebraic signs are 


3a!2 + Oaly! + 5 y!? — os 0. Noto that tan 2@ 
taken, A’ = 7.10, BY 


Cc! 
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Our final equation is 
TAG a2 + 84 y!2? = 40.5 
M2 yf2 
5.00 48.3 
gll2 ri vis aE 
(2.38)? (6.95)? 

Some computation is unavoidable, and, in general, in practical applica- 
tions the results ave varety expressible in small and convenient integers, 


PROBLEMS 


1. Find the center, axes, and plot the conic, 
5x2@—Gayt3y+4+12¢%—C6y—30=0. 

2. Plot the following comics by turning the axes through 
2 If 
A— PB 
and thus obtain an equation to plot which can be put in stand- 

ard form. 
a. 42%+4+4ay7+y—624+8y—12=0. 
b. 2—4 cy +7°4+20e—10y—11=0. 
c. 41 22+ 24 zy + 34 y* — 26 2 — 32 y —171 =0. 
ad. day—3y—Tz—-10y—15=0. 
3. Apply the abbreviated smcthod explained in section 6 to 


the central conics in the preceding problem; compare the 
_ numerical work involved by the two methods. 


an angle «, tan 2e0= , 50 as to eliminate the «zy term, 


4. Find five points on the first and second conics in prob 


lem 2 by giving values to « and computing the corresponding 
values of y. 


5. Vind the intercepts with the codrdinate axes of each of 


the conics in problem 2 and verify your graphical construction 
by these points. 


6. Jn each of the conics of problem 2 find the points of 
intersection with the line y=mz+b; determine the valuos 
of m for which one of the points of intersection should be at 
an infinite distance. In the case of the hyperbolas rcal 
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values of m will be found; substitute in turn each of these 
valucs for m and determine for what yalue of b the second 
point of intersection will move off to an infinite distance. 
This determines the two asymptotes. Ixplain. 


7, Apply the abbreviated method to the discussion of the 
following central conics, having the origin as center : 
a. a&+2Zay+4 y= 16, 
b. 422°-C6ay—3 7? =10. 
ce 22% —dA any —y%?=—9. 
g. 5at—Idary+ y? = 24. 


8. In the hyperbolas of problem 2, usc the results of prob- 
lem 6 to show that the directions of the asymptotes are given 
by the factors of the terms of the second degree. 


8. The hyperbola as related to its asymptotes. — The equation 

of the hyperbola in simplest form, 
aia Ba 
a yo? 
may also be written, 
(bz — ay) (0% + ay) = a2b?, 
whence. 
bu —ay | be+ay _ aid? 
Verh Vaepo e+ 

Since bz — ay = 0 and bz + ay =0 represent the asymptotes 
of this hyperbola, the final form states that the product of the 
perpendicular distances of any point on the hyperbola from 
the two asymptotes is constant. The converse proposition 1s 
also true, viz., if a point moves so that the product of its 
distances from two intersecting lines is a constant, the point 
moves on a hyperbola of which the two lines are the asymp- 
totes. The proof of the converse is simply that the bisectors 
of the angles between the two given lines could be selected as 
axes of codrdinates and, in consequence, the two lines would 
have as equations, expressions of the form y—mar=0 and 
y+me=0. Any point which moves so that the product of its 
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distances from these two lines is a constant would satisfy the 


equation” a Mme 
q yome yt =e 


Vi+m2 V14+m? 


but this equation represents a hyperbola, and consequently 
the given locus is wu hyperbola. 

It follows from the above arguinent that the equation of 
any hyperbola differs by a constant from the product of the 
first-degree expressions which, put equal to zero, represent its 
xsymptotes. The terms of the second degrce in the hyperbola 
can be factored always into real lineur factors in and y (not 
necessarily rational so far as the coeflicients ure concerned) 
which as lines have the slopes of the asymptotes. (See problem 
8 of the preceding list, and compare article 6.) A particularly 
sunple type of hyperbola equation oceurs quite frequently in 
practical problems and this type wil] be taken to illustrate the 
method which is, however, general. 


TUlustrative example. — Vlot the curve 


This equation nay be written 
y(l—2)=2. 


The only term of the second degree is ay. Placing the factors equal to 
zero, we have 7 =O and y= 0. ‘The asymptotes are parallel to our co- 
ordinate axes. ‘Ihe equation can be written in the form 


(f@-h)(y-k) =e 
By inspection we note that the cquation may ve written 
(y¥ +1) (2#—1)=—1. 
The asyinptotes are given by y+1=O0andz—1=0. 


The intersection point is the center of the given cnrve; further points 
should be plottud by substitution of values in the original equation. 


This equation in ¢ and d, i= d. 
1 


= represents the relation between a 


given rate of discount for any interval and the corresponding rate of in- 
terest, If a bank in lending money takea out interest iv advance, piving 
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to the individual not the face of the loan but that amount loss the interest 
upon that amount for the given interval for which the note is to run, the 
bank is sald to discount the note. ‘I'he rate of tnterest which the indi- 
vidnal pays is obviously greater than the rate @ which is wsed as the dis- 


count rate; the relation is 
d 


lies 


SS 


In plotting the graph of this curve yon would be interested only in values 
of 2 and d between .01 and .10, and you would confine your attention to 
the first quadrant, tuking 4 inch tu repreaont .01 on both axes. 


PROBLEMS 


1. Plot the curve p-v=1000; show that it represents a 
hyperbola having the axes as asymptotes. This equation rep- 
resents the relation between the pressure and volume of a 
quantity of gas which at a pressure of 1 atimosphere has a 
volunne of 1000 cubic units, the temperature being kept 
constant. 


2. Discuss the nature of the following curves, without 


making any transformation of axcs; in the hyperbolas give 
the slopes of the asymptotes, and in the parabolas the slope of 


the axis. 
. 4¢e—y—8y=0. 


a 
b. 4e°—-Sy—10=0. 

ce. 492-4 ay —7? —100 = 0. 

d. 4a—day+y?=100y. 

e 40°—day4+ 7 =100. 

jf det—4aey44¥? = 100. 

gq. 428 —4 ay —10 2 = 25. 

h, day—T24+10y—5=0. 

Ramey = 30). 

j 42° 4+4Y= 81. 

hk. 38a%—12¢—228-—10y —15=0. 
lL S$a®9—12242y—10y—15=0. 
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3. Transform to new axes so as to simplify the following 
equations to plot; select the appropriate method of substi- 
tution adapted to each equation. 

a. a+ 12ay+4y2?—42—Hy—10 = Q, 
b 2 4+3ry—-387¥—-102—-ldyt+H=0. 
c 422?—Aryt7T y?—107+42— 25=0. 
d. 422?9-—122y74+97?-62—-—10=0. 

ec 2et+ayt+2y—6r+6y—15=0. 

fo w@+4ry—2y?—824 20 y—30=0. 
gq. 2—Say—T2=0. 

h, 22—G2+57—20y—10=0. 


4. Given that an aéroplane covers a distance of one hun- 


Pe Sadi iO 
dred milcs in ¢ hours, its velocity-in miles per hour 1s “ 


ie. va’, given that on different occasions the aéroplane 


covers 100 miles in 48 minutes (8 hours), 1 hour, 1 hour 6 
Toinutes, 14 hours, 1 hour and 24 minutes, 100 minutes, and 
2 hours, respectively, find the velocities and plot a cucve giving 
the relation between v and ¢. Choose units so that you can 
real from the curve between the extreme values the velocity 
within 2 miles per hour when the time of flight for 100 miles 
is given. Note that the curve is a hyperbola. 


5. Given that an aéroplane covers on one trial 100 miles in 
48 minutes, on another trial 125 miles in 61 minutes, and 156 
miles in 71 minutes ona third trial, how could you compare 
graphically the corresponding velocities ? 


6. ‘The air in an organ pipe vibrates in a manner some- 
what similar to the motion of a pendulum; the namber of 


such vibrations of the air in one second depends upon the 
Jength of the pipe and upon the velocity of sound in air; the 


formula. ae in feet per sec. and 1 in feet, gives quite 
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closely the number of vibrations. Plot tho curve n -> , for 
values of / from 1 to 20 feet, choosing appropriate units. The 
curve gives the corresponding number of vibrations for pipes 


of different lengths. (See section 3, chapter 26.) 
7. Discuss fully the equation 
e—2ay+yi—10y=0. 
8. The curve of transition on a railroad track in passing 


from one straight track to another js sometimes taken as para- 
bolic, because of the fact that the slope changes uniformly 


SHEEGHSHseuuelaceuersatestal aveassatenteate ateitesfeisbsnsstitiial 
SEES JEcascdins cecsasasessostd eatlosaiesierceeiseiestrestesttattadt 
EaSSEESEEEEUSSCeccssassauaa ne eeeieee CeeREeEREETEES TEE 
eer ors ttt tt eee er 
dsdssderiestostasbavessessateateseeaoe aetaitongqtaettetspieceestt 
dsdessostarsutestsseitctrasoad Secacoer eateateasecteateeeesteitettar 
Bosssssscesssegsenageshulscetd susess sss 
SReaungqgnesecsene ie a eBae 

sesaebocesneessbene : : 

Gasaseseeeuseayr 

soevessseseeced 

saseesapegiancs 


Parabolic transition curve on a railroad track 


The parabolic arc is used for vertical as well as for horizontal 
transition curves. 


with uniform increases of the horizonta] length taken parallel 
to tho tangeut at the vertex of the parabola. Assuming that 
the track AV changes its direction by 60° to V2 and that the 
transition points A and B from the straight line to the 
parabolas are taken on each track 500 feet from the point of 
intersection of the two directions, find the equation of the 
parabola. Note that the axis VY is inclined at an angle of 
120° to the extension of AV; note that F, the vertex of the 
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parabola, is midway between Vand the poit where the chord 
AR cuts the axis, since the tangent to a parabola cuts off from 
the vertex on the axis a distance equal to the distance cut off 
from the vertex on the axis by the perpendicular to the axis 
from the point of tangency. Find the equation of the curve 
with respect to the axis of the parabola as y-axis and the line 
through V at an angle of 30° with AV as waxis; then 
transform to AV as 2#’-axis and a perpendicular to AV at V 
as y'-axis by turning through an angle of — 30°, using the 
fundamental formulas for rotation of axes. 


9. Assuming that a railroad track changes its direction by 
40°, 30°, 20°, and 10° respectively, find the equations of the 
parabolic transition curves with transition points (A and B, as 
in figure) 500 feet from the intersection point of the two 
straight tracks. 


10. In going over a hill the form of curve to which the 
track bed is rounded is often made parabolic. When the grade 
ig the game on both sides of the highest point, the problem is 
precisely that of finding a parabolic arch. Assuming that in 
2 horizontal distance of 5000 fect the hill rises 100 feet, find 
the equation of the parabola having the vertex at the highest 
point and passing through the poiut L00 feet lower at a hori- 
zontal distance of 5000 feet; find the four intermediate ordi- 
nates at distanccs 1000 feet apart. 


11. An ivon wire of diameter .2 cm. and length 2 em., 
subjected to a tension T caused by a weight WW grams, when 
caused to vibrate through its whole length has the number of 
vibrations determined by the equation 

1 (980 W 
Roa — Lov hes 
BN SEB 
When the weight is fixed and the length is variable, this gives 
« hyperbolic relation between 1 and J. For TV = 500 grams the 


equation is approximately n = oe Plot and diseuss. 
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12. In the preceding problem suppose that 2 is fixed at 100 
centimeters and that W yaries between 100 grams and 2000 
grams. What is the type of relationship? What would bo 
the curve obtained by plotting to 2v- and n-axcs ? 


13, Tho deck of any large vessel slopes from both bow and 
stern downwards towards amidships. The vertical section of 
the deck from how to stern consists.of two parabolas, having a 
common vertex at the middle of the ship. Vlot the parabolas 
which are used for a vessel 400 feet long, having the highest 
point at the bow 8 feet above the vertex, and at the stern the 
deck 4 feet above the vertex. Use a different scale for y than 
for 2, —at least twice as large. 


14. Name the following curves, giving such facts as you 
can by inspection ; 


a. 3x2+2y—d=0. k. (3242 y—5)(x—3)=10. 
b. 3a2?+2y—5=0. L 327438 7=0, 

¢ 32427 —5=0. m. sy—Tx+ 6y¥—18=0, 
d. 32*— 5x=0. n pG — v)=6. 

e 8e2—52y—52=10. 0 (+1 — d)=1, 

fp 8243 y= 25. p. tf o=5, 

g. 32°—Gay+3 y—5 x=0. y 


hk. 322—Gay+3y—5=0, % V= fetes 
t 302742745 =0. 
j. Bxzt+2y—5)@—3)=9. 
15. The highway over the Michigan Central R.3t. tracks 
and over the I{uron River, on the Whitmore Lake road near 
Ann Arbor, is rounded off (in profile) to a parabolic arc, rising 
2.40 feet ina span of 240 feet. Show that the grade leading 
up to the are should bea4d% grade. Draw the arc to scale. 


r, V= 331, mht += a 


CHAPTER AXV 
SOLUTION OF NUMERICAL ALGEBRAIC EQUATIONS 


1. Solutions of algebraic equations. —By a solution of an 
equation of the type apu* + aye?! + ar? +4 -. a, r+ a, =D), 
whercin 7 is a positive integer and Q, a, @2- are constants, 
we understand a value which, substituted for 2, reduces the Ief{t- 
hand member to zero. That such a solution always exists is 
proved by methods of higher mathematics. The theorem that 
every such rational integral alyebraic equation has a root is 
called the fundamental theorem of algebra; it was first proved 
about a century ago by Gauss. The solution may be a real 
nwnber or a complex number, and any constant coefficient may 
be real or complex; the latter involves the square root of a 
negative quantity and so is not representable as the abscissa 
of any point on our axis of pusitive and negative real 
nuinbers. 

Certain types of algebraic equations are solvable in terms 
of the general constants which enter as cocflicicnts. Thus 
ax + b= 0 is solvable in terms of @ and J, and ax? + br +c¢=0 
is solvable in terms of a, b,and c. It has been shown that the 
gencral cubic in one variable and the gencral biquadratic, or 
fourth-degree equation, are solvable in this way, but the 
gencral cquations of higher degree than the fourth are not 
solvable in this sense. 

The approximate numerica) solution of the real roots of 
rational integral equations with numerical coefficients is readily 
obtained and we have indicated in Chapter IJ and again in the 
preceding chapter, section 3, problems 8-10, the general 
method by which such solutions are obtained by substitution. 

392 
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Simplifications for purposes of computation will be explained 
in this chapter. 


2. Contlouity.— The height of an individual is a continuous 
function of the age of the individual; by this we mcan that 
in passing from one height to another tho individual passes 
through every intermediate height, A graph representing age 
as abscissas and heights as ordinates will be a continuously 


Four continuous graphs. One discontinuous 
Continuity in passing from « positive to a negative value. 


connected curve. Upon this curve corresponding to any 
selected age, a,, a period of time, there will be one and only 
onc corresponding height, /,, and correspouding to any second 
AKe, Ae, a second ordinate, ho, representing height. The cueve 
joining the two points (@;, h;) to (ay, h,) will be continuous and 
every intermediate height between the two given will bo 
found to be represcnted by the ordinate corresponding to some 
age intermediate between the two given ages. 

Yhe rational integral function of z, 

Age” + ayzrt+ -- + 44% + 4,) 

in which 2» is any positive integer, is continuons between 
any two values of x, and will be represented by a continuous 
curve, This has been assumed in drawing the graph ot 
y= xt — 202-18 ++ 24, and in other graphs. The proof in- 
volves discussion somewhat too detailed and mathematically 
refined for au elementary course. 

The symbol jz) will be used throughont the remainder of 
this chapter to represent a rational integral function of of 
the type mentioned above, 


394 UNIFIED MATHEMATICS 


3. Graph of y=JS(x) dy location of posnts. 


Give to z the appropriate values, find the corresponding values 
of y, and plot the points, connecting by a smooth curve. (Sce 
pages 70-71.) 


Apply the remainder theorem, and employ synthetic 
division to determine values of the function corresponding to 
given valucs of 2. 


4. Remainder theorem and synthetic division. (See page 2d.) 


When f(x) is divided by x — a, the remainder obtuined by con- 
tinuing the division until the remainder does not contain x ts 
equal to the original expression with a put for x. 


To divide f(x) by x — a, employing synthetic division, 


a. Arrange f(x) in descending powers of x and write the 
cocilicients horizontally, including zero cocfiicicnts for missing 
powers below the highest power which occurs. 


b. Write 4+ a under z—a, the divisor, placed at the left. 
Under the coefficients of f(z) as written leave space for a 
second horizontal row and draw a horizontal line. 


c. Under the coefficient of the highest power of zx, below 
the horizontal hne drawn, place this coefficient again. Mul- 
tiply by + @ and add to the following coctficient to the right. 
Place the sum below the line, vertically under the second 
cocfticicnt ; use this number below the linc as multiplier of 
+ a, and add the product to the third coetficient and continue 
this process until yon have placed numbers under every coefii- 
cient (and the constant term) of the upper row. The final 
nuinber which appears is the remainder and should be cut off 
by a vertical separator; the numbers under the horizontal Jine 
are coefficients in order from left to right of the quotient 
when f(z) is divided by 2 — a, 


Throughout this discussion a may be either positive or 
negative. 
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Ievcatrative Prov. — Divide 23 — 207 — 182 + 24 by x — 3. and 
use the remainder theorem to determine the value of this function of z 
when 2 = 3, v3 — 2a? — 1844 24 

2—3)1—-2 -—18 +24 
+38) 43 4+ 3 —45 
TS ery 
z?#+z — 15 is the quotient and — 2] is remainder; — 21 is the value of 
x§— 22%— 18 ¢ + 24 when 8 is substituted for z. Since 
ws — 272-182 + 245 (x? + & — 15) (x — 3) — 21, 
we have, substituting 3, 
38 — 2.32 — 18.3 + 245 (82 + 8 — 15)(3 — 3) 21 
=0- 21, 


PROBLEMS 


1. Locate ten points upon the graph of y =2 a8+3 2?— 9a—T7. 

Take the ten points between 2 = — 4 and x =+ 4, including 
Zand — 4; use the synthetic division method of finding the 
value of y except for <=0,%=1, and z=—1. Plot the 
points and draw a smooth curve connecting them ; choose the 
y scale so as to keep the points on the paper. Locate the zeros 
of the function on the graph. 

2. Plot the graph of the function 2 <¢ + 32? —7 between — 38 
and + 3. 

3. Plot the graph of the function 223—Q92z—7. Note 
where the graph crosses the axis of z, thus locating the roots 
of the equation 22° —9x%—T7T=0. Factor 2a°—9a2 —7, 
dividing by the factor corresponding to the rational root which 
you have found; solve the resulting quadratic, and compare 
with the values found by the graph. 

4. Plot the graph of the function #4 —2 24 +3 22-18 2+21; 
select the appropriate interval to give the points of imtersection 
with the z-axis. 

5. Plot the graph of y= a‘ — 30% — 21; locate the zeros of 
the function on the graph. Solvo as an equation in quadratic 
form «! —322—21=0and compare the solutions obtained 
with the roots located graphically. 
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6. Plot the graph of the function 4a? — 3a +4 5 in the in 
terval from —1 to +1; substitute for # the values — 1, —.8, 
= 5, — 20) 10, Lecce an om Ovne 8, .9, and 1, finding 
the values in snerell by the division a Rited applying the re- 
mainder theorem. ‘the roots of this equation represent the 
values of sin 10°, sin 50°, and sin — 70°. (See section 10, below.) 


7. Locate one root between 0 and .1 of the equation 
42—32 + 05234 =0, 
by substituting for z the values 0, .01, .02, .03, up to.1. The 
value .05234 is the sine of three deyrees which we obtained in 
problem 5, page 215. One root of this equation gives the sine 
Ole 


5. Number of roots. — A value of a, for which f (a,) =0, is a 
root of f(z)=0. ‘The remainder theorem applies and conse- 
quently (z — a,) is a factor of f(x) since the remainder when 
JI (#) is divided by «— a, will be zero. Nothing in our argu- 
ment requires that a, be arealnumher. Hence, dividing f(z) by 
(c— a), a Dew equation of degree one Jess will be obtained. 
This equation, by the fundamental theoreyn of algebra, also has 
a root, a, giving a quotient of degreen—1. The number of 
such factors corresponds to the degree of the equation, 2 

Every rational integral equation af the nth degree has n roots, 
andno more, Forno further value of x could make the product, 
a(% — @\)(z — @)(x — a3) -- (x — an), equa) zero without making 
one of the factors zero and thus coinciding with one of the roots 
given. 


6. Graphical location of real roots. — Any real root of a rational 
integra) function of 2 equated to zero is a value of =z which 
makes the ordinate in y = f(2) equal to zero. The points in 
which the graph of the function of z crosses, or touches, the 
Z-AXIS correspond to real roots of the equation, f(x) = 0, or 
zeros of the function. 


Ow assumption of continuity enables us to formulate the 
following theorem : 
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Between any teo values ce=aandax=b, for which the two 
corresponding values of f(z) are opposite in sign, there lies at 
least one real root of the equation f(x) = 0. 
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Four graphs passing continuously from y =3 toy=— - one graph with a 


discontiauity 


Thus to change continuously from +4 to — 4, or from any positive 
value to any negative value, the function must pass through all values in- 
terniediate, including 0. At this point where the fuuction of z is 0, the 
graph of y = f(z) crosses the axis. 


Illustrative problem. — Locate the roots of 
— 22? — 1824 24=0. 


Plot the graph of y = z? — 22° — 18z + 24 by location of points. Give 
to x values from — 6 to + 5, find the corresponding values of y, and plot 
the points, connecting by a smooth curve. (Sce page 7).) Between z=] 
and z= 2, f(z) changes from + 6 to — 12; thero is a root between z = 1 
and 2=2; betwecu z= 4 and z = 5 there is a root, asf(4) is — 16 and 
J (5) is +9; atz=— 4 there is a root, as f(— 4) is 0. 


7. Slope of y=/f(x).— The (hk, k) method of finding the 
tangent at a point (2, 71) on @ curve applies, as we have 
stated in Chapter 18, section 11, to the graph of a rational in- 
tegral function of x. 

Thus in yoat—22%— 182 +4 24, let (a, y,) be any point 
on the curve and (2, +h, y,+) a second point. It is desired 
to find the slope of the graph at (x, 9;) 

y, = 2 — 2x? — 18a, + 24, 


and y, +k =(2, +h) — (a +h)? —18(Q+h+H, since (X41, Y) 
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and (a +h, y+) are on the curve. Subtracting the upper 
from the lower equation, member for member, we have, 


k= (3 mt —4 2, — 18) +42(3 a — 2)+ 25, 


Fm 32t— 4a — 18 + h(3 2, —2)422. 
{7 

Let h approach zero; the terms on the right containing h and 
22 wil) also approach zero, as the coefficients are constants. 


s 


Limit = 34.0 — 1§, ash = 0. 
D 


When z,=1, the slope of the curve is —19; when x, =3, 
the slope is —3; when z,=4, the slope is + 14. 

A double root of any equation corresponds toa point at 
which the function is zero and the slope of the curve, ob- 
tained by the (h, ) method, is zero. 


8. Slope and maximum and minimum points.— When the 
slope is zero, the curve is for the instant parallel to the raxis. 
This is a necessary condition for a maximum or minimum 
point, t.e.a point at which the value of the function attains a 
greatest ora least value in some interval which includes the 
point. 

This may be accepted by the student as graphically evident. 
A formal proof depends on the methods of the calculus, and 
rests essentially on the method used in finding the slope. 


PROBLEMS 


See the preceding list of problems, 

1. Find the slope at any point (2, y,) of each of the follow- 
ing curves and Jocato the maximum and minimum points 
on the curve by setting the slope equal to 0 and solving for 2: 

@ y=28+4+3ae—92~T. d. y=2—I9a —7. 

bB. y=2Hh 432-7, e y=42—3824+.5. 

Cc. y= a — 3x2 — 2]. J y=48—3e 4+ .05234. 
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2. Find the slope at any point (2, y,) on 
y= et—284 32 —182 4 21. 


This gives the slope mas m=42,3—6a,2+62, —1S. Plot 
the graph of y= 428 — 6274 6a — 18, and note that the zeros 
of this function arc the values of 2, for which the slope of the 
curve y= xi — 2974+ 32?—18%+21 is 0. These are valves 
of w for which the original function has maximum and 
minimum values. 


9. Historical note.— The solution early in the sixteenth cen- 
tury of the cubic and biquadratic was the undisputed achieve- 
ment of a group of Italian mathematicians. Yiori, Tartaglia, 
and Cardan were involved in the solution of the cubic, while 
Ferrari, pupil of Cardan, solved the quartic. Not until the 
heginning of the nineteenth century was it shown that the 
general equations of higher degree are not solvable, this being 
the work of a brilliant young Norwegian named Abel. 


10. The cubic applied to angle trisection. — By higher mathe- 
matics it has been demonstrated that geometrical problems 
which can be solved by ruler and compass correspond alge 
braically to prohlems whose solution can be effected hy linear 
and quadratic equations and equations reducible to quadratics, 
t.e. by equations of which the roots will involve only quad- 
ratic irrationalities (square roots, and square roots of expres- 
gions involving only rational quantities and square roots). 
The trisection of an angle is a type of geometrical problem 
whose solution cannot be effected with ruler and compass, it 
is possible to reduce the trisection of an angle to an algebraical 
problem, the solution of the cubic equation. 

Let the given anyle which is to be trisected be denoted, for 
convenience, by 3a. Since this angle is given, the value of its 
gine is known. If the angle is given by a geometrical drawing, 
the ratio of the perpendicular dropped from a point at a 
distance r from the vertex on one side tu the second side to 7, 
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te. a gives the sine of the angle. Let the value of the sine of 
@ 
the piven angle be k. 
Given sin 3a=h, find sin «. 
sin3 ¢= sin (2@+ a)= sin 2a cos & + Cos Zasin « 
= 2sin «cos? a +(cos? « — sin? «) sina 
sinda=3sina—4sina. 
k=8singe—4sin*a, 
This equation isa cubic in the unknown sin «; for convenience 
it may be written k = 32— 42%, substituting 2 for sin a. 

There are, in fact, three solutions of the cubic and these 
three solutions correspond to the fact that kis the sine not 
only of 3a, but also of 180°—3u, and n-360°4+34, and 
(2n + 1) 180° — 3a. 

Thus the cubic which would pive the sine of 10°, trisecting 
the angle of 30°, is 5=3a—d23,or4e—324.5=0. The 
same cubic would be obtained if it were desired to trisect the 
angle of 150°, or of 390°, or 750°, ---. There are an infinite 
nuinber of angles which have this same sine, .5, but there will 
be only three different values involved when the sine of the 
third part of each of these angles is found. In the equation 
4—32z+.5=0, the roots represent sin 10°, sin 50°, and 
sin 250°. (Sce problem 6, page 396.) 


11. Closer approximation to located roots. — The method will 
be shown by a numerical illustration. 

The equation 

(1) a — 2a? 182424=0, 
of which the graph is given on page 71, evidently has a root 
between 4and 5. To form the new equation whose roots are 
4 less than the given equation, substitute 2!+4 for x, giving 

(2) (a! + 4)3 — 2(a’ + 4)? — 18(a’ + 4)4 24 = 0, 
Assume that this gives 

(3) 29+ Br? + Ca’ + D=O0, in which B, C, and D can be 
obtained by expanding and combining terms in (2). The loft- 
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hand members of equation (3) and cquation (2) are then identi- 
cal. Evidently, if « —4 is substituted for 2’ in (2), it will give 
the original equation, and consequently, if 2— 4 is substituted 
in (3), it will give the original equation. Substituting, we have 

(4) (2 —4)?+ Bia — 4)? + C(a— 4) + D=0, which is identi- 
cal with the original equation. 

Ii the left-hand member of this equation, i.e. the original, 
is divided by e—4, the remainder is D and the quotient is 
(x — 4)? + B(a — 4) + C; if this quotient is divided by (x —4), 
the remainder js C; if the quotient of the preceding division 
is divided by x— 4, the remainder is 23. 

e—4)e— 2a%-18244 24 - 
+4 i a mae Lhe continued division by 


eae ee ee O22 ede ig efteetede hy = the 


po P synthetic process, explained 
xe (+ in section 4, above. 

rail 

1(+10 B 


(5) v3 +102-+ 142’—16=0 is then the equation whose 
roots are 4 less than the roots of the original equation. This 
should be verified by substitution and expansion. The 
original equation has a root between 4 and 5, Hence this 
equation has a root between 0 and 1. By trial of tenths, .1, 
.2,+-.9, this equation is found to have a root between .7 and 
8. Hence the original equation has a root between 4.7 and 4.8. 

Form the new equation whose roots are .7 less than the 
roots of (5). 

v’—.7)1 +10 +14 -—1I16 (7 
+.7) + 7 + 749 415,043 
1 +10.7 +21.49(— = .957 
+ .7 + 7.98 
1 + 11.4(+ 29.47 
+ 7 
1(+ 12. 
8 +121 24.29.47 z~— 957 =0. 
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Equation (5) has a root between .7 and 8; hence equation 
(6) has a root between 0 and .1. 

By trial of bundredths, trying .02, .03, .04 --- it is found that 
this equation has a root .03*, between .03 and .04 and 
evidently nearer .03. 

Hence our original equation has a root 4.73%. 

In this way we can compute any real numerical root of a 
rational integral algebraical equation to any desired number 
of significant figures. 


InnustxaTIVE Provirms.—1, Find the cube root of 
1,624,276 to four significant figures. 


z? — 1,624,276 = 0. By trial, substituting 100, 200,--. for z, this is 
found to have a root between 100 and 200. 


z—100) 1+ 0+ 0 —1,624,276 
100) , +100 +10000 —),000,000 
1 +100 +10000(— 624,276 


+100 + 20000 
1 + 200 (+ 30000 
+ 100 
z’ — 10) 1 + 300 -+ 30000 — 624,278 By derivation, the roots 
10) + 10 + 3100 — 331,000 are 100 less than the roots of 
14310 +38100(— 208,276 (1); hence a root between 0 
_+ 10 + 3200 and 100. By trial, sndstltnt- 
2 + $20 (+ 36300 ing, root between 10 and 20. 
+ 10 
a!—7) 14330 436800 — 293.276 By derivation, has a root 
7) t+ 7 + 2859 + 270,618 UetweenQand 10. Sy trial, 
1 +837 +38650(— 22,068 a root between 7 and 8. 
+ 7 + 2408 
1+ 344 (+ 41067 
+ j 
14351 441067 — 22 663 By derivation, rvot between 


Qand }. By trial, between 
.9 aud .6, and nearer to .5. 


Hence the root of the original is 117.6, which may be partially checked 
by four-place logaritiins. 
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2. Compute one negative rvot of 
2a'+ 1023 — 8a22-—1174+19=0. 


Negative root between — 1 and — 2. 


z+2) 2+10 — 8 —i1 +19 
~— 2) -— 4 —12 + 40 — 58 
2+ 6 -20 +20 (—39 
- 4-4 + 48 
2+ 2 —24 (+77 
— 4 44 
2— 2 (—20 
_-4 
z— .6) =e a 20 + 77 — 39 Root between 0 and 
+-6) + 1.2 — 288 —13.728 + 37.9632 1. By trial, be 


+ 48 —22.88 + 63.272 — (1.0368 tween .6 and .7. 
+ 12 — 2.16 ~—15.024 
— 3.6 — 25.04 (+ 48.248 
+ 1.2 — 1.44 
— 2,4(~ 26.48 
+ 1.2 
Z2— ).2 —26.48 + 48.248 — 1.0368 By derivation has a 
root betwen 0 and 
-l. By trial, be- 
tween .02 and .03. 
The original equation has a root — 2 + .62+, or — 1.387, fe, between 
— 1.38 and — 1.37. 


PROBLEMS 


See the two preceding sets of problems and use the results 
obtained. 
1. Compute to three significant figures the largest positive 
root of the following equations, 
a. 22+4+327-92-—-T=0. 
b. 22+4+3¢e-—-7=0. 
ce 225—9xe—T=0, 
d. et —2e +30? —18 2421 =0 
2. Compute by the process indicated the positive root of 
2? — 3¢—21=0 to three decimal places; compute the same 
by solving as a quadratic, and compare as to efficiency the two 
methods. 
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3. Solve the equation 423—32+.5=0, computing the 
smallest positive root to four decimal places. This is the 
value of sin 10°; check by your table of sines. 


4, In problem 5, page 245, you have computed the sine of 
3° to four decimal places. Write the cubic which will give the 
sine of 1°; compute the smallest positive root, and discuss to 
what decimal place it could be carried with propriety when 
the sine of three degrees is given to four deciinal places. 


zy = 1, and 

y = (e’—16). 
Note that the points of intersection give the solutions of the 
two equations regarded as simultaneous; but solving the two 
equations as simultancous cquations, we are led by substitution 
to the cubic x- 4 (2?— 16) =1, or —16%2—4=0. Solve the 
cubic and compare with the solutions obtained graphically. 


5. Plot the graphs of the two cquations 


6. Historical problem. The great Archimedes proposed the 
problem to cut a sphere by a plane in such a way that the 
two segments of the sphere should have to cach other a given 
ratio. Archimedes showed that the solution could be obtained 
as the intersection of a hyperbola and a parabola. If the 
diameter of the sphere is taken as 10 and kas the ratio of the 
larger to the smaller segment, this problem leady to the cubic 


oe — 30024 2000% =D —9 
fate hay ; 


in which x represents the distance of the plane from the center 
of the sphere. Solve to two decimal places when k= 2. ‘The 
plane at a distance z from the center then trisects the sphere. 


7. In the preceding problem show that the solution may be 
obtained as the intersection of a hyperbola and a parabola. 


8. A famous problem of antiquity is the problem to dupli- 
cate a given cube, 4c. to solve geometrically 2 = 2 a, a being 
the side of the given cube. Long before analytical geometry 
was invented it was known that the solution could be given as 
the intersection of the parabola 2? = ay with the parabola 
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7 =2az. Construct the graphical solution when a is taken 
as 10. 

The problem may also he solved by the intersection of either 
of the two given parabolas with the hyperbola zy=2 a. Verify. 

If two means, z and y, are inserted between a, and 2 a, ie. 
ho a 
oye 2a 
This method reduced the problem of the duplication of the 
cube to the problem of inserting between two given numbers, 
or lines, two geometric means, 


, then z is the solution of the equation 2° = 2 a’. 


9. The volume of a spherical segment, greater than a hemi- 
sphere, of height 2 + 7, is given by the expression 


Vis erate t a) 


the volume of a sphere is 477°. Find the segment of a sphcre 
of water of radius 10 which will be equal in weight to 4 
sphere of wood, radius 10, which wood jis only .6 as heavy as 
water. his leads to the cubic equation 


.6(4 77°) =7@ P43 re — a), 


or e—3re24+ 47=0, 
and.7 + x is the depth to which the sphere of wood will sink 
when it is placed in water, Compute this depth when r= 10. 


10. Ice is only .92 as heavy as water. Usothe equations of 
the preceding problem, substituting .92 for .6, to find the depth 
to which a spherical iceberg of radius 100 feet, if one were 
possible, would sink in water. 
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CHAPTER XXVI 


WAVE MOTION 


1. General.— In nature there are two types of recurrent 
motion, somewhat closely connected mathematically, in which 
repetition of motion occurs at regular intervals. 

Oue type of this motion, in cycles as we may say, repeats 
the motion in one place, and is im a sense stationary. The 
tuning fork in motion moves through the same space again 
and again; a similar movement is the motion of a vibrating 
string. Of this stationary type may be mentioned the heart- 
beats, the pulse, the respiration, the tides, and the rotation 
of a wheel about its axis. 

The second type of recurrent motion transmits or carrics 
the vibratory impulse over an extent of space as well us time. 
The waves of the sea are of this character. Sound waves, 
electrical viltrations or waves, and radiant energy vibrations 
are transmitted hy a process similar to that by which the 
waves of the sca are carried. 

Both of these types of motion are representable mathe- 
matically by equations involving a scquence of trigonometric 
functions. ‘T'o the fundamental and basic function involved, 
y = si z, we will direct our attention in the next section aud 
to simple applications in other sections of this chapter. 


2. The sine curve.—As a radius vector of unit length ro- 
tates in a plane with uniform velocity about a center, the sine 
of the angle 6 fluctuates between 1 and —1. The variation of 
sine @ may be represeuted by the movement on the y-axis 
of the projection of the vector, and this movement of tbe 
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Graph of y = sin 9; a pure sinusoid 
The length AA’ equals the circumference of the circle ; the ainplitude, 
Vertical distance between highest and lowest points, equals the diamcter 
of the circle. 
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Graph of y = sin2 8; a sinusoidal curve 
The frequency is double that represeuted ia the preceding graph. 
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; Obtained by addition of corresponding ordinates in 
the two preceding curves 
This type of curve is obtained from a tuning fork having an octavo 
. overtone. 
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projection is termed simple harmonic motion, frequently 
abbreviated S.H.M. Precisely the same type of movement 
is given by the projection of the moving vector on the x-axis, 
% = C08 @, or on any line in the plane of the motion, 

z= cos (9 —e), 
wherein ¢ is the slope angle of the liue and z is the projection 
of the radius. 

If the vector completes one revolution, 22°, or 360°, in 1 
second, the period of the motion is called 1 second, and the 
frequency, or the number of repetitions of the complete move- 
ment or cycle in a second, is 1 per second. Jf the complete 
revolution is effected in } second, the period is } second and 
the frequency Z per second. The graphs of y=sin6@ and of 
y = sin 2 @ represent under these conditions the progress of the 
ordinate for uniform changes in @, i.e. for uniform changes 
in the time, since the rotation is with constant angular ve- 
locity. ‘or convenience the angle is conceived as measured 
in radiaus and the radius is takon on tho waxis as the unit to 
represent one radian; the abscissa then corresponds either to 
the augle measured in radians or to the length of arc traversed 
by the end of the moving vector. In plotting y= sin 6, values 
of 6 from 0 to 360° or from 0 to 2 7’ are plotted on the horizon- 
tal or @axis. Note particularly the points for which 6=0, 
30°, 45°, 60°, 90°, --- 180°, --- 360°; or 

0, 7 oe oe ae oe Dart 

Note that 4.4’ on our diagram ropresents one complete cycle 
or period. or many purposes it is desirable to take (, the 
time (in seconds, usually), as the variable. The same graph 
then represents y = sin 2 xf, wherein Ad’ is taken equal to 1 and 
the horizontal axis is the taxis. The same curve represents 
y=sin 20 at, if AA’ is taken as pz of 1 unit of time. The 
upper curve in our diagram is a pure sinusoid, the distance AA’ 
representing the circumference of the circle of which the 
maximum ordinate is the radius. 
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The two curves plotted should be carefully studied; the 
Jower curve has double the frequency of the upper and one 
half the period. ‘The swing, amplitude as it is termed, is the 
same; tho amplitude is the algebraic difference between thc 
Inaximuin and minimum values of 
the function. 

Any curve representing 


ee y=asin® or asin kGQ 

saz iasse Fa HA ora sin (20 a €) 
aati CEA 
PEELE Hee et is called a sinusoid. We shall find 
SHE PHAN 2 that the graphs of y=acos8, 
seecaL citbslEjee latte y =a cos k6, and y =acos (kO +) 
pesegevese Ae differ from the preceding only in 
ibssdetsvesee-erreuetes position. 


lor most purposes it is conven- 
lent to plot time in complete units 
on the ordinary codrdinate paper, 
the unit depending on the period 
qf time in question. Fora com- 
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Graphical method of locating points on a sinusoid 
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PHN racckel sisters plete rotation in one minute ten 
Heb Ee UT an seconds might be taken as one 
He TN let fanaa ie unit on the horizontal azis with 
i teat SESE HHEE the radius as vertica] unit,and the 
sent eT HH curve would differ very slightly 
A ASENE| AL an {rom our curve. The highest and 
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lowest points would fa) then at 
15 and 45 respectively; 0, 3, 7.5, 
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Hh spond then to 0, 30°, 45°, 60°, 90°, 


120°, and 180° respectively. 
Physicists and engineers com- 
monly draw the sinusoidal curves 
Which are of frequent occurrence entirely from graphical 
considerations... The circle with the desired amplitude is 
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drawn; the angle between the axes is bisected and re- 
bisected (as often as desired); an appropriate length for a 
complete cycle is taken on the horizontal axis, and this is 
divided into just as many parts, usually 16, as the circum- 
ference of the circle is divided by the axes and the bisecting 
lines‘which were drawn. At each point on the horizontal axis 
an ordinate is drawn and from each corresponding point on 
the cirele a horizontal line is drawn to intersect the correspond- 
ing ordinate. Corresponding points have the same numbers 
if on the circle intersection points are numbered from the 
Tight-hand intersection with the horizontal axis connter-clock- 
Wise and numbered on the live from the left-hand end of tho 
horizontal length taken to represent the time of one cycle, as 
indicated on our diagram. ‘Che two upper figures, page 408, 
were drawn by this method. Tho student is urged to make both 
the graphical construction and the construction by using the 
numerical yaJues of the sines from the tables. Compare also 
the work under Scction 11, Chapter VII. 


PROBLEMS 


1. Plot the curves y =3in 6° and y= sin3@ on the same 
sheet of coérdinate paper; take 1 inch as-radius and on the 
horizontal axis take 1 inch to represent 60°. For a pure 
sinusoid, y = sin z, one unit on x Should be the length of the 
radius; then 3.14+ radians represents 180°, the second point 
in which the curve y = sin & cuts the axis of abscissas. 


2. Plot y =sin2 xt; note that t= yy, yy, -- corresponds to 
36° and multiples; take one wiit for ¢ as 6 times the radius 
chosen. 

3. How could you interpret the curve of the preceding exer- 
cise as y = sind at? 

4, Plot 10 points of y = sin (@ — 30°). This curvo is sisnuar 
to the preceding; it is 30° behind, we may say, the regular 
sine curve; the “lag” is 30°; the two curves y= sin @ and 
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y = sin (@ — 30°) are said to be out of phase, the phase angle 
of the second being — 30°. The “phase angle” is of particu- 
lar importance in the theory and practice of alternating cur- 
reuts. 

5. Plot the curve 2 =110sin 6. Note thatif the horizon- 
tal scale Le taken so that 1 inch represents 60° and the vertical 
scale such that 1 inch represents 110, the curve is precisely 
the first curve of problem 1. ‘Chis curve represents the vari- 
able electromotive force (e..f.) doveloped by 2 generator 
which generates a inaximum e.m.f. of 110 volts. To plot 
the curve no knowledge of electricity is necessary, but com- 
plete interpretation requires technical knowledge. 


3. Sound waves.—If a tuning fork for note lower C is set 
to vibrating, the free bar makes 129 complete, back-and-forth, 
vibrations in one second. By attaching a fine point to the end 
of the bar and moving under this bar at a uniform rate, as jt 
vibrates, a smoke-hlackened paper, a sinusoidal curve is traced 
on the paper. Our curve is traced by a bar vibrating 50 times 
in 1 second. 


The curve y = sin (SO X 2 mf) 
Tuning fork vibrations recorded on swoked paper. 

In 1 second 50 complete vibrations are made; the vertical 
distance between the top and the bottom of tho ares repre- 
sents the distance moved by, any point on the moving bar; 
the motion is simple harmonic (S.H.M.). The period is 2, 
second; the frequency is 50; the amplitude is about 4, inch. 
If the smoked paper werc moved with uniform velocity under 
the vibrating bar in such a way as to cover 50 times the cir- 
cumference of a circle with radius 2; of an inch, or 50 x 24 X zk 
inch per sccond, the curve traced would be almost a perfect 
sinusoid of the type y= sin 6..; The points move of course on 
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ares of curves, but the variation from a straight line is ex- 
tremely slight. 

Corresponding to each movement of the vibrating rod there 
is 2 movement of the air. As the bar moves to the right it 
compresses the layer of air to its right and that compression 
is immediately communicated tu the layer of air to the right; 
as the bar moves back and to the Jeft, the pressure on the ad- 


Vibration records produced by the voice 


$64? a9 in *Ate''; £€ Oy) ”» a8 in ‘sabout”’; GO jou in “relay Je --@") 
in ‘°bDE"; and ‘4° in " (Rther.’? The tuning fork record, frequency 
60 per second, gives the vibration frequencies. 


jacent air is released and a rarefaction takes place. Jn 3 of 1 
second you have the air adjacent to the rod compressed, back 
to normal, and rarefied; during this time the neighboring air 
is affected and the compression is communicated a distance 
which is the wave length of this:'given sound wave. In 1 second 
this disturbance is transiwitted 1100 feet at 44° Fahrenhcit. 
The wave length for this sound wave then is 139° = 22 feet. 

The wavo length is commonly designated by A. If v is the 
velocity, and ¢ the timo of one vibration, A = vt. 
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The notes of the key of C on the natural scale have the fol- 
lowing vibration frequencies : 


¢ d @ it g a b o 
250 oS 320 3.11.3 35-4 426.7 480 612 


The intensity or loudness corresponds in the rod to the 
length of swing of the vibrating rod; a3 this amplitude dc- 
creases, the intensity of the sound decrcascs. for small am- 
plitudes the vibratory motion gives a convenient way of 
measuring small intervals of tinic. 

Thus on the above diagram if the tone of the note Jower C, 
y = sin 256nt, were represented, each complete wave would 
represent ;4, of 1 second; each half or each arch would rep- 
yesent sl, of 1 second. Tuning bars, with periods J, and 
thr of 1 second are run electrically for timing purposes. 

The curve y= sin 6 +sin2 6 represents the combination in 
sound of two tones which differ by an octave. Precisely the 
type of curve which is represented by our diagram can be 
prodaced mechanically by the record of a vibrating tuning 
fork! which sounds not only the principal note but also the 
octave overtone, duc to the fact that the bar vibrates about the 
middle point at the same time that it vibrates about the end. 
Vibrating strings also have multiple vibration, overtones and 
other tones. Tlarmony is the result, in general, when the 
vibrating instrument gives vibrations which are connected 
with the fundamental] vibration by simple numerical relations, 
like that of the overtone. 

Thus the notes of the major chord, key of C, ¢, e, g, ¢, on 
the piano, have the vibration frequencies in the ratios 4 to 5 
to 6 to 8. 


4. Helical spring. — Similar to the vibrations of the air are 
those of a spiral wire spring which oscillates back and forth 
when a weight is suspended by the spring; the successive 
compressions and elongations of the wire correspond quite 


‘See Miller, The Science of Jfusical Sounds, yp. 188, for photograph. 
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closcly to the condensations and rarefactions of the air. ‘ke 
position of the weight at any instant can be given by an 
equation entirely similar to the equation above of note C. 
Thus i€ the time of one complete vibration is + second, and 
the maximum displacement is 4 inches, the equation is 


7] =44 sin + rf’. 


This gives the clevation above and below the point at which 
the weight comes to rest. Perfect elasticity of the spring is 
assumed. 


5. Light waves. — Light waves have a much higher velocity 
than sound waves, 300 x 108 meters per second. The different 
wave lengths correspond to different colors, just as different 
wave lengths in sound waves correspond to different tones. 
The wave length of the light from burning sodium (/), of the 
spectruin), is 0.6890 x 10-° meters per second, and for other 
colors varies for the visible spectrum between 39 and 
65 X10 meters. The vibration frequency of the sodium 
light is the number of these waves which occur in one second 
of time, hence since these waves cover 300 x 10° meters in ono 
second the freqnency n is such. that 
n-X =z, or n- 0.589-x 1079 = 300 x 104, 

_ 300 x 104 
, 389 x 10° 
Radiant energy is of the sabne, general nature with longer 
waves. Light waves differ from the sound waves in having 
transverse vibrations, not. Jon,itudinal. 


whence 7 = 509 x 10! vibrations per sccond. 


6. Electricity. —Jn electricity, particularly in the discussion 
of alternating currents, the sine curve plays a prominent rdle. 


The equations e=156 sin 6, 
~=4 sin 6, 
and p = ei = 624 sin? = 624(4 — 4} cos 26) 


= 312 — 312 cos 2 @, 
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represent respectively the electromotive force, ¢, measured in 
volts, and the current, 7, measured in amperes, and the power, 

| ps Incasured 32 watts 
| of an ordinary electric 
current, 

In general, current 
and clectromotive 
force are ‘out of 
phase”; the cqua- 
tions when the cur- 
rent lags 30° behind 
the electromotive 
force are, 


Sinusoids traced by electrical means e = 156 sin @, 
Oscillogram of an alternating current in which ¢= 4 sin (@— 30°). 
current and c. in. f. are ** in phase." 

On the twodiagrams 
we have represented by a photographic process the magnitude 
of the current and electromotive force of an alternating cur- 
tept. The current is represented by the curve with the 
smaller amplitude. 
In the first illus- 
tration current and 
e. Ta. f. are ‘in 
phase,” and under 
these conditions a 
Inaxunum of power 
is developed ; mm the 
second illustration 
current and e. m. f. 
are ‘out of phase,” = 


the current lagging  Oscillogram showing current curve (lower) Iag- 
Denindithereeote ging 90° behind e. m. f. curve 


The power at any instant delivered by an alternating current 
is given by the product of the current and the c.m.f. at that 
lustant. Employing the formulas, 
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cos (« — £)= cos « cos 8 + sing sin 8, 
cos (« + B)= cosa cos 8 — sine sin B, whenco 
cos (« — 8)— cos (2 + 8) = 2 sine sin B, 

show that p = iesinésin (9 — 30°) may be reduced to 


a [cos 30° — cos 2(9 — 15°)}. 


Plot the curve showing the powcr at any instant, when 
¢é=156cos@ and i= 4cos(@ — 30°). 
Note that this power curve is also a sinusoidal curve but placed 


with reference to a horizontal line which runs 270 units above 
the »axis. 


PROBLEMS 


1. Plot the curves y=sin 25670? and y=sin 5127 ¢, 
using 4 inch for 1 on the vertical axis and 6 half-inches for +4, 
of 1 second on the ¢ or horizontal axis. ‘I'reat the equations 
as y= sin 2 at’, and y=sin4 xt, respectively, substituting for 
t, 0, 1, 2, .3, -~, .9, and 1 instead of 5 of zhy, +5 Of rhs, 

Note that the unit ,3, taken as 1 on the horizontal axis, disposes of the 
difticulty of the awkward fractions, 

2. What is the frequency of the vibrations in the curves 
of the preceding example? ‘What are the corresponding wave 
lengths? 

3. Now would y=cos2-t’ differ from the curve for 
y = sin 2 wt’? ‘Write 10 values of y= cos2 wt’ for t= 0, zy, 
boddbdybt- 

Nolte that these angles correspond to 0°, 30°, 45°, 60°, -.. respoctively. 

4. Use the equation cos@?=sin (90° +6) to show that 
y = sin 6 Jags 90° behind y = cos 8. 

5. raw the graphs of y = cos 6 and y = cos 2 @; divide the 
arc of the circle into 24 equal parts and take the distance rep- 
resenting 2 1’ as divisible by 24. 
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6. Draw the graph of y = sin (ret a) and compare with 


y=sin@. Discuss the corresponding motion of the moving 
point on the vertical axis. 


7. The limits of hearing are for vibrations of 16 per second 
and 40,000 per second. What ave the corresponding wave 
lengths ? 


8. Plot on the samme diagram the two curves, 
e = 156 sin 6, 


i= 4 sin (0 — 30°). 


9. In problem 8 find the value of e for cach 30° to 360°. 
This completes a “cycle” of values. The time of this move- 
ment in a 60cycle system is 2, of 1 second, What is the 
value of ¢ for the angles given, and also for 6 = 45°, 135°, 225°, 
and 315°? 


10. On the enrve, on the same axes as the preceding, 
it = £sin (6 — 30°), read the values of 6 for the angles 30°, 45°, 
60°, 90°, --- to 360°. These may represent current in the cir- 
cuit of problems 5 and 6; the current lags 30° behind tho 
e.ro,f. What interval of time is represented by the 30° lay ? 


11. Plot to the same axos the curves, i = 4 sin (9+ 40°), 
e = 156 sin 0, 
The curve of 7 here leads the curve of e by 40°. 


In the case of i, what are convenient values of @ to plot 
without using tables ? 


12, Assuming that it takes J, of 1 second for one com- 
plete cycle of i or e in problem 8, find the time difference 
represented by the 40° angular difference. Find angles ap- 
proximately corresponding to +44, x45, rb» sip and shy of 
1 second. 

7. Sine curve; circle; ellipse; cylinder. —If a cirenlar cyl- 
inder, such as the one in our diagram, is ent by any plane, the 
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cuts the cylinder in an 


‘aking the portion of the 


Thus, the plane through 
The circular hase and any 
cylindrical 


intersection is an ellipse. 
AOB in our diagram, in- 
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and unrolling it gives a 


through the same center 
pure sinusoid, 


y=a sin 6. 
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cylinder 
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Experimentally the student can develop this curve by roll- 
ing a sheet of paper about a cylinder and cutting out with @ 
sharp knife the required portions. 


Piston-rod diagram 
AB, the stroke; 77C, connecting rod; OC, crank ana. 


8. Piston-rod motion.— The common piston-rod motion of 
engines furnishes abundant trigonometric material, much of 
which is of sufficiently elementary character so that by the 
application of simple formulas problems of interest to the 
engineer can be solved. 

The essential features for our purposes are the piston head 
H, the connecting rod HC of length /, the crank arm OC of 
length 7, and the stroke AB, which is the distance through 
which the piston head JT moves. Were the connecting rod 
infinite in extent, the motion of Z{ would be simple harmonic 
motion when C'is rotating with uniform velocity about O. 

In snodern engines the ratio of U to 7 varies from 3 to 1, low, 
to 4.3 to 1, which is approximately that of a Ford engine. It 
is desired to find for each position of the piston head the 
angle a of the connecting rod, the angle 6 of the crank shaft, 
and also the effective pressure, called the tangential compo- 
nent, of the connecting rod to turn the crank shaft. 

In the first place, when /:r=4.8:1, the angle @ never 


° 1 ° , . 
excecds arc sin ares Determine this angle in degrees. As the 


pressure / at Hf is horizontal, only a portion, Pcos«, of this 
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pressure 1s communicated to the connecting rod. Discuss the 
variation in pressure duo to the iticlination of the connecting 
rod and note that itis relatively small. Of course the pressure 
of the gas in the cylinder chamber is not uniform and this 


Connecting rods and crank arms in six-cylinder automobile engine: 
ratio l:y = 3:1 


variation 1s much more serious than tho variation due to the 
angle of a connecting rod. 

Find also the maximum vertical pressure P sina on the 
cross-head support. 

Show that the length of the stroke AB is equal to the 
diameter of the crank circle. 

The position of the piston head is indicated in decimal parts 
of the total stroke 27, as measured from A. In our diagram 
the piston head is at .75 of the stroke. To determine a and @ 
when the position of the piston head, 18 given we solve a 
triangle in which the three sides are known. Thus on our 
diagram OV = 48; 7O=43; HC=4.8; and OC=1. Solve 
this triangle and determine the angles « and @. Commonly a 
diagram is drawn in which the angles @ of the crank arm are 
plotted as abscissas and the piston displacements avo plotted 
as ordinates. 
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PROBLEMS 


1. Given 6=0, 10°, 20°, 30°, 60°, 90°, 120°, 150°, and 180°, 
find the corresponding values of « and the positions of JJ as 
decimal! parts of the stroke. Plot angles as abscissas and 
pistou displacements as ordinates. How could you complete 
this to 360°? Could you go ou beyond 360° ? 

2. Assuming that the piston rod transmits a uniform pres- 
sure of 200 Ib, find the effective ;turning pressure when 
§ = 30°, 60°, and 90°. Resolve tlic: force at C into two com- 
ponents, one uormal to the crank’ shaft and the other along 
the crank shaft. The component normal to the crank shaft, the 
tangential component, is effective, 7c. does the work. The 
radial pressure is also computed and is:used to determine 
friction loss. Find the values of the radial pressure corre 
sponding to above tangential) pressure. 

Compute in this case for.the given angles the pressure’ on 
tho cross-head support by the connecting rod due to the con- 
ponent, P sina. 


Connecting rod, crank arm, and cylinder on A. T. & S. F. locomotive 1444 
The stroke is 80 inches and connecting rod 60 inches. 


3. Draw the graph illustrating relative positions of tho 
piston head and the connecting rod when the cravk-pin is at 
the lowest point, in the locomotive illustrated above. 


4. Tind the number of strokes of the piston per minute 


When the train moves 60 miles per hour, given that the driving 
wheels are 57 inches in diameter, 


CHAPTER XAXVII 


LAWS OF GROWTH 


1. Compound interest function.— The function S = P(1+ 7)" 
is of fundainental importance in other fields than in finance. 
Thus the growth of tiinber of a large forest tract may be ex- 
pressed as a function of this kind, the assumption being that 
ina large tract the rate of growth may be taken as uniform 
from year to year. Jn the case of bacteria growing under 
ideal conditions in a cwture, 7e. with unlimited food supplied, 
the increase in the number of bacteria per second is propor- 
tional to the number of bacteria present at the beginning of 
that second. Any function in which the rate of change or 
rate of growth at any instant ¢ is divectly proportional to the 
value of the function at the instant ¢ obeys what hag been 
termed the “Jaw of organic growth,” and may be expressed by 
the equation, 

“= ces 
wherein cand & are constants determined by the physical facts 
involved, and ¢ is a constant of nature analogous to 7. The 
constant & is the proportionality constant and is negative when 
the quantity in question decreases; ¢ is commonly positive ; 


e= 2.178 
The values of the function of 2, ce™, increase according to 
the terms of a geometrical progression us the variable x increases 
in arithmetical progression. 
29. « and e.—A function can be found by methods of the 


ealeulus which js such that the rate of growth of the function 
423 
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at any instant ¢, or a, esactly equals, the value of the function at 
that instunt. ‘Lhis function is given by the equation, 
y= eory=e. 
The constant ¢ is represented by the series 
@ ee A eta ata tec 
wherein [3, called factorial 3, represents 3x2 x 1, and 
[4=4x3x2x 1, and, in general, [n, n being a positive in- 
teger, represents the total product of all the integers from x 
down to 1. The sum of this series to 5 decimal places is 
2.71828; to 10 places, = 2.7182818285. 
The curve represented by the 


; CEE EE et 
equation seessieet7 Male ifsaetitauenit 
ya SSUAuIHe tasted tetisiid teas 
Pa: , HEE EEE 
is such that at any point on this HARE reo 
curve the slope equals in nu- HAHHHHR Steere 
s a anppe eS 
merical value the ordinate at FF edbes a nase 
that point. Siirnrieieavia attaseiet tras: 
The graph of y =e is such fh alten E 
that the slope at any point is se ies 
the negative of the ordinate at H 
that point. H 


The graph of y=e* is such 
that the slope at any point is & 


Grapbs of y =e? andy =10" 


times the corresponding value of the function at that point. 


Values of the function y = e may be determined by loga- 
rithins, 
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Thus to find the points on y = e*, for which 
“=— 2, —1,0,.1, .2, ., .8, 1, 2, and 3 respoctively, 


we take first log y = a log ¢; since log ¢ = .4343 


z=—2, log y =— .8686, GPS sp 
= 9.1314 —.10 

z=— li, log y= — .4343, Y= O08 
= 9.5507 — 10 

z= 4Q, logy= 0, 7a 

a= 1, logy= .0424, y= 1.103 

oc 2. logy=  .0869, y= 1.222 

i meee) logy= .2171, y= 1.649 

= 8, logy= 8474, y= 2.295 

x=. l, logy= 4363, Y= 2.018 

tees logy =  .8686, y= 7-390 

iS, Jogy= 1.3029, y = 20.09 


Similarly, if y=ce™, log y = log c + Ax loge, and these values 
are obtained by logarithins. 
The limit of the expression 


Wit) 

n 
as 7 approaches infinity gives the value, e. When vis taken 
as a large positive integer, it can readily be shown that this 


oxpression i 
(+5) 
a 


has a value differiug but slightly froin e. 


e and w may be called fundamental constants of nature; in 
mathematical work as’ applied to statistics and to physical 
provlems of vuried kinds these constants often appear. 


3. Natural logarithms. — The ‘first logarithms as computed 
by Napier were not calculated to any base, but were founded 
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upon the comparison betireen an arithmetical and a correspond- 
ing geometrical] progression. Tlowever, a base of the Napierian 


: Eo 1 
logarithms can be established, aud it is approximately =! 


soup heuescenssscrsseeaseesecpecces Sumakesbrane 
nee cases aoc essaccteaenen aréan an 
cobb) peapeseausssetecressaces sass F 
sbeuccarccesctercrcersesetceetics 
bissdoseueescesestareasoseasarententate soeeeeeed teams 
Suaredssapiestestestesse eceaterts sutsieitussvestatetens 
Susedlsiesseateapispesceresatesies BEE eee 
aera ceasees ees ecdaaeesestrseerasesesarssestises saat eseisearedeeses 
Bin GREER REHAB RAS DB A EQS EG aes 

Http” SosuDjasaene SuEaaaeee: seasesmarinePan ¢ 
FsdT) feted tap Adteatesrea eatostedtassuseoascateisereatedtornertinns 
SR281 SRERSW ACESS aa epee EE 
sect] prece/erssses seve FeceecasnsCasdsscest beslsbessrstees 
come AA “ . PST ced Ae SEGSEGaDE 
souceSesrdesusee BS a seccmsocitensee B SEGESEB 
EEPEERZSWAREBTED 
fosteeeresstice peed eS 
see AUER The ordinates represent the '‘ natural logarithms ”’ 
E aeeenee of the numbers represented by the abscissas. 
seete Feecenae 
SEH tee 
ie sae Yroin the mathematical point of view, and 
HH Bement indeed for many applications of mathe- 
seezd lgeeteatie matics to physical problems, the base e is 
Poe Reet: preferable to 10 as the base of a system of 
a SSSERUBES : R 
188 it ot logarithms. Togarithms to the base e are 


called natural logarithms, 


4. Application.—The most immediate application of a 
function in which the growth is proportional to the function 
itself is to the air. he decrease in the pressure of the air 
at the distance & above the carth’s sarface is proportional 
to h, 


h 
The expression P= +60 ¢ 7 gives the numcrical value of 
the pressure in millimeters of mercury for h measured in 
meters. The negative exnonent indicates that the nressure 
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decreases as h inercases. In inches as units of length of tho 
mercury column, 2 in feet, 


path 
P = 29.92 ¢ sa, 
This is known as Halley’s Law. 


The growth of bean plauts within limited intervals and the 
growth of children, again botween quite restricted limits, 
follow approximately the law of organic growth. Radium in 
decomposing follows the same Jaw, tho rate of decreaso at any 
instant being proportional to the quantity. In the ease of 
vibrating bodies, like a pendulum, the rate of decrease of the 
amplitude follows this law; similarly in the case of a noise 
dying down and in certain clectrical phenomena, the rate of 
decrease 18 proportional at any instaut to tho value of tho 
functiou at the instant. 


PROBLEMS 


1. By cxperiment it has been found that 1000 of the so- 
called “hay bacteria” double their number, under favorable 
conditions, in 20 minutes. Find the rate of growth per 
minute. Take n = 1000 e*, 
and determine & by substituting 2 = 2000, t= 20, and solving 
for k. Determine the uumbor that would grow from 1000 
bacteria in 1 hour; in 1 day. 


2. The cholera bacteria have been found, under favorable 
conditions, to double their number in 30 minutes. Determine 
the rate of growth per minute, and the number that would 
grow in onc day from 1000. 

Nore. Thi favorable conditions cannot be continued for such a period. 


3. Assuming that ‘ 
P =760 e x00 


find the value of k which wil] reduce the pressure of the air by 
2 mm. Take the logarithm of both sides and note that 
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h 
~ 8000 
height the mercury column is reduced 1 crn, At whut beight 
would the pressure be reduced to 660? Are these heights 
ever attained ? 


logy ¢ must reduce log 760 to log 759. Find at what 


4. Vind the barometric pressure when 
h = 1000, 5000, 10,000, and 15,000 fcet, assuming 
P=29.92, when k = 0, in which P is the numerical valuc 
of the pressure in inches of mercury and the height is h feet. 
Find the height for which the pressure decreases jy of 1 inch. 


5. Show that if the height of the elevation is measured in 
miles, the pressure in inches is given approximately by the 
fommnia ca 

P = 29.92 e 5. 

Note that 26,000 is nearly 5 x 5280. The constant 26,200, above, is 
taken for simplicity instead of 26,240. 

6. To what change in height does the maximum variation 
of ‘the barometer recorded on the photograph, page 60, 
correspond ? 


7. Compute by the progressive method of Scction 4, 
Chapter XII, the value of e, from the series, 
=1414+ $+ 44+ 34+44+84+b4+44+ °° 
by sumining 8 terms to 8 decimal places. 


8. Plot on the same diagram und compare the two graphs, of 
y= or and 7¥ = 10. 


9. Plot the curve y= ¢™, taking 1 inch as 1 on the hori- 
zontal and ou the vertical axes. This curve represents what 
is termed the norma) distribution enrve, which is of funda 
mental importance in all statistical work. In general, large 
groups of individuals may he distributed as to ability in any 
given quality over the area under such a curve; the middle ab- 
scissa at « = 0 represents average ability, and deviation to one 
side or the other represents. on one side. ability above the aver- 
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age and, on the other, ability below the average. Tho total 
number of all individuals considered is represented by the 
arca between the curve and the z-axis. 

An interesting graphical illustration of a normal distribu- 
tion curve is the crowd at a football game when a great 
bleacher is not filled. The central aislcs are all fled to a 
height representing the middle ordinate and from this out in 
either direction, the ordinates drop off, frequently in strikingly 
symmetrical manner, and corresponding quite closely to the 
normal distribution curve. 


5. The curve of healing of a wound. — Closely allied to the 
formulas expressing the law of organic growth, y = e“, and the 
law of ‘organic decay,” y=e™, is a recently discovered 
Jaw which connects algebraically by an cquation and graph- 
ically by a curve, the surface-area of a wound, with time 


em ahuagen auane 
a 


DayO 14% 22 16 20 21 25 S2 96 40 44 43 52 56 GD GIGG 
May\6 19 23 2 SlJet 8 12 16 20 2 2912 6 10 WW 1820 


Progress of healing of a surface wound of the right leg, patient's age 31 years 
Tha observed cnrve oscillates about the smoother, calculated curve. 


expressed in days, measured from the time when the wound is 
aseptic or sterile. When this aseptic condition is reached, 
by washing and flushing continually with antiseplc solutions, 
two observations at/an interval commonly of four days give 
the “index of the individual,” and this index, and the two 
measurements of aren of the wound-surface, enable the physi- 
cian-scientist to determine the vormal progress of the wound- 
surface, the expected decrease in area, for this wound-surface 
of this individual, ‘lhe area of the wound is traced carefully 
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on transparent paper, and then computed by using a mathe- 
matical machine, called a planimeter, which measures areas. 
The areas of the wound are plotted as ordinates withthe 
respective tiines of observation incasured in days as abscissas. 
After cach observation and computation of area the point so 


0 : ae 
Obsorrud § 16 24 32 40 
7 Cutewloted 8 16 24 32 40 44 
Bept. 28 Oct. 1 9 1? 25. Noo. 2 8 12 


Progress of a surface wound of the right knee 
‘Iwo infections in the course of healing aro indicated, 


obtained is plotted to the same axes as the graph which gives 
the ideal or prophetic curve of healing. Two such ideal 
curves and also the actual observed curves are represented in 
our diagrams, 

When the observed area is found markedly greater than 
that determined by the ideal curve, the indication is that 
there is still imfection in the wound: This is the case de- 
picted, as will be noted, in the smaller diagram. A rather 
surprising and unexplained situation occurs frequently when 
the wound-surface heals more rapidly than the ideal curve 
would indicate; in this event secondary ulcers develop which 
bring the curve back to nomnal. ‘his is the type which is 
represented by our larger diagram. 

This application of mathematics to medicine is largely due 
to Dr. Alexis Carrel of the Rockefeller Institute of Medical 
Research. We noted that the larger the wound-surface, the 
more rapidly it healed, and that the rate of healing seemed to 
be proportional to the area. This proportionality constant is 
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not the same for all values of the surface or we would have 
an equation of the form, 
S= Se", 
m which §, is the arca at the time that the wound is rendered 
sterile and observations to be plotted really begin. 
The actual formulas, as developed by Dr. P. Lecomte du 
Noiiy of Base Hospital 21, Compidégne, France, are 


1 p= 51S: 
( ) 6S, > 
giving the characteristic constant of the wound. 
S, is the measure of the arca, first observation; S, is a 
second measurement taken after 4 days. 


(2) S, = $,,[1 — 144+ vV4n)), 


wherein S, is the urea after 42 days; similarly, S,_, is the area 
after 4(n—1) days, etc.; each ordinate is obtained from the 
preceding ; ¢13 the constant as determined above. 

Recent experiments by Dr. du Noity show that there is a 
normal value of 7 dependent upon the age of the individual 
and the size of the wound, and that the individual index as 
determined by two observations will doubtless reveal facts 
coucething the general health of the individual. 

The data given are taken from the Journal of Experimental 
Medicine, reprints kindly fumished by Major George A. 
Stewart of the lockefeller Institute. The diagrams are 
reproduced from the issue of Feb. 1, 1918, pp. 171 and 172, 
article by Dr. 'f. Tufficy and R. Desmarres, Auxiliary Hospital 
76, Panis, 


6. Damped vibrations. —The cumbination by multiplication 
of ordinates in the two functions, 7 = e~™' and y=.sin kf, wluch 
we have seen to be fundamental in the mathematical interpre- 
tation of many phenomena of nature, gives a formula which 
also has wide application. 

The formula 
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expresses the Jaw by which the decrease in intensity of the 
vibritions defined by y=sink,t may be determined, under 
certain conditions. 


Damped vibration curve by multiplication of ordinates 


Thus a pendulum swinging in the air, when the friction is 
proportional to the velocity, bas this form of equation as the 
equation of motion. We have indicated on our diagrasn the 
curves 


y= sin § +2 rt), 

y=o", 
and y=—e™ 
and the damped vi- 
bration curve 

y= e' sin 2 at. 

The student should 
check the values, re- 
drawing all the curves 
on double the scale of 
the iJlustration in the 
text. 
A beautiful damped vibration curve is obtained by the 


discharge of an electrical condenser. In our illustration the 
equation 


Damped vibration produced electrically by the 
discharge of a condenser 


y =e gin 2 xt 
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Tepresents quite closely the curve, using the maximum ordi- 
nate as unity, i.e. when ¢=0, and on the horizontal axis the 
measure of the time in seconds of one complete vibration js 
taken as unity; in the electrical ocenrrence represented by 
this photograpt, and the corresponding light phenomenon 
which produced the photograph, the action took place in about 
‘zy of one second, and 4,5 of one second is approximately the 
time of one vibration on this curve. 


PROBLEMS 
1. Plot the following curves, in the order given : 
y = sin 2 nt’, 
taking two halfinches to represent t=1 on the horizontal 
axis and 6.2 half-inches to represent unity on the vertical axis ; 
use the graphical method. 


t 

y=e 4, 
taking 6.2 half-inches to represent unity on the vertical axis, 
and two half-inches to represent one second on the horizontal 


" $ 
ne: y =e 4Sin 2xt, 


by multiplication of ordinates. 

Note that by taking five half-inches to represent unity on the vertical 
axis each half-inch represents .2 and each twenticth of an inch represcnts 
.02. ‘These facts are to be used when you multiply ordinates to obtain the 
third of these curves. For the values of the powers of e consult the table 
at the back of the book. 


2. Given that an automobile wheel which is revolving freely 
at the rate of 400 revolutions per minute is allowed to come to 
rest. by the action of the friction and air resistance ; assuming 
that the subsequent velocities per minute are given at the end 
of ¢ minutes by the equation 

v= 400 eis, 


to determine these velocities, plot the graph of the func- 
tion. At what time will the number of revolutions be 
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reduced to approximately 200 per minute? to 100? to 50? 
to 32 It may be assumed that at 3 revolutions per minute 
the law no Jonger holds aud that the wheel will stop at about 
that time. 


3. Given that the horizontal disp)acement of a second 
pendulum is 4 inches, and that the horizontal displacement is 
given by the equation 

x= 4 cos 2 xt, 
and that the amplitudes are decreased according to the “law 
of organic decay,” the position being given at any instant by 


£ 
the equation x= 4e 10 cos 2 xt, 


Find the displacement of the pendulum after 10 seconds ; after 
100 seconds ; after one hour. _When does the pendulum bave 
a displacement of only 1 inch? of 4 inch? of st inch? 

This type of retardation is found when the friction is 
proportional to the velocity. 


4. Given that a fly-wheel revolving freely with a velocity of 
500 revolutions per minute is allowed to come to rest. If 
the velocity at the end of ¢ seconds is given by the equation 


» = 500 eis, 
find the velocity at the end of 10 seconds; at the end of 100 
seconds ; at the end of 30 seconds. When wil] the velocity be 
reduced to 1 revolution per minute ? 


With a heavy oil as lubricator heavy fly-wheels follow 
approximately this law. 


CHAPTER XXVIII 


POLAR COORDINATES 
(See Section 3, Chapter VIT) 


1. Uses.— Tor many purposes the representation of func- 
tions by the systein of polar codérdinates is desirable. Thus, 
effective pressure on the crank head by the piston head varies 
for every angle. Jt is convenient to give this pressure- 
diagram in polar codrdinates; on every radius is plotted a 
length representing graphically the effective turning pressure 
on the crank for that angle. 


2. Plotting in polar codrdinates. — The codrdinates of points 
which satisfy an equation given in polar codrdinates are 
obtained precisely a3 in rectangular coordinates. An equation 
in polar coérdinates involves r.and @, radius vector and 
vectorial angle ; by substituting in the given equation particular 
values of one of the variables and solving for the correspond- 
ing values of the other points on the curve are obtained. 


be Iitustrative problem. — Plot the curve 
10° | 3,42 

15° | 5.00 r=10 gin 2 6. 

20° | 6.43 


26° | 7.66 Note that when @= 10°, r=10 sin 20° = 3.42, which 
30°| 8.66 length is plotted on the 10° line. Complete the work, show- 
$5°| 9.40 ing how the second Joop and other loops are obtained, by 
$0°| 9.86 giving to @ values increasing by 5? intervals up to 360°. Note 
45°!10 that no further computation is needed. Follow the progress 
50° 0.85 of the curve on the diagrain given on the next page. 
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The formulas for transformation from rectangular codrdi- 
nates to polar coordinates should be noted : 


=r COs 8, 


y=r sin 0. 


The formulas for transformation from polar to rectangular 


coordinates ure ; 


rotted 

Pree ER tp tetty 
HHH J ia 
HS ted] Pera z 
ee gan 


r= Ve + 3, 
6 = arctan as 
x 


0 7 
and sin@= cat ; 
a  a° 

or cos f=—— 
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PROBLEMS 

1, Plot tho curve r=10 sir 6 Vrove that this is a circle. 
Take any point on the circle, as (7,°6), and show that the co- 
ordinates satisfy the equation. 

2. Plot the following curves: 

(a) r sin éd=<d. 

(0) rcos6=10. | 

(c) + sin (@ — 30°) = 10. 
(@) r=10 sin 8. 

(e) r= 10-10 cos 6. 
(/) T= 0. 

3. Plot the curve r=2a tan @ sec 6; transform to rec- 
tungular coédrdinates. This curve is w ‘cissoid” and cun be 
used in the “duplication.of the cube” problein. 

4. Plot tho curve r=10sec6+5. his is a “conchoid of 
Nicomedes,” and can be used to effect the solution of tho 
problem to trisect any angle. 

6. Plot the polar diagram of effective pressures on the 
crank for different angles of @; use tho data of problem 2 in 
the problems given under piston-rod motion.” 

6. Plot the curve r=10—10 cos @ This curve is called 
a  cardioid ” because of its shape. 

7. Plot the curve r=10—5 cos6@ ‘This is called a 
“‘limagon of Pasca).” 

8. Plot r=10—20 cos 6, another type of limagon. 

9. Show that the polar equation of any conic is 

pene ite 
~ 1—e cos" 
wherein 2 m is one half of the right focal chord. 


10. Plot the parahola if 


SS ae rs 
— 


1 — cos 6 
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11. Plot the hyperbola 
10 


~ 1-2 cos 6° 

For what values of 6 is x infinite in value? What directions 
do these values give? Are thege lines from the origin then 
the asymptotes ? 


? 


12. Plot the spiral of Archimedes given by 


r= 108, 
13. Plot the hyperbolic spiral given by 
10 
(Pn 
6 
14, Plot r= sin 26. 


15. Plot »=sin 6+ sin 2 9, and corapare the polar with the 
Cartesian (x, y) represcntation. 


CHAPTER XXIX 


COMPLEX NUMBERS 


1. Object.—In the study of the number field, indicated in 
our first chapter, we found that in the extraction of square roots 
we were limited to positive numbers, Again in solving quad- 
yatic equations, and jn the discussion of the roots of algebraic 
equations, we found that no number of the kind we had con- 
sidered conld occur as the even root of « negative quantity. 
We can extend the number field, removing the limitation that 
square yoots and even roots must be taken of positive quan- 
tities only, by creating another class of numbers, complex 
numbers. These numbers, after the fundamental operations 
with them have been properly detined, apply to our algebraic 
equations, z and the constants being complex numbers. In 
the extended nuinber field it 1s possible to prove that every 
rational integral equation has a root and that such an equation 
of the nth degree has ~ roots. 


2. Complex numbers. — We define — 1, designated by 7, as 
® number which, multiplied by itself, equals —1; this 1e- 
quires, then, an extension of the meaning of multiplication 
and a reéxamination of the fundamental processes as applied 
to the old numbers with this newly found number and other 
new numbers which follow directly from it. This discussion 
is given graphically in the next section. The square root 
of any other negative number, —a, is regarded as Vav —1, 
or Va-i, Such a number, eg. V—7, is called a pure imag- 
inary. To adda pure imaginary toa real number both must 
bo written and the combination is called a complex number. 

439 
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Yhus, a+yi and a+bi, or —3 0/1 and V5 oe 
are complex numbers, 

Addition and imultiplication are explained graphically in 
sections 6 and 7 below. 


3. Graphical representation. — Our real numbers can all be 
conecived graphically, as well as analytically, as derived from 
the unit 1. ‘hus, integers are obtaincd by the repetition of 
the unit; fractions are obtained by 
the subdivision of the unit; and nega- 
tive numbers are obtained froin the 
negative anit, which in tum is ob 
tained by reversing the direction of 
the positive unit. Analytically the 
lmaginary unit repeated as a factor 
gives —1; graphically then we would 
desire’ av operation which repeated 
The imaginary unit ob- &i¥e8 2 reversal of direction. How 

- tained graphically is the reversing from +1 to —1 

effected? Evidently by turning the 
positive unit through an angle of 180° or —180° The 
V—1, or 7, can be regarded then as represented by the 
middle position of this rotating unit, and the upper position is 
regarded as +7 and the lower as —?% ‘Ihis vertical line is 
taken as the axis of pure imaginaries. Thus, ~—4, or 2%, 
is represented two units up on this axis and —V—2 is repre- 
sented V2 units down on this axis. 

A complex nrunber, &+ y?, may now be uniquely represented 
by the point (a, y) in the complex plane, in which the yuxis 
couicides with the vertical axis of pure imaginaries. 

The fundamentally important facts concerning these num- 
bers are: 


1. Comples numbers are combined according to the laws of the 


real numbers (which we have discussed in the first chapter), 
noting thut 7? = — 1. 
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2. The combination of any two or more complex numbers, by 
the operations of addition, subtraction, multiplication, division 
(except by zero), involution, and evolution (with certain excep- 
tions), ALWAYS produces a complex number. 


af 


ri trt\ 


Soiinuaiteneiecbmaittiaat 


Representation of three complex numbers 


Two complex numbers of the form «+ yi and 2 — yi, sym- 
inetrically placed with respect to the axis of reals, are called 
conjugate complex numbers, Pheir sum aud their product are 
real numbers. 


4. Complex roots in pairs. — In any rational integral algebraic 
equation with real coefficients, if «@ + dé is a root of the,equa- 
tion, then a—bi is also a rvot of the equation. The proof 
depends upon the fact that when « + 67 is substituted in 


Dye? + aU + aw? + ++ Ay 


the ccsulting expression is of the form P+ Qi, in which P and 
Q being real numbers, / imyvolves powers of a and the even 
powers of bi, and Q is obtained from expressious involving 
odd powers of bf. Now if 


P+ Qi= 0, 


then 2?=0 and Q=0; otherwise you have a real number 
equal to a pure imaginary. Substituting « — vi for 2 in 


Mgt" + LU) oe B, 
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changes the signs of the terms involving the odd powers of 3, 
and does not change the sign of the even powers. Hence 


a — bt substituted gives 

P— Qi; 
but P=0 and Q=0, hence P—Qi=0. Therefore a—Ddi is 
also a root of the equation if @+ bi isa root. Complex roots 
yo in pairs. 


Illustrative problem. —1. Find the product of 2+ V—3 by 
3—~— V¥ —2 and put the product in the x + yi form. 


sugndSuarssesaslaagesssnassaestasssssssassssessesssntasisss 
seesusssesssssasaerapesases taser ieatestors olecaeevevoete 
SeuEisasessetsssanssiassssssssssaneeesseess=ssuntcnesseissts 
SEES FrSbenssseDENUcts so scseuiwacalerea raced fecasterssecets 
SEstsbueeseyoestecter cuseencettrsisratastseatotitsseretets 
Subnagihescenapecoveacutersess sass sessaerasssesecsereeisers 
Ba5ad base Sececceneadaesnsasesaaeesnesseenes tase saveeeeet? 
a arcane 

3 eetrsasess 
yeeereces 

a BS 


Graphical representation of the product of 3+ V3i by 3— V2i 


(2+ V3 i)(3 — V2 1) =6 + 8VZi- 2VZi- VT2, 
but 1 = ~ 1, giving as product, 
O+V6+4(3V3 ~2V2)i. Ans. 
G+VO=a; 8V3 —-2v2=b. 


2. Divide 34+V—3 by 5—-2V—3 and express the 
quotient in « + yi form. 
3+V=3 _ 34+ V3i _ (34 V3i)542V3i) _ 154624118! 
5—2V~3 5-2V3i (6—2V3%)(5 4 2V34) 26 — 12 2 
=S+Uv3i_ 9 11V85 
ue nap SY, 
$. Factor 2? + y? into coinplex factors, linear in 2 and y, 
a?+ y? =(x + ty)(w — ty). 
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PROBLEMS 
1. Write the conjugate complex numbers: 
te 84+V—2. die. 
ae Ai 2.4: e —V—~T,. 
eS NV Ne f 3. 


2. Rationalize the denominator in the following expressions 
by using the conjugate complex number as multiplier, reduc 
ing the quotient obtained in this way to the form a + bi. 


5—V-—2 2 
es d. ns 
3+V—2 143 
b. — é. he 
— fe Oy NS, 
34+V242V—2 5 ee 


: e/a # 3 


$. Write the following expressions in the form @ + 7: 
a. t+74 84 i4, 2 i zu 

B F4+3%43 7448, 342 3-—2i 

c. F104 520. 2 2 

d. 2i432242, fosyay Ita 


4. Locate the points represented by the complex numbers 
in problem 1. 


5. Square 1,35; square a) 28 These are roots 
of 3 —1=0. eee aa, by by — 1_ V3; What is 
2 2 a 7 
v3 $2 


the cube of — 5 A ve 


1—i 1+i 
6. Square and ———. Give an equation with rea} 
i V2 V2 
coefficients which these numbers satisfy. What are the 
square roots of i? 
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5. Vectors. Polar representation of complex numbers. — The 
complex number s+ yz nay be regarded cither as determined 
by the point 2°(2, y) or by tho vector OP, which by its longth 
und direction determines the position of P. The angle which 
OP asa ray makes with the raxis is called 6, the amplitude or 
cngle, and the length OJ? is called 7, the modulus of the vom- 
plex number. Iu other words, the polar coérdinates of # are 


(7, 8); 


- " rovVai+ y, 

ae 

He cos 0 = 2 and sin 9 =". 

PLE r r 

oi peceabeat éeetebihies The complex number may be writ- 
ie art ten in the form 

Hi teeeaetivepensgesseece ie 

ga° 40GnS1 ES <o 7(cos rf) + ¢ sin 6), 

H{ ase aa 

sy lleestotasetaie? 


which is termed the polar furm. 


Modulus aad amplitude of ; : 
a complex number The modulus, r or V2x?+y?, is a 


positive number representing the 
length of the vector or the distance of the point + 7y from 
the origin. ‘This modulus is sometimes called the stretching 
factor or the tensor ; see section 7. 


6. Addition of vectors. — When the complex number is repre- 
sented by a vector, tho sum of two coinplex numbers will] be 
represented by the diagonal of the parallelogram forned by 
the two vectors; see Chapter IX, section 2. The student 
should verify the fact by a diagrann. 


7. Product of complex numbers.— (riven two complex num- 
bers, ejther in polar form or in rectangular fown, the product 
of the two numbers is also a complex number; further the 
modulus of the product is the product of the moduli, and the 


amplitude or ungle of the product ts the sum of the amplitudes 
of the fuctors. 
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Let 
7(cos 0 +¢sin A); 2% + yi, mod Va? + yy, aunpl & = tan? 4 a 
and 


72(cos + tsin 62); %+ yt, mod Vz? + 7, ampl @ = tan?2 
% 

be two complex numbers. Their product is 
7T2[ Cos , cos 6, — sin 8, sin 62 + i(sin 6; cos 62 + cos 6, sin @;)] 
MyXo — WiYo + U(M Yo + Ley,), MOd Vxy2x97 + Yj2yq? + Uy2yo? + APY? 
amp) 6, = tan! 242 T ay | F thi 

%iZ_q — YyYo 

The polar product may be written 

1'\72[ COS (A + ) 4 73)n (A, “e 62)], 
showing that the product of the moduli 7, and 7, is the modulus 
77 Of the product and the amplitude is 6, + @, the sum of the 
auplitudes. It is left as an exercise for the student to show 
that the analytical expressions for modulus and amplitude 
establish the same facts. 

When atuyy complex number is used as a multiplicr, the 
modulus of the product is the modulus of the multiplicand 
stretched in the ratio of the modulus of the multiplier to 
unity. For this reason the modulus is sometimes termed the 
stretching factor. 


8. De Moivre’s theorem, — Evidontly, if @, and 6 aro sect 
equal to 6, our product formula inay be written : 
(1) [r(cos 6 + é sin @)}? = 7?(cos 26+ 4 sin 2 6). 
Evidently by mathematical induction, by simple introduction 
of one further factor r(cos9+isin@) at a time, it can be 
shown that 
(2) [r(cos 8+ 7 sin @)]* = r*(cos 26 + # sin 76). 

This theorem, which holds for all values of x, is called De 
Moivre’s theorem. We have proved it only for n an integer. 
Taking the nth root of each member of equation (2), we have 


(7*)"(cos n6 +7 sin 26)” = 7(cos 6 +7 sin 8). 
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Let =k and n6 = 6', which, as no limitation was imposed on 
6, imposes no limitation as to value on 6’, and we have 

i : 6 aa! 

[k(cos 6’ +7 sin 6'))*= (cos = + ¢sin n) 


.e. our formwa holds for a fractional exponent of the form ~. 


By raising to the mth power both sides, 1t can be shown to 
hold for any fractional exponent. 


Forn=—1, [r(cos@+ssin6)}'= 


r(cos 6 +7 sin @) 
cos 6 — isin @ 
™ r(cos? 6 + sin? 6) 
=r" (cos @— isin 8), 
whence 
(r(cos 6+ 7 sin 6) }-' = r“'[cos (— 6)+-¢ sin (— @)], 
which establishes the formula when x=—1. Jy raising both 
sides to the nth power, 2 any rational number, the theorem is 
established for a}) rational exponents. 
The theorem can be established also for irrationa)] values 
of n. 
PROBLEMS 


1. Write the following complex numbers and their conju- 
gates in polar form, giving modulus and amplitude : 


a Sta a seni 
oe DA an 

c —3—V2—vV_—3D. h. 23. 

do 1+. 1 Se 
ERED ha Serer} 


2. Show that (cos 30° + 7 sin 30°? = cos 60° +i sin 60°, by 


multiplication. 
3. Show that (cos 30° + 7 sin 30°)? = 7, Le. cos 90° + isin 90°. 


4. Show that ——_- > eae ( goer eatae 
$3 ean Toy cos (— 30°) + 7 sin(— 80). 
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5. Show that (cos 60° + i sin 60°)? = cos 30° + ¢ sin 30°. 

6. What is the value of (cos 30° + 7 sin 30°)} by De Moivre’s 
theorem ? 

7. Plot, using 2 inches as 1 unit, cos15°+7sir15°, 
cos 30° + ¢ sin 30°, cos 45° + 7 sin 45°, 


360° 360° 
eT 


8. Plot the point B, cos—— +t sin ——; counect by a 


chord with the point A, cos 0°+3% sin 0°; take this length as a 
chord, successively seven times on the unit circle about O. This 
chord is the side of a regular inscribed polygon of seven sides. 


9. Roots of unity. — Plotting the solutions of the following 
cquations on the complex number diagram, 


(See Scction 3, above), 
2 —1=0 gives one point, 1; 


—1=0 gives two points, 1 and —1,; 


23 —1=0 gives three points, 1, 3433, fo Res 


a4 — 1=0 gives four points, 1, —1, i and —1¢, 
of —1=0 gives six points, 


i, —1, =A aha 88s ie bot and +3 — 


g—1=0, or (2t—1)(x'+1)=0, gives eight points, which 
may be obtained by methods of quadratic equations. For 
of + Lert 2a? + 1-2? = (2? + 1)? —(-V2 2)? 
= (x? +1—V2 2)(2?+1+4+-V2 2), 


REN: aE 
whence, 22—V22+1=0, pa Vet =? NE 


eet? D3) 
and pile no, cna Vievat_ VI, 


1 v3, 
2 a, 


448 UNIFIED MATHEMATICS 


a—1=Ovgives eight points, 1, —1,2, —? Bi u 


Ep ecg ee ay ne al 
Vat Vi' V2 V2 


1 lee 1 Be 5 
ape Da et) and — —_. — - — I, 
V2 V8” \/ een 2 


a 


g§ —1=0 gives five points; sce the solution obtained in 
problem 4, page 97. ‘The solutions are 


1, Vat+1_ V10- 2V/5 , aes V10 ~2V5 2V5 5 
=14-V5, V10+2V5, a4 ‘cave. VUE, 
4 A a Tie as 


Plotting these points on the complex diagram gives the ver- 
tices of a regular pentagon, 

Graphically representing these points we haye the following 
diagrams: 


a a sa a 


aeuiiet =e ge EEE HE a a Ee He 
THE ivssruastasstestarsecterseeae ie 


laut 


ap ic 50 uli , >? ? 
t 1) 


and y>—f = 
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The roots of any equation of the form 
x*—1=0, n integral, 


are, aside from +1 or — 1, complex numbers. Since any real 
number Jess than 1 when imultiplied by ilsclf gives a number 
less than 1 aud since any rea) nuinber greater than 1 nultiplied 
by itself gives a number greater than 1, it follows that the 
roots other than 1 or —1 are complex. Further, the modulus 
of each of these complex roots is a real number which, taken n 
limes as a factor, produees 1; hence the inodulus of any nth 
root of unity is 1. Weneed then to know only the real part of 
any root of unity to plotsit, since the root itself, having a 
modulus J, lies on the unit circle, 2? + y72?=1. 

The 2th roots of unity can be obtained graphically by finding 
the angles which repeated n times give 360° or integral 
multiples of 360°. 

Thus for the twelfth roots of unity these angles are 0°, 30°, 
60°, 90°, 120°, 150°, 180°, 210°, 240°, 270°, 300°, and 330°. 
Writing the corresponding complex numbers in polar form we 
have the twelve twelfth roots of unity. If we went farther, 
taking 360°, 390°, 420’, --, we would simply repeat values 
already obtained. The twelfth roots of unity are, then, 

2 
7, Ma deen alae we peaks aon 
eae 1 v3, 1 a jand +38 ake 


—~ — =i, 


» tye 


ax on the figure. 


10. Historical note. — Just as negative numbers were gener- 
ally accepted only after a graphica) scheme of representation 
of these numbers awas introduced by Descartes, so imaginary 
numbers were neglected and even rejected by mathematicians 
until a graphical system of representation was found. 

ln 1797 2 Norwegian, Caspar Wessel, presented the scheme 
of representation of complex numbers to the Danish Academy, 
but public recognition of his work is only recent. A J*rench- 
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man, J. R. Argand, discovered the same system independently 
jn 1806 and it appears that the German J. C. F. Gauss in 1801 
again independently rediscovered this graphical method. The 
lattor made extensive use of the diagram aud since then these 
numbers play a vital réle in the devclopment of algcbra, 
Quite recently the practical jinportance of these numbers has 
been more generally recognized by physicists and engineers. 
Applications haye been made to problems in electricity, to the 
steam turbiue by Steinmetz, and to numerous other vector 
problems. 

The term imaginary is a misnomer, as our development 
shows. So far as actuality is concerned, 3+ /—3 exists as a 
number quite as much as 8 or V3; all numbers are the product 
of intelligence reacting on the experiences of life, and in 
this sense all numbers are vnaginary, the product of the imagi- 
nation. 


11. Mathematical unity. — The complex numbers are fittingly 
chosen to conclude our treatment of plane analytic geometry, 
elementary algebra, and clementary trigonometry since, as the 
observant student will have noticed, we have here involved 
the fundamental principles of these subjects as well as thceo- 
reins of plane gcometry. 

We might note that while regular polygons of seven and 
nino sides cannot be constructed with ruler and compass, since 
the solutions of these equations lead to cubics which cannot be 
solved in terms of quadratic irrationalities, there are-other 
polygons having a prime nuiber of sides which can be so con- 
structed. Gauss, when only 19 years old, showed that the 
polygon of 17 sides, and, in general, the polygon of sides 
2"+ 1 in number, when this number is prime, can be con- 
structed with roler and compass. ‘The corresponding alge 
braic fact is that 2* —1=0, when m is a prime number equal 
to 2" +1, is solvable by the methods of quadratics, and the 


roots can be expressed in functions involving only square 
roots. 
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PROBLEMS 


1. Solve 2? -—1=0 and plot the points on the polar diagram. 
2. Solve similarly z?+1=0 and plot. 


3. Solve a°+1=0. Using the results given for «5—1=0, 
write all the solutions of 2° —1=0. 


4. Derive the formulas for cos2@ and sin26, using De 
Moivre’s theoresp. 


Ilint. Cos26+ isin26=(cosé+isin6)*% Square the right-hand 
member and then equate cos26 to the real part and put sin2é@ equal to 
tho cocficient of 4 

6. Derive forinulas for cos 38 and sin3@ by the process 
of problem 4, 

6. Show on the diagram how to obtain the twelfth roots of 
unity. What equation do these numbers satisfy ? 

7. Show geometrically and algebraically how you can obtain 
the solutions of the equation 

r4—1=0 
from the complex diagram. Use also the formulas for sin 16 
and cos46 to obtain sin 15° and cos 15° from sin 30° and 
cos 30°. 

8. Solve 22—1=0, and plot the points on the complex 
diagram. 

9, Solve z*—1=0. What angles are involved ? 


CHAPTER XXX 
SOLID ANALYTIC GEOMETRY: POINTS AND LINES 


1. The third and fourth dimensions. — We have found that on 
a line the position of any point may be given by a single 
number, z, which locates the point with reference to one fixed 
point on the Jinec, The single number, commonly z, represents 
distance, in terms of some unit of length, from the point of 
reference, and direction by mneans of a + or — sign. Ina 
plane the position of any point may be given by a pair of 
numbers which locate the point with reference to two fixed 
lines in the plane. The two numbers, z and y commonly, 
represent the distances in determined order, in terms of some 
unit of length, from cach of the two given lines of reference, 
and direction as before. By anulogy, continuing with the 
proper changes, it is obvious that in space the position of any 
point may be given by a set of three numbers which locate the 
point with reference to three fixed planes in space. The three 
numbers, x, y, and z commonly, represent the distanecs in 
detcrinined order, in terms of some unit of length, from the 
three given planes of reference, and the direction in euch case 
is dctcrinined by the algebraic sign of the number. If the 
analogy could be continucd we could state that the position 
of any point in a four-dimensional space would probably be 
given by w set of four numbers which locate the point with 
reference to four given “ thrco-dimensional ” spaces. The four 
nuinbers, x, y, z, and w commonly, would then represent the 
“distances” in deterinined order, in terms of some unit of 
length, from each of the spaces of reference. Without a pre- 
cise definition of what we mean by “distance” of a point in 

452 
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“four-dimensional space” from a “three-dimensional space ” 
these analogics must be regarded as purely fanciful, and devoid 
of physicul significance. 


Location oF a Point 


Upon or tn « 


Weth reference to 


By means of 


line, one point, one variable, 
one dimensional, zero (limensional. ae 

plane, two lines, two variables, 
two dimensional one dimensional. (Zz, y). 

space (ordinary), | three planes, three variables, 
tliree dimensional. two dimensional, 5 TAT HAE 

“hyperspace, four three-spaccs, four yariablies, 
four dimensional. three dimensional. (%» Y, 2, W). 


n(n — 1)-Spaces, 
(n— 1) dimensional. 


wSspace, 
n dimensional, 


n variables, 
(21, I, Z3,°°- In) , 


2. Space coordinates. — The position of a point in ordinary 
space js determined by location with respect to three inter- 
secting planes, called the codrdi- 
nale planes, Just as our lines of 
reference were cliosen perpen- 
dicular to each other, for conven- 
ience, iv plane analytics, so here 
the planes of reference are taken Hy Sass aseesueespenee 
inutually perpendicular, like the 
three sides of a box or like the 
front wall, the floor, and the left- 
hand wall of a room. ‘Lhe throe 
lines of intersection of these 
planes with each other in pairs 
ure called the axes of codrdinates, 
designated as wazris, y-uxis, and z-axis; the three planes are 
named ay-, xz-, and yzplanes respectively ; the point common 
to the three planes and to the axes is ealled the origin. 


Axes in space 
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The numbers z, 7, and z represent respectively distances 
from the yz, xz-, and xy-plaucs ; direction is determined as 
indicated by the arrowheads upou the diagram. No general 
agreement has been reached us to which axis to use as tho 
vertical axis. The system shown is called a zight-handed 
system, since the 90° rotation 
of the positive ray of the 
z-axis into the positive y ray 
advances a right-handed screw 
along the z-axis, and similarly 
with the other axes, by cyclical 
interchange in a, y, z order. 
The positive directions of 
these three axes can be repre- 
sented by the thumb, first 
finger, and second finger of 


the right hand. 
O(0, 0, 0); L(3.5, 0, 0); 17(0, 3, 0); Vo determine the codrdi- 
N(0, 0, 2); Q(3.5, 0, 2); R(3,6, 8, 0); 


S(0, 8, 2): P(3.5, 3, 2) nates of any point P in space, 

: planes are drawn or conceived 

through the point parallel to the codrdinate planes; the dis- 

tances OL, O.1f, and ON cut off ou the axes are given with 
proper sign as the codrdinates (x, y, z) of the point J”. 

Space is divided by the codrdinate planes into eight divi- 
sions, called octauts. The signs of the codrdinates of any point 
within an octant are given in «yz order to distinguish the 
octants. Thus the + — — octant is at the right, below, and 
back, 

To every point in space corresponds one set of codrdinates 
and only one, and, conversely, to evory sct of three numbers 
corresponds ove and only one poiut in space. When a point 
is given by its coérdinates, the position is determined on the 
diagram by passing a plane through the x-axis at the a of the 
point, parallel to the yzplane; on the intersection of this 
plane with the xy-plane indicate the.y codrdinate. The third 
codrdinate must be represented in perspective, and the direc- 
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tion and length of these units in perspective are taken paral- 
Icl and cqual to the units represented on the third axis. 


Drawlug by L. AfakIclskl. 


An artist’s conception of a rectangular solid in space 


3. Fundamental propositions of solid geometry. — 'The follow- 
ing propositions of solid geometry have constant application 
in our further work. The student would do well to review 
these propositions in any elementary work on solid geometry 
and further to verify the reasonableness of these propositions 
on our figures. 

a. Two planes intersect in a straight line. 

b. If a line is perpendicular to each of two intersecting 
lines, if is perpendicular to the plane of the two lines, te. it 
is perpendicular to every line in the plane of the two given 
hines. 

Thus, PQ on the diagram below is perpendicular to QU, to 
QM, to QD, and to every linc in the zzplane which passes 
through Q. A line in the zz-plane which does not pass through 
Q does not intersect PQ, but. the angle which it makes with 
PQ is defined as the angle which any parallel] to it which docs 
intersect ?Q makes with PQ. This wil] then be a night angle. 

c. The angles between two pairs of parallel lines are equal 
or supplementary. 

d. If two planes are perpendicular to a third, their inter- 
section line is perpendicular to the third. 
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e. The dihedral angle between two planes is measured by 
the plane angle formed by two lines, one in each plane, both’ 
Sasa Ss to the edge of the dihedral angle. 

f. Ifa live (PQ) is perpen- 


“ suuetpesesD)ececceecercescaral sacs] 
a Sais HE 


eet ie 


The dihedral angle, dDetween two 
planes, is measured by the 
angle between two lines 


dicular to « plane (az) and from the foot of the perpendicular 

2 second perpendicular (QZ or QD) is drawn to any line 

(OX or WJ) in the plano (zz), then the line connecting any 

point (7) on the first perpendicular to the intersection point 

(1 or D) is porpendicular to the line (QX or NV) in tho plane. 

_ Nos. — We will 120s to these propositious as 3a, 3b, 3¢, 3d, 3e. 
and 3/ 


4. Vectorial repre- 
sentation. — Tor 
some purposes It is 
convenient to think 
of three numbers (2, 
y, 2) as Tepresenting 
the vector from the 
origin to the point. 
The length OP of 
EEC EH EEE PEE the vector is caljJed 


Paint Piro 2) av PiveAe Rey r. and the vectorial 
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angles which this vector makes with the a-, y-, and z-axes are 
termed direction angles and are represented by the letters, 
«, B, and y, respectively. 

By proposition 3 f, the triangles LO, /QO, and PNO are 
right triangles. Hence 


tT=reos«u y=rcosp, z=7 COS y. 


Further, the square on the diagonal OP(= 7) of our rectangu- 
lar prism is the sum of OQ’ and QP”, and O@ = ON? + NO, 
whence 

7 = 7 cos? a + 7? cos? B + 7° cos? y, 


or cos? a + cos? B + cos? y = 1. 
Evidently, also, 


5. Parametric equations of a line. — The equations 
t=rcosa, yorcosB, z=r1 cosy, 


when a, 8, and y are tixed and 7 is a variable parameter, serve 
as the equations of the straight line OP. Cosa, cos B, and 
cos y are called direction cosines of this line. 

Evidently any point F(a, b,c) on the line OP produced in 
either direction satisfies this rclationship, if 7 is taken as the 
distance from O to BE. If FZ is on the other side of the origin 
from /P, then the direction angles of the vector OZ are supple- 
mentary to a, 8, and y and have cosines opposite in sign to 
cos @, cos B, cosy. In this case 7 Js taken as negative and it is 
evident that with this interpretation the coérdinatcs of the 
point # satisfy the given equations, 

A line which does not pass through O has the same direction 
cosines a the line parallel to it through O, positive directions 
on both being the samo, If sueh a line passes through 
P(x, 71, #:) in space, the corresponding parametric equations 
are 

L— 2, =P COS te, Y~- Yy =T COS B, Z— 2% = 7 C08 y. 
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In planc analyties the corresponding formulas for straight 
lines are 
a=rcos«, y=7cos B, where cos 8B = si « 
and E—-BW=rwsu, y—Ay=—T wos B. 
The student should check these formulas and show their rela- 
tions to the ordinary equations used. 


6. Distence formulas and spheres. — 
Por+y +2 
is the square of the distance from (a, y, z) to (0, 0, 0). 
2 + yy? + 22? = 


is an equation which is satisfied by every point un a sphere. 


% 


oo Hott Ba 


sit 
ilies 
He 


eat 


sesdesecoundedsoosdnosedeses 


B 
Sossoecoccouasdaserdsacsakvocd ipsbeucnce 


The Sphere: (x— A)? + (y —k)? + (2 -—Di = 


r=V@a—a) + Gem FG aay 
is the distance between two points (x, % Yiy 2) and (29, yo, 22). 
(z —h? +(y—k? +(z —1)? 
represents the square of the distance frum (x, y, z) to (h, k, Q 
and hence, (uw —h)? 4-(y—kP + (2 — 2? = 42 


is the equation of a sphere whose center is (h, k, 1) and whose 
radius is 7, 
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7. Point of division. 


2 a Beta ch yay y= AE Rive, ie Ko2, + hiyzZ 
hy + ho hy + Rg hy + ke 


ae 
a 
i 
= 
cs 
u 


CRIN TTT TE 


SiS tRusd Sees censpsuncsece! 


ar 


PiPs_ Q:Q3_ Libs eh _ sn _ ss 


2. ———— 


PsP; QsQ2 Lsla %2-— Xs Yo-Yo B2— 23 he 


Step for step, and letter for letter, the proof follows that 
given for the point of division in a plane; the ouly change is 
that the zterm is added. 


Di fen Reto) lowe thie oe hohe. 


PP, hy LyLy ke" 


Thus, since 


PROBLEMS 


1. What doves the equation =3 or 7—3=0 represent on 
a linc, the a-axis, ite. when you are considering points on a 
line? What does this equation represent in plane analytics ? 
What does this equation represent in space analytics ? 

2. What does the equation z=9 represent in one dimen- 
‘sional analytics? low are these two points located with 
reference to the origin? What does the equation 22+44?=9 
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represent in the zy-plune? How are the points, which lie on 
this Jocus, located with reference to the origin? What does 
the equation «2+7?4+2=% probably represent in xyz- 
codrdinates ? 

3. Where do al) Jines lic which make an angle of + 30° 
with the axis? Where do all lines lie which make an angle 
of + 70° with the y-axis? Where does a line lic which has 
the angle « cqnal to 30° and the angle 8 equal to 70°? = Deter- 
mine the angle y, using the relation cos? « + cos? B + cos*y = 1, 
Given that «= 30° and 6 = 60°, what is the value of y? If 
«= 30°, B= 45°, what is the value of y? 

4, Write ‘the equations, in parametric form, of a line 
through the origiu which has the direction angles «= 30°, 
B= 70°, and the third angle as determined im the preceding 
problem, Write the equations when these angles are 30°, 60°, 
and 90°. 

5. Write the equations of lines parallel to the two lines 
of the preceding problem and passing through the point 
(— 2,3, —7). 

6. Write the cquation of the sphere whose radius is 10 and 
whose center is the point (2, —3, 4). Find three other points 
on this sphere. 

7. Vind the codrdinates of the points of trisection of the 
line joinmg A(—2, 3, —T) to B(2, —3, — 4). If the line AB 
is extended through B by its own length, what are the codrdi- 
nates of the pot so determined ? 

8. Giveu that the parametric equations of a line are 

L=3r, y= —27, 2=— Fr, 
find 10 points upon the line by giving to 7 values from --4 to 
+. Determine the direction cosines of this line, Determine 
from your trigonometric tables the angles «, B, aud y. 
9. Given the parametric equations of a linc 

*—3=3r, y+5=—2r, andz—7T=—5r, 
find 10 points on the locus; determine the direction cosines 
and the angles a, B, and y: 
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8. Angle between two lines. — We have had occasion to note 
that the angle between two non-intersecting, or skew, lines in 
space is defined as the angle be- — 
tween two intersecting lines which adgace 
are respectively parallel to these zeaaee 
given lines. For convenience 
these parallels may be taken 
through O. 

The angle @ between two lines 
having direction cosines (a), 81; 71) 
and (0, Bs, ye) respectively is ob- 
tained as follows: The angle between two lines in 

Take any two points 7, and Joby 
Po, one on each line, having vector distances 7; and 7». 
Evidently 


rr) Joo 
> Pea re + re — 2 ry7e cos 8. 
But 


IP. = (22 — 21)? + (y2 — 11)? + (22 — 41)? 
Equating the two values and canceling, noting that 
Ps ay? + y+ 21%, and ro? = ©? + y? + z%, 
this gives 


6 a Tie he + Fiz2 
TT 


COS 
Now 
Ly = cos (Ly, ay = vy cos Bi 25 =>7) cos Vis 


and 
Do = T, COS Hg, Yz = 19 COS Bq, 2 = 73 COS Yo. 


Substituting, 
COS 6 = COS &, COS «&, + COS B, COE Bz + COS y, COS y2, 


a, velation which is independent, as it inust be, of the particular 


points 2, and £, chosen. 
The correspouding formula in the plaue for the angle be. 


tween two lines is 


COS 6 = COS a COS a + SIN @, SID oH. 
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The adaptation and the proof are Icft to the student as an 
exercise. Compare with forurula on page 247, 

Frequently the direction cosines of a lie in space are repre- 
sented by J, m, n or h, 7m, 7, ete. The condition that two 
lines be perpendicular is evidently Gly + mim, + Rim = 0, and 
the condition for parallel lines is that 4 =), mm =n, and 
ny == It can be shown by using vectors that the relation 
Til & myme + 1M, = 1, combined with L2+ m+ 2,2 =1 and 
le? + ono? +n =1 reduces tol, =/,, my = me, And Ny = Ne. 


9. First-degree equation. — We now show that the equation 

(a) Azx+ By + Cz+ D=0 
represents a plane. <A plane is, by definition, a surface which 
is such that the straight line joining any two points in the 
surface hes wholly on the surface, t.e. any other pomt on the 
line is also on the surface. 

Let P)(241; ¥), 2;) and P(x, Yq, 22): be any two points which 
satisfy equation (a). 

(0) - Az, + By, + Cz, + D=0. 

(c) Az, + Bys + C2z2+ D=0. 

Let P,(3, 73, z3) be auy other point on the line joining 
P(%; Yi, 21) tO Po(a2, yo, 22) and let this point divide P,P, into 
segments such that sl ahs 

shy Ke 
Then, x3, y3, and z; may be written 


es hot, + stezy he _ Kei 4 ar Ky 25 = Koes aia RZ ; 
hy + he ky +k; se ky + hy 


Substituting these values in the left-hand member of equa- 
tion (a), we have 
Kiya + Kyx 7 h k 
Am far pi 9 Pp Reyy + Ya NY 2 2a Kies of + ky2 
Ky + Kg ky + kg wr Ky + he ue 
a may be written, hy eae of terms, 


ith, sainaligie aici D) + “L(A + By: + C+D); 
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but this expression, by (b) and (c) above, is zero; hence the 
point J?,(2,, y3, 23), any point on the straight line joining , to 
P., which points are on the locus of (a), 1s algo on this locus. 


“. la + By + Cz + D=0 represents « plane. 


The converse proposition is demonstrated in section 6 of the 
next chapter. 

A plane to pass through three given points is determined by 
substitution of the three points in equation (a) and solving for 
three of the constants, eg. A, B, and C, in terms of the 
fourth. If the fourth constant chosen happens to be zero, 
another selection must be made. 


Dlustrative problem.— Find the plane through (4, 4, 4), 
(3, 0, a 0), and (0, aa 3, = 7). 
Jet Az + By + Cz + D=O represents the equation of tho plane. 


Substituting, 
x3(1) 4444B4+4C0+4+D=0. 


(2) BA’ ~5C04+D=0. 

x4(83)  —-3B-7C4+D=0. 
Since it happens that only A, C, and D occur in (2), ellminate B 
between (1) and (8) by multiplying (1) by 3 and (8) by 4 and adding, 


obtaining 
4 (4) YA~16C47D=0. 


—4(2) 3A-— 6C+ D=0. 
Isliminate A betweon (4) and (2) by multiplying (3) by — 4 and add- 
ing to (4). ‘Sthis gives OGRE eat 
Substituting in (2) the value of C fond gives 
3A+3%D + D=0, A=— 43D. 
Substituting value of C in (3) gives 
~SB+MD+ D=0; B=FED. 
The equation of the plano may be written, 
— 4§ Dz+ 38 Dy — 3} Dz + D=0, or 
—192+ 25y—90z24-12=90. Ans 
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PROBLEMS 
f= 


1. Find the angle between the two lines of problem 5 of 
the preceding list of problems. 

2. Find the direction cosines proportional to 3, —2, and —5; 
find those proportional to 2,3,and —4; find the angle between 
two lines having these direction cosines that you have found. 

3. Find the equation of a plane whose intercepts on the 
axes are, respectively, 3, — 5, and 7. 

4. lind the equation of « plane through the points (3, 0, 5), 
(— 2, 11, 7), and (0, 11, 7). 

5. The parametric equations of any line through (3, 0, 35) 
can be written 

x—3=rcosa, y—O=7 cos B,z—S5=7 COS y. 
If this line is to pass through (~2, 11, 7), these codrdinates 
must satisfy these equations. Make the substitutions, re- 
spectively; square and add the corresponding numbers and 
thus obtain the valoe of 7, giving the distance of the point 
(3, 0, 5) from (—2, 11, 7). Find then the values of cos a, 
cos 8, and cos y. 

6. Ifa rectangular box with sides parallel to the codérdinate 
planes has the Jine joining (3, 0, 5) to (— 2, 11, 7) as a principal 
diagonal, find the lengths of the sides, the length of the 
diagonal, and so find the direction cosines of the line joining 
the two points. 

7. Discuss the loci of the following equations and find three 
points on each locus: 
z—9= 0. 
z—5=0. 
cf — d= 0. 
z—2y+10=0. 

Z+2y+37z—8=0. 

8. \Vhere do points lie which are common to the loci of the 
two following equations: 2-3, and y=5? 

x—3s=Qand z—2%7+10=0? 


Ne aree 


CHAPTER XXXI 


SOLID ANALYTICS; FIRST-DEGREE EQUATIONS AND 
EQUATIONS IN TWO VARIABLES 


1. Locus of an equation in three variables. — Any equation 
involving three vanahles has for its locus a surface which 
may, in special forms of the equation, reduce to one or more 
lines or points. We obtain points on such a surface by giving 
values to two codrdinates, eg., « and y, and solving for the 
third, eg.,z. Thus we have found that any first-degree equa 
tion represents a plane. 


Note. z?+y?+22=0 represents only a point (0, 0, 0), or a point 
sphere. 

x? + y? = represents the z-axis since everywhere on this axis z = 0 
and y = 0. 


2. Intersections of loci. — (See Chapter V, Section 2.) Any 
point which satisfies two equations involving three variables 
lies, in general, upon a curve which is common to the two 
surfaces represented. 

When three equations are regarded as simultaneous, points 
of intersection of the three surfaces are obtained. Under 
special relations between the three given equations, these 
points may lic upon a line, but, in general, three simultaneous 
rational integra) algebraic equations determine a finite num- 
ber of points of intersection. 

Just as a family of lines through the intersection of tio 
given lines is obtained in Chapter V, Section 4, in the form 
lj+kh=0, so the equation f(z, y 2) +4flx, y, 2) =0 

465 


466 UNIFIED MATHEMATICS 


represents a family of surfaces which pass through the inter- 
section curves of the two given surfaces. 
Thus, 2? + y? +z? = 25 represents a sphere of radius 5; z?7= 9 repre- 
sents two planes parullol to the yz-plane ; the equation 
x2 4-2? + 2 —~ 25 — k(z?*— 9) = 0 
represents for all values of k a surface through the intersections of the 
sphere and the plane. For k=— 1], this surface reduces to a cylinder, 
y2+27-16=0. 


3. Cylindrical surfaces. — Any equation in two variables, as 
«and y, represents in space a cylinder whose axis is parallel 
to the axis designated by the third variable. 


Cylindrical surfaces: 
Evurpric HRyYrerpo.ic PARABOLIC 
The curves indicated on these surfaces are cnbijc space curves, 


If an equation S(z, y) =0 is given in x and y, any point 
(1, %) which satisfies the equation wil) lie upon the curve in 
the zy-plane given by f(«, y)=0. Considered as a point in 
space, the point (2, y%, 0) satisfies the equation, and further 
it is evident that (a, y, 2), irrespective of the value of z, will 


8° rome Kz, y) =0, since the zcodrdinate does not enter 
a 
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Thus, (3, 9, 0) satlsfics the equation 


2274 y?— 25-0 
and also the points (3, 4, 1) or (3. 4, — 10) or (3, 4, 8,) will satisfy the 
equation ai+yt—25=0 


But all points (2, %, z), for varying values of z only, lic ona 
parallel to the z-axis through (x,, y,) and hence all points on 
the surface generated by 2 straight Jine moving parallel to the 
z-axis and touching the curve f(z, ¥) =0, in the ay-plane, Jie 
upon a cylinder. The curve f(z, y) =0 is called the directriz 
of the cylinder and the moving lino is called the generator or 
element of the cylindrical surface. Similarly, when an equa- 
tion is given in 2 and z or in y and z, a cylinder is represented. 

A plane given by a firstdegree equation in two variables, 
or one variable, is 2 special case of the preceding. 


4, Straight line as the intersection of two planes. — Just as the 


Gm rd pas 
tz — 2) 
represent inspacethe FRAG 
‘aight line joinin Ba 
straig j g esifitz 
Pi(zy Yi» 21) i EE 
af keuou 
to P2(2) Y2; 22)- eH HH 
waa ean 
There are three equal- psiniitis 
ities which are ob AIHA Ate rH 
tuined by Jeaving out EEL aes su eesesccastoden 


ori ait: Sasgpeseesuensns aaedeese 


in turn each of the FRE HHHHH THE EER Ht 
fractions, but there FA/OTE rrr HET HE 
are only two inde- seygstsstistiasistaeeaes Sfocsesesccccseccsece 
pendent equations, as Line joining P, to P; im space 
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the third equality would follow always from the first two 
which were given. 

These formulas can be obtained directly from the properties 
of similar triangles, or from the parametric equations of 
section 5 of the preceding chapter. The latter method brings 
out the important fact that the values 22— 2%, ¥,—%, and 
% — 2, ure proportional to the direction cosines of the given 
line, and the values themselves of these cosives can be 
obtained, using the fact that the sum of the three squares is 
equal to unity. The derivation of the theorems mentioned is 
left as an exercise to the student. 

The parametric forms of the equations of a straight Jine may 
be written, 

E—-% _ Y—Yr _2—% 


cos“ cosB cosy — 


d 


or 
keosa keosBp keosy Kk 
Further, any equations which can be pnt in one of the two 
forms above represent 2 straight line, and the denominators of 
the fractions are proportional to the direction cosines of the 
line, 
The equatious of the straight line in the form 


ie G Va See Fo ei 


« b c 


wherein a, 6, and ¢ are necessarily proportional to the direction 
cosines of the line, are called the standard or symmetrical 
equations of the line. 

In general, any curve in space is given as the intersection of 
two surfaces by the cqnations of the two surfaces. In particn- 
lar, the straight line is given by the equations of any tio 
planes which pass through the line. Of the intinite nuinber 
of planes, the peneil of planes, which pass through a given 
line, the three planes, called projecting planes of the line, 
which arc paralle] to the coérdinate axes are of particular 
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importance. These oquations will evidently be first-degree 
equations in two variables. “In the standard form the equality 
of any two mombors gives one of tho projecting planes through 
the given line. 


Illustrative problem.— Find the direction cosines of the 
straight line determined by the two planes 


(a) zt+y—3z— 5=0. 
(b) 3a—y—5z-11=0. 


Find the projecting planes parallel to the cobrdinate axes (or perpen- 
dicular to the codrdinate planes) ; find the points where Usis line pierces 
the coSrdinate planes 

Any plane through the Jine of intersection is given by 

(c) zty~38z2-64+k82—-—y—52~11)=0. 

Giving to k the valne — g, which is equivalent to inultiplying (a) by 5, 
and (6) by —3 and adding, and simplifying you have, 
52+ dy—138z—25~92r4+3y+ 1562+ 33 =—0, or 

(dq) —4248y+ 8=0, a3 the plune of projection on the zy-plane. 

Fliminating y, k = 1, gives, 

(e) 42 —-8z—16 =O orz—%22z—4=0, the plane of projection on 
the zz-plane. 

Vliminating 2, k =— 4, gives, 

Sf) ~4y+424+4=0, which might have been obtained from (d) 
and (e), the plane of projection on the yz-plane. 

Solving for z, in (d) and (ce), 

%= 2(y +1) and 
Z=2(z + 2). 
z= 2(y + 1)= 2(z + 2). 


SS ee 26 = 
= 


The denominators 2, 1, and I are proportiona) to the direction cosines ¢ 


this line. Hence 
cosa@=2m,cos8=1lmaml cosy=im, 


giving, : 
cost « + cos? B + cos?y = 4mt4 m+ m= 1; Onk= 1; m Se 
Tither sign may be taken, but for convenience, make cos «@ positive. 


oases ., COS # = 1 csy= ze , the dirertion cosines, 
G V6 vi 
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To find where this lire pierces any codrdinate planc, as z = 0, solve 
the equation of the codrdinate plane as simultaneous with the two given 
planes which determine the line. 

This gives here (4,1, 0) as the piercing point with tho zy-plane. 
Similarly we find the intersection with any plane, 

A parallel line to our given Line through a given point would be de- 
termined by two planes through the given point parallel to the two given 
planes which determine the line. Why? Determine the parallel line 
through (1, — 5, 6). 


5. Normal form of the equation of a plane.—(Sce Scction 3, 
ChapterIX.) In theplane, the equation z cos «+y sin «—p=0, 
which may bo written 2 cos a+y cos 8B—p=0, represents 
the equation of a straight line in normal form, which line is 
such that the perpendicular from the orgin upon it has the 
Jength p aud makes the angles « and 8 with z-axis and y-axis. 
Similarly, in space, the equation 

x cosa+y cos B+ z cos y—p=0 

represents 2 plane which is such that the perpendicular from 
the origin upon it has the length » and makes the angles «, 
STREETER SCREDIESEECUECatSresitas Brand Gra vi 
He a-axis, y-axis, and 

Cy 2-AX18 respectively. 
Evidently, if a 
HE tf plane is given and 
TANG pidosp a perpeudicular OV 
- Lee a aa of Jength p, having 
direction cosines «, 
fp, aud y, is dropt 


eget ar HEHE Poti) = from the origin to 
aD ESGaBR Peeug : : 
this plane, the point 
Nis (pcos a, pcos B, 
ON of length p; ON’ of length 2p p cosy) and the 


Direction angles of ONN’: 
glesio a, B, y extension of the per- 


pendicular by tho length p gives the point N’ (2p cos «, 
2p cos 8, 2p cosy). * Avy point P(x, y,z) which is equidis- 
tant from O(0, 0, 0) and W’(2pn cosa. 200088. 2 co34) 
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lies on our plane. Writing and cquating these distances, we 
have, 


w+ +2 =(x—2 pcos «)? +(y—2 pcos )? + (e— 2 pcos fy? 


Whence, 
(4p cos a)a+ (4p cos B)y + (4 p cos y)z 
= 4 p*(cos? « + cos? B + cos? y), 
giving finally 
xcosa+ycos@+zcosy—p=0 
as the equation. 


In the plane the distance from any point (2, y;) to a line is 
obtained by writing the equation of the line in normal form and 
substituting therein for x and y, x, and y. In space the dis- 
tance of a point (;, y1, 21) from a plane is obtained by writing the 
equation of the plane in normal form and substituting therein © 
these codrdinates of the point for 2, y, and z, respectively. 

To reduce a linear equation to normal form, you divide the 
equation through, after transposing all terms to the left-hand 
meiber, by the square root of the sum of tho squares of the 
coefficients of 2, y, and z, choosing the sign opposite to the sign 
of the constant term. The proof is not similar to the proof 
of the corresponding theorem jn plane analytics. 

Parallel planes are represented by lincar equations having 
the corresponding coefficients, of x, y, and z, equal or propor- 
tional, 


PROBLEMS 


1. Put the following equations in normal form and deter- 
mine the distance of each plane from the origin: 


a. 242—3y+4z2—11=0. 
b, etyt2—5=0. 
ec 22—sy—11=0. d. z—7=0. 
Determine the direction cosines and the direction angles of 
the norsnals to each of the above planes. 
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2, Find the equations in standard form of a line from 
(1, 2, 5) perpendicular to the first plane in problem 1; 
through (0, 0, 0) perpendicular to the second plane in problem 
1; through (—2, —3, 4) perpendicular to the third plane in 
problem 1. Dctorinine in cach of these three problems the 
intersection of the perpendicular with the plane. 


3. Find the piercing points with the codrdinate planes of 
the following lines: 

a. 22—3y+42—11=O0and z—y+2-—5=0. 
b 22—Sy4+4z—i11=0andz—7=0. 
c 22—8y—11=0 and z—7=0. 

4. Put the three lines of problem 3 in standard form, 
Note that in the second and third cases, since the given line 
lies in a plane parallel to the zy-plane, the line makes an angle 
of 90° with the zaxis, ie. cosy=0. The equations of the sec 
ond and third lines in standard form would have a zero de 
nominator, and so it is better to put these equations in the form 
given in the third of these problems. The values of cos « and 
cos £ are determined here from the equation 22—3y—i1i=0, 

3 
and cos 8 = ——- 
‘13 VI3 
5. Find the equations of the straight lincs through the 
two points: a. (3, &, — 2)'and (0; 0,7). 
v. (3, 5, — 2) and (0, 0, 0). 
ce. (3,5, — 2) and (— 3, 5, +2). 
6. Find the angle between the lines 
+4 oy z-3 a oe eee 


2 rs Le me viaiss 


2 


giving cos a= 


~) 


7. Do the two lines in problem 6 intersect? How can you 
determine whether any two given lines intersect? Note that 
the problem is entirely analogous to the problem in plane 
analytics as to whether three given lines intersect, and is 
solved in the same manner. Write the equations of two 
intersecting lines. 
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8. Determine the curve in which the sphere 
2+ y+ 2z?—400=0 
is intersected by the plane y—9=0. Note that substituting 
y= 9 is equivalent to writing 
w+ y? +t 25—(y + (y—9)=0, 
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Sphere cut by a plane 


which gives, of course, a new surface passing through the 
intersection curve of the first two surfaces, 

9. Find the intersection of the sphere 2? + 7? +.z?— 100 =0 
and the cylinder 2? + ¥ — 36=0. 

10. Upon what cylinder, parallel to one of the codrdinate 
axes, docs the intersection of the plano x =5 with the surface 
x? 4 472 = 252 lie? 

11. Find the intersection of the lino 

e—1=27, y—2=387, 24+3=—d57r 
with the sphere 2*-+y%+2?—100=0 by substituting these 
valucs in the equation of the sphere and solving for7. Note 
that since the right-hand coefficients, 2, 3, and — 5, are not the 
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direction cosines of this line, but only proportional to them, 
the values of r obtained are not the distances from (1, 2, — 3) 
to the points of intersection with the sphere, but are propor- 
tional to these distances. The points of intersection are 
obtained by substituting the values of r found back in the 
equations of the line and solving for (z, y, z). 


= = 


Hyperboloid of one sheet 


ee 


Hyperboloid of two sheets 


CHAPTER XXXII 


SOLID ANALYTICS: QUADRIC SURFACES 


1. General equation. —In plane codrdinates, any equation of 
the second degree represents a conic section. Similarly, in 
space coérdinates, any equation of the second degree repre- 
sents a quadric surface. The types of quadric surfaces, 
limited in number, are closely allied to the types of conic sec- 
tions. In plane analytics, it is shown that the genera) equation 
of the sccond degree, containing the “ cross-term” zy, intro 
duces no new curves, only the saine curves, represented by 
the different types of equations in which no zy-term appears. 
It is likewise truc in space that the gencral equation contaiu- 
ing any or all of the “cross-terms,” yz, zz, aud xy, presents 
no surfaces different from those which may be represented 
by tbe genera) equation containing no cross-terin. 

Methods of transformation of codrdinates quite similar to 
those discussed in Chapter XXIV apply to space codrdinates, 
but the limitations of a first course preclude any discussiou of 
the methods and results. 

Any surface given by an equation of the second degree is 

475 
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cut by any plane in some form (including, of course, limiting 
forms) of conic section. The codrdinate planes very evidently 
cut any quadric surface in a conic, since the curve of inter- 
section in the codrdinate plane is given by an equation of the 
second degree in the two variables of that plane. ‘he trans- 
formations mentioned ahove are desirable for the general proof, 
but another method is indicated below. 


Ellipsoids: 


SrrEene PROLATE ObLaTE . Gux PHAL 
SruBROID SrILE nop ELLIYSOtD 


2. Ellipsoids.— The equation of a sphere has been given as 
(2—hP+(y WP + @—Dra rt 
An ellipsoid is given by the equation 


ea DT Ga a. 
a C 


This surface is related to the three spheres, 
(2—hP +(y-kP +@—Di=ae, 
(cz — hy? +(y—h)P+e—)l?=0?2, 
(AP + —W 4G IP=e, 
very much as the ellipse is related to its auxiliary circles, 
The parametric equations of the above ellipsoid are 
%—h=acos «a, 
y—k=b cos B, 
z—1=c cos y. 
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The climination of a, 8, and y, employing 
cos? a + cos? B + cos? y = 1, 


gives the equation of the ellipsoid in the standard form above. 
The quantities a, b, and c represent the semi-axes of the 
ellipsoid. If two of these denominators are equal to each 


Seunneenseeeee 
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Ellipsoid of revolution, with x-axis as axis of revolution 


other, the ellipsoid is an ellipsoid of revolution about an azis 
parallel to the axis corresponding to the term with the odd 
denominator. 

Thus, CEE Vi Sze) 
ts an ellipsoid of revolution, obtained by revolving the curve a+ Sil 
about the z-axis. » 

The derivation of the formula of the ellipsoid of revolution 
is 23 follows, PN?+ NM?= PAL, but QM= PM, radii of 
the circle QP about M, with lettering as indicated on diagram 
given above. Now forall points on this circle the z-codrdinate 
is the same, 

yt2= Pir= QM?= 16(1 — 35) 
v 


which isa relation true for every point on the circle obtaincd 
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2 2 j 
by rotating the point Q on the ellipse hat gm) about its 


axis. But Q is any pomt on the nine atid Tele P may be 
any point on the surface obtained by revolving the ellipse 
about its axis. 

Hence, for every point on this surface, 


yt f= 16(2 ~ s 
or 
yt, 2 

Pa Cal ia 
Any ellipsoid of revolution obtained by revolving an ellipse 
about its major axis 1s called a prolate spheroid, and is shaped 
like a football; au oblate spheroid is obtained by rotating an 
ellipse about its minor axis, and is shaped like a circular 
cushion or the earth. 


PROBLEMS 


I, ¥ind the equation of the &phere having the center at the 
origin and passing through the point (— 2, 5, 6). Give the 
Seven points which lie on this sphere and are symmetrically 
situated to the given point with respect to the codrdinate 
planes. 


2. Irind the equation of the preceding sphere if the center 
is at (3, — 2,12). Find by using conditions of symmetry with 
respect to planes through the center parallel to the codrdinate 
planes seven further points on this sphere. 


3. Write the equation of the ellipsoid having the center at 
the origin aud seini-axes equal to 2,3, and 5 respectively (2, y, 
and z order), Find three points on this ellipsoid. Write the 
equations of three circles which lic on this surface. Write the 
equations of the traces on the codrdinate planes, i.e. the inter- 
sections with these planes. Draw the graph. 


4. If a football is 10 inches long with a diameter of 8 


inches, write the equation of the surface, assuming it to be an 
ellipsoid. Draw the graph to scule. 
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5. Assuming that an air cushion 18 inches in diameter and 
6 inches high ia an ellipsoid, write the equation of the surface. 
Draw the graph to scale. 
. 6. Jind the six principal foci of the ellipsoid iu problem 3. 
hese are the foci of the traces on the codrdinate planes. 


3. Hyperboloids. — By rotating the hyperbola 
x2 yf? 


about either axis, a hyperboloid of revolution is obtained. 
Rotation about the principal axis, the zaxis here, gives a 
surface of two separated parts, called a hyperboloid of revolution 
of two sheets. The equation is, ; 


The method of derivation, which we outline, is general, and 
being applied to the surface obtained by revolving any curve, 
y = f(x) about the z-axis, will give the equation of the surface 
ia the form ¥?4+ 2=[f(«)]%. 


. 2 2 . 
Given ie a 1, revolved about the x-axis. 
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Hyperboloid of two sheets, of revolution 
The curves aro slightly distorted. 
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Any point P(z, y, z) on this surface is obtained by the rotation 


of a point Q(a, y, 0) about the z-axis. 


The point Q generates a circle in a plane parallel to the yz- 
ane, in which % has everywhere the valuc given by OJ. 


pl 


The cquation of this 


circle 13 
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the hyperboloid of revolu- 


tion of two sheets, 


Hyperboloid of two sheets 
y-axis as principal axis. 
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1 in the xz-plane about the z-axis. 


the hyperboloia of revolution of one sheet is obtained 


by revolving a hyperbola about 


Similarly, 


The pre- 


its conjugate axis, 


ceding hyperbola revolved about the Yy-AZ1S vives 
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—_— = = — 
= 


= 


2 


The student will note that the ven of rotatios: In each case 


is given by the odd tern. 

Corresponding to these 
surfaces of revolution are 
the general hyperboloids, 


and 


hyperboloid of ‘one sheet, 
which represent in each 
casc a surface having a 
principal axis parallel to 
the axis of the odd term, 
e.g. the first has the z-axis 
as principal axis and the 
second has the y-axis as 
principal axis. Chang- 


HERE Staasvaited oanteeaO anttats 
Suda tasnlagenasoces WUeca tty aeecasis 
iebiinleettie pees ale 
GSESESEES! AsEzsozed tascam [sstaseste 
EvsGueees iN saeey ) seneeey CHEE nae 
Eire Hee ce eer aeatialetsiints 
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Hyperboloid of revolution, one sheet 
y-axis as principal axis. 


ing the principal axis to another of the coérdinate axcs inter- 
changes two of the algebraic signs in the equation. 


4, Paraboloids.— By revolving the parabola 7? =4 az about 
its axis the surface y? +2? = 4 ax is obtained. 

This is called a paraboloid of revolution, or a circular parabo- 
loid, and is the typo of surface which is fundamental in 
theater and auditorius construction. ‘he derivation of the 
equation is Ieft as an exercise for the studcut. 

The elliptic paraboloid is given by the equatiou 


and sections paralle) to the zy-plane are ellipses. 
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Elliptic paraboloid 
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Eliptic paraboloid of revo)ution 


Hyperbolic paraboloid 


The corresponding 
standard forms with 
y-axis and with z-axis, 
respectively, as princi- 
pal axis are, 


¢ 
~4+2=4 4) 
e : 
ye 2 

and pe, as Kh 
2 ce 


gives the inost compli- 
cated of the quadratic 
surfaces, the hyperbolic 
paraboloid, a saddle 
shaped surface which 
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is here represented by a photograph of a model of such a 
surface. 

The hyperbolic paraboloid may be generated by the motion 
of a given parabola, 2? — 4 a’z = 0, moving paralle) to the zz- 
plane and having its vertex moving on the parabola 


y= —4 bz. 


5. Cones. —If any straight line is revolved about another 
straight Jine in its plane as an axis, a cone of revolution is 
generated. = uimit- 
ing forms arc the 
cylinder, when the 
revolving ‘fine is par- 
allel to the axis, a 
plane when the re 
volying line is per- 
pendicular to the 
axis, and a straight 
line when the revolv- Cone generated by a straight line rotating 
mug lime coincides about an axis in the same plane 
with its axis. 


Let y=" xz revolve about OX. The cone of revolution gen- 


carat 


ag 
S 
J 
a 
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erated has the equation 


The cone is itself a limiting form of the hyperboloids, as 
will be noted below. ve 
The general equation of the cone, whose axis is the y-axis 
and whose vertex is the origin, 1s 
932 ¥ ao 
a 


6. Conic sections. — ‘The method which we will hore outline 
to prove that every plaue section of a cone may be given by 
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Conic sections: E.nirst Pata KOLA Hyrervousa 


an equation of the second degree applics to a cone having an 
ellipse, parabola, or hyperbola asa base as well as to the cir- 
cular base, which is taken for convenience. 
Given the cone EE ltl 
e ano ee 
Evidently, any one of the planes given by x= cuts this 


Hath POBDEDRrSaaseeeeeeecesessecevecseseseee 


Eeececesd Sen eaap REE EEEEEEECEEEEEE EEE 
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Cone cut in an ellipse by a plane 


cone ina circwar section, with a point as limiting case when 
c= 0; 
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The planes y=k and z=k cut this cone in hyperbolas. 
When y=0 or z=0, the hyperbola “degencrates” into two 
straight lines intersecting at the vertex. 

The plane y=ma+k ents the cone in a curve, which wo 
will refer in this plane to the line y= mz +k, intersection of 
the zy-plane and the cutting plane, and the line y=k, the 
intersection of the yz-plane and the cutting plane, as axes 
(a aud 2’) of codrdinates. From any point P(z, y, z) on the 
curve of intersection, drop a perpendicular PAL to the czy- 
piauc. The intersection curve satisfies the equation 

of es BUDE as 

a LY ? 
or ba? — a?(max + hk)? — a%z? = 0. 
Jividently, PAf =z =z’, since PIL is drawn in one of two per- 
pendicular planes, and perpendicular to the other. 


‘ 


The elliptic section depicted in its own plane 


a! 


Se Sl 
V1 + m? 


Further, BAL = a = xV¥1 + m’, whence z= 


stituting, we have, 
Bal _ amie? 2 Phim ght — az’? =0, 
Ltm L+m vil+m 


or 
(0? — a?m?)x'? — a'z?(1 + m?)—2 akin V1 4+ mz — ah2(14+ m)=0, 
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Y- 


, a parabola if m? 


But this is an equation of the second degree in zx! and 2", 
ther, the coefficient of «'? is (b? — a?m?2) and of z'? is — a2(1 +2); 


hence the curve is an ellipse if m? > 


h2 
—@ 


U2 
y a 
as 


and a hyperbola if m3? < 


mx + nz+kh, the 


y different. 


— 


When the cutting plane has the form y 
proof 1s more complicated but not essential) 


a] 


Every section of a cone may be represented by un equation of 


the second degree in two variables. 
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Ellipse, parabola, hyperbola, and two straight lines as intersections of a 


cone by a plane 


PROBLEMS 


1. Name and diseuss the following surfaces : 
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tt @—2y? = 0. 
je P4277 =0. 
i, ey es + 42° = (), 
lL 2t+2y2+42°+100 =0, 


2. How would . addition of a term, 102, affect the locus 
of each of the preceding twelve expressions? Jiscuss the 
change in each locas produced by chauging the sign of 2? in 
each expression from + to —. 

8. Tind the equation of the cone obtained by revolving the 
line in the zy-plane ORS =42—10 about the zaxis; about the 
yaxis; about the z-axis. 

4. lind the equation of the paraboloid obtained by revolvy- 
ing the parabola z?= 8a about the «axis; find the equation of 
the surface obtained by revolving this surface about the 
z-axis. Why has the latter surface not received particular 
discussion ? 

6. Vind the equation of the cone obtained by revolving the 
line y=42—10 about the line y=6. Note that this differs 
frown the problems which we have considered in the text only 
by a change of origin, or a trausformation of the type 

earth yoy+k, z=2'4l. 

6. Find the locus of a point which is equidistant from the 
point (4, 0,0) and from the plane «+4=0. What is the 
surface ? 

7. Find the locus of a point the sum of whose distances 
from the points (4, 0, 0) and (—4, 0, 0 ) is constant and equal 
to 10. What is tho surface ? 

8. Find the locus of a point the ditference of whose distances 
from two points (4, 0, 0) and (— 4, 0, 0) is constant and equal 
to G. 

9. How would you find in space codrdinates the distance 
from a point to a ie Apply to finding the distance from 

—2 y—3_2-8 


(1, 3, —5) to the line = =) n 
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7. Limiting forms. — The limiting forms corresponding to 
the ellipsoid ure given by equations of the type 


a a \ 
Bois cam 


or CSOy A Wisi ICU} 87) 
a? U2 c? ‘ 


the first of which represents the point O (0, 0, 0) and the 
second the point (h, &, 2). 

The method of approaching this limit is best indicated by 
writing the equation as 


As & approaches 0, the semi-axes Vka?, Vkb%, and Wke® ap- 
proach 0 as a limit. 

In @ similar way the hyperboloid equations approach, as 
limits, the equations representing cones asymptotic to the 
given hyperboloids. 

The limiting forms of the paraboloids are equations in two 
variables, and reduce to two planes, or to cylinders. 

The limiting forms of equations in two variables represent- 
ing cylinders correspond, with proper and more or less evident 
changes, to the limiting forms of the corresponding cquations 
in planc analytics. 

Thus, any equation of the second degree f(a, y, z)=0, 
whether in one or two or three variables, of which the left- 
hand meimbcr can be factored into two real lincar factors in 
the variables, represents two planes which constitute also a 
type of quadric surface. 


8. Applications. ‘The applications of the conic sections 
which have been given in plane analytics arc strictly applica- 
tions of surfaces, or solids having these surfaces as boundaries. 

Thus, a bridge having a parabolic arch uses a solid having a 
parabolic cylinder as bounding surface. 
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The equation of the paraboloid in the Hill Auditorium, witb 
the foot as unit of length, is y? +2? = 70.022; the skylight in 
the ceiling of the Hill Aaditorium is bounded by an elliptical 
cylinder, 

ieee 


a ee eyes ia 1, dimensions in feet. 


Any of the automobile reflectors are paraboloids, in general, of 
revolution. Jfyperboloids are uscd as revolving cones in the 
manufacture of irou pipes; these pipes are passed between 
two revolving cones whose axes are inclined at 90° to 
straighten the pipes. 


9. Circular sections. — Given the ellipsoid represented by 


by y2 22 1 
cate erties 

the question arises ag to what planes cut this surface in 

circular sections. 

The method which we have given above, under section 7, 
for determining the nature of the curve cut out of the cone by 
the plans y = ma +k applies to this problem. In the ellipsoid 
above planes y=& cut the surface in ellipses. The develop- 
ment as given shows that any plane y = ma cuts this surface 
in a curve given by the intersection, wlso, of tho surface, 

ne 4, ES 


ea an 


and the given plane, or a curve, 


g'2 mia'? zi2 
ce eS SR ae SE 
at{1+m?)- 614m?) ¢ 
referred to the line {eee 0 and the line (Same, a, as axes of 


reference, both Jying in the plane of the section. This curve 
ean be written, 


c2(b? — u2mt)x!2 + a2b2(1 + m2)z'? = a2b%2(1 + m2), 
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Equating the coefficients of 2 and z’? gives 


gs b2(a2 — c?) 


~ at(ct — 82)’ 
ON GL= Ce 
m= £—— 
iVa=e 
bVa? —¢ 


: : x, and all planes parallel to 
ave? — U? 

them, cut this surface in circular sections. Yor these to be real 
planes ¢ must he intermediate m value between a and &. Ife 
is not intermediate between a and d, then planes either of the 
form y = mz or y= nz will mnake real circular sections. 

The method applies to elliptic cylinders, to elliptic cones, 
and to hyperboloids, as well as to the ellipsoid. 

A simpler method, assuming cas the intermediate value, is to 


The two planes, y= + 


find in the ellipse + v =1 a diameter of length 2c; this 
diameter with the zaxis determines the plane of a circular 
section. 
10. Tangent planes and tangent lines. — The formula 
Azz + Byy+ Ga@+2)+Fy+y)+C=0, 
which gives the tangent to 
Ax? + Ty? +2 Gze+4+2 Fy+C=0, 


at the point P,(x,, y:) on the curve applies in space analytics, 
with the addition of the corresponding # and z terms, to 
give the tangent plane to the quadric surface at a point 
Pi(%, Y1, 21) on the surface. 
The tangent plane at Pi(2,, y, 2) to the surface 
Az? + By + C242 Gr4+2 Fy +2 Ez4+K=0 
is given by the cquation, 


Axx + Byy + 022+ Ge +2,)4+ Fly + nA)+ #2 +24)+H=0. 
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When the point P,(2;, 4, 2) is not on the quadric surface, 
this equation represents not the tangent plane but the polar 
plane of the point («,, y, 2,) with respect to the surface. For 
any point outside of the surface, tangent planes to the surface 
have their points of tangency situated upon a plane, the polar 
plane of the point P\(x,, y;, 2). A inore complete discussion of 
the polar plane would reveal many other points of similarity 
between the polar plane as related to its quadric surface and the 
polar Itne as related to its conic. 

The intersection of a tangent plane at a point P(x, y,, 2) 
on the surface with any other plane through P, gives a tan- 
gent line to the surface at P,. 


11. Ruled surfaces. Generating lines. — Any surface which 
can be generated by the motion of a straight line moving 
according to some law is termed a ruled surface. Evidently, 
by its method of generation, such a surface has straight-line 
elements, called rectilincar generators, which lie wholly upon 
the surface. 

Certain of the quadric surfaces are ruled surfacey. Evi- 
dently all the cylinders, the cones, and the pairs of planes 
belong in this class. The elJipsoid, being confined to a finite 
portion of space, does not have right-line elements lying 
wholly upon the surface; nor do the elliptic paraboloid and 
the hyperboloid of two sheets have right-line olements. 

The hyperbolic paraboloid and the hyperboloid of one 
sheet do have rectilinear gencrators. We will find the equa- 
tion of the families of lines which lic wholly upon one of the 
surfaces in question; the method will apply to the other ruled 
quadric surfaces. 

Any point upon the hy perboloid 


2 epg 
Ce Ae ct 
very evidently satisfies the equation 
De y? nee? sf 22 
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which may bo written, 


Net) -(-20049 


This indicates that any point which satisiies the pair of linear 
equations 


will satisfy the equation of our surface since it will make the 
product represented by the left-hand member of our equation, 


18,17,16,1514 13 12 11 16 9 8 7 86 564282 


7 S 
803102 1 2 ¥ 4 6 6 7 § 9 0 12,12,18,14 
29,28 27 26 25 2 23 22 2i 20 «19 (1S) 17,1615 


The right-line generators on this hyperboloid of revolution ere formed by 
connecting corresponding points on two circuler sections 


An elliptic section is also indicated. 


in the second form above, equal to the product of the factors, 
represcnting the right-hand member, But every poiut which 
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satisfies the pair of equations for any given yaluc of k lies 
upon a straight linc, the interscction of the two planes given 
by the linear equations. Hence, every point upon this line 
lies upon the given surfaco for any valuc of fk. 

It can be shown that uo two lines of this family of lines, 
ic. no two lines given by two values of x, intersect. 

Another family of lincs also lies upon this surface. The 
equations of this second family of lines, with the parameter 
k, are as follows: 


Every member of this family of lines can be shown to ivter- 
sect every member of the preceding family and no member 
of its own family. 


PROBLEMS 


1. Find the equations of the rectilinear generators of the 
following surfaces : 


a 2—y— 2=0. 
bg 2+y— z2= 16, 
ce w2—y—42=0. 
d. 22 — 7? =); 


2, Find the circular sections of the following surfaces: 


a. x Cas = 1, 


Dy ie) 

a ee = 0 
p yay alts © 48) 
Crete +4y? = 9 2, 
d. x +47? = 9. 
é. ut a Ai col eep 


100 ' 36 16 


494 UNIFIED MATHEMATICS 


3. Write the equations of the tangent planes to cach of the 
surfaces in the preceding problem at the point (a, y;, 2) in each 
case upon the given surface. 


4, In problem La, above, take kj =1 and k,=2 and show 
that these two lines of tho same fauily of rectilinear generators 
do not intersect. Write the second family of rectilinear gen- 
erators of the same surface and show that, taking k= 1 (any 
other value would do), this line does intersect a given line 
(k,=1) of the first set. How could you make this proof 
general ? 


TABLES 


Constants with theic logarithms. 2 20. 0. 1 we ee ee 
Squares and cubes of Integers, 1to0 100... . .. 0. 
Your-place logarithms of nwnbers, 100t0 999. . 2 ew kk 
Four-place logarithus of numbers, 1000 to 1999 . . 2. 2... 


Four-place logarithms of sines and cosines, 10’ intervals . . , 
lFour-place logarithms of tangents and cotangents, 10’ Intervals . 
Four-place logarithms of stnes, 0° to 9°, and of cosines, 81° to 90?, by 


TNE DUCCS Sree ee ees BRC a ye care 6 a ee & SOS 
Four-place logarithms of tangents, 0° to 9°, and of cotangents, 81° to 

OOF DYAMINULES@ #.0m.)'.) oe. Bt) as ee a. eee, & es 
Four-place natural sines and cosines, 10/ fnterralal Sg Ae Eerie ba 
Four-place natural tangents and cotangents, 10/ intervals . 2. 
Radian measure of angles. 2. 2 1 7 we > Seer es 


Minutes as decimals of one degree ; e7 and e- tables ye ue, 


‘fhe accumulation of lat the end of » years . . . .. . 6 4 
‘The present value of )dueinnyear. ©. . 2. 1 ew we ee 
The accumulation of an annuity of 1 per annum it the end of 

nyears ... ys ea ee ~ aoe 
The present value of an Carin Dicy of l perannumfornyears . . , 


The annual sinking fund which will accumulate to J, or, by addition 
of % the anvuity which 1 will purchase. . . . 1... . 
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Constants with their logarithms. 
Nomen 

. @ = 2.71828183 

. u = 0.43429448 


Base of natura) Jogarithtns . 
Modulus of corumon logarithnis 


Circumference of a circle in degrecs . = 360 
Circumference of a circle in tninutes = 21600 
Circumference of a cirele in seconds = 1296000 
Radian expressed in degrees = 67.29378 
Kadian expressed in minntes . = 3437.7468 
Radian expressed in seconds = 206264.8006 


Natio of a circumference to diameter .r = 3.14156592 


w = 3.14159265358979323846264338328 


VOLUMES AND Weionts 


Cubic inches In 1 gallon (U 8.) = 231 
Gallons in 1 cubic foot = 7.48 
Cubic inches in ] bushel, = 2150.4 
Pounds per cubic foot of water (4°C.) . = 62.43 
Pounds per cubic foot of air (0°C.) . = 0.0807 
Cubic feet in 1 cubic meter = 35.32 
Cubic meters in ] cubic yard = 0.76 
Cubicinchesinl liter . . . . . , =61.08 
Liters inl gallon(U.S.) . . . = 3.786 
Pounds in 1 kilogram . a = 2.2 or 2.203 
Metric tonin pounds. ., .. ., = 2205 
Volume of sphere, 4 +73 . = 4.1888 rs 
4.1888 
LexoTus AND AREAS 
Inches in 1 meter (by Act of Congress) = 39.37 
Feet in 1 rod, 16.5; yards in 1 rod = 6.5 
Square feet in 1 acre . - = 43560 


160 square rods = 1 acre; G30 acres = 1 square inile ; 
3.28] feet = 1.004 renee 1 meter, 


L.onaRnrTiie 


0.4342945 


9.637 7843-10 


2.5563025 
4.3344538 
6.1126040 
1.7581226 
3,.5362739 
5.3144251 
0.4971-499 


2.3636 
.8739 
8.3326 
1.7954 
8. 9009-10 
1.5480 
9.8808-10 
1.4855 
-5783 
3434 
3.3434 


.6221 


TABLES 


Squares and cubes of integers, 1 to 100. 


Square roots and cube roots of 1 to 100. 


oy 
2 


CHUM ALK 


13,824 


15,625 - 


17,576 
19,6838 
21,852 
24.389 
27,000 
29,791 


SQuaRE 
toot 


2 
3 


8 


ts 
PORSION Nee meee 


Hoes BSax 


Unehao 


SF LCWHWOH WQUNNN NNW 
@DrmOmes a8 mee 


LOS aASCI& 


Cuse 
Roor 


RES aE ae BGESS 
=S2 2ESaR oNiwns 


0217 069,216 )=—- 882,736 9.798 4.579 . 
0213 «4997 -—«-9.400 »=— 912,673 9.549 4.595 . 
001 941,102 9.899 4.610 . 
"801 970,299 9.950 4.626 . 
‘000 1,000,000 10,000 4,642 . 


0203 OS 9 
0204 99 9 
.0200 100 10 
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Reciprocals of 1 to 100. 


A 3 t ) 5 - th 
< S 5 8 so ao 
° gd a2 -c 
ae n Oo ee Ge 
= n nz na Vn Vn 
1.0000 5£ 2,601 132,65) 7.141 3.708 
5000 52 2,708 140,608 7.21) 3.733 
3333 5S 2,809 148,877 7.280 3.756 
.2500 54 2916 157,404 7.348 3.780 
.2000 & 3,025 103,875 7.416 3.803 
1667 56 3,136 175,616 7.483 3.826 
1429 52) 43,249 185,193 7.550 3.849 
1250 63 3,364 195,192 7.616 3.871 
Vit 59 83,481 205,37: 7.6381 3.593 
1000 60 3,600 216,000 7.7146 3.915 
0909 63 3,721 226,981 7.810 3.936 
03833 2 3,814 238,328 7.874 3.958 
O769 969 250,017 7.937 %.979 
0714 OL 4,096 262,144 8.000 4. 
0567 63 4,225 274,625. 8.062 4.021 
0625 66 44,356 287,496 8.124 4.092 
0588 6% 4,489 300,763 8.185 4.062 
0550 OS 4,621 314,432 8.246 4.082 
0526 63 4 


49 804,357 9.644 1.531 
$36 §30,584 9.695 4.547 
025 857,375 9.747 4.653 

4,579 


nm n> vn Wn 


61 = 328,50 8.307 4.102 . 

0 343,000 8.367 4.12) . 
0370 Wo 5,041 9 =93857,991 3.420 4,341 . 
0455 184 373,248 8.485 4.160 . 
0436 93 «45,320 0 =60389,017 8.544 4,379 . 
0117 J 5,476 405,224 8,602 4.198 . 
.0100 75 «65,625 421,875 8.660 4.217 . 


.08S5 36 5,77G) «= 438,976 8.718 4.236 . 
.0370 77 5,929) 456,533 8.775 4.234 . 
.0357 78 °G,084 474,552 8.832 4.273 . 
.0345 FD 6,241 493,039 38588 4.291 . 
.0333 80 6,490 512,000 8.944 4.309 ° 


0323 81 6,501 531,411 9.000 4.327 . 
724 551,368 9,055 4.344 . 
6,889 571,787 9.110 4.362 . 
7,050 592,704 9.165 4.380 . 
7,225 614,125 9.220 4.397 . 
: i 996 ©6686,056 9,274 4.414 , 
.0270 87 7,569 658,503 9,327 4.431 . 
7440 681,472 9.381 4.448 . 
9200 «704,909 94R4 4.465 . 
00 729,000 9.487 4,481 . 


0244 01 8.281 753.571 9.530 4.495 . 
0238 02 8494 774688 9.592 4534 . 


498 UNIFIED MATHEMATICS 


Logarithms of numbers from 100 to 549. 


G 2 8 3 To avold inter- 
i : 5 : : ; solatlan ade tho 
. rat ten lines, 
0000 0043 008G O1Z28 0170 0212 0253 0294 0334 OST4 nse tables on the 
12 0792 OS28 OSG4 0899 0934 0969 1004 1038 1072 1106 


73 1206 1239 1271 1303 1335 1367 1399 1430 24 
ia sel 1492 1523 1533 1584 1614 1644 1673 1703 1732 a An 
3 6.6 
790 1818 1847 1875 1903 1931 1959 1987 2014 4 88 
ic yt AER 2095 2122 2148 2175 2201 2227 225% 2279 4 132 
17 2308 2330 2355 23S0 24105 2430 2454 2480 2504 2529 715.4 
18 2553 2577 2601 2625 2648 2672 2005 2718 2742 2765 3156 
19 2788 2810 2833 2836 2878 2900 2293 2915 2967 2989 9 198 
21 20 19 
3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 1 -2.1 2.0 1.9 
Hy 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 - a2 40 3H 
Q2 BADE 3444 B4GL B483B 3502 3522 3541 3560 3579 3508 7 BF BQ FG 
23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 § 46:5 10:0 0:8 
24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 : 12.8 12.0 1 1-4 
>. 6.9 152 
25 3979 83997 4014 4031 4048 4065 4082 4099 4116 4133 8 18-3 18-6 134 
20 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 Wore re 
2% 4314 4330 4346 4262 4378 4293 4409 4425 4440 4456 | 18, AY AU, 
@8 4472 4487 4502 4518 4533 4548 4564 4579 4594 4600 } 28 34 3.2 
29 4621 4639 4651 4068 4683 4698 4713 1728 4742 4757 % 574 31 4.8 
4 7.2 : i 
30 4771 4786 4800 4814 4829 4843 4857 4871 4886 2900 3 ,8-2 ,83 ae 
B10 4914 4928 4942 4955 1069 4983 4997 S01] 5024 5038 * 19°83 11.9 11.2 
32 50351 5065 5079 5092 5105 5119 5132 5145 5159 5172 8 14.4 13:6 128 
33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 16.2 15.3 14.4 
34 5315 5328 5340 5353 5360 5378 5391 5403 3416 5428 5 14 13 
11s S14 “Es 
¢ { & 2.6 
Om tis 2 meas <3. > Cae 7.2 GNSS BIL ease 
4 6.0 5.6 52 
35 53441 5453 S465 5178 5490 5502 5514 5527 5539 5551 5 7.5 7.0 65 
36 5563 5375 5587 5592 5611 5623 5635 5647 5658 5670 “ regs Le a7 
32 5682 5694 5705 5717 - S729 5740 5752 5763 5775 5786 2 12'6 112 104 
33-5798 SROO 5821 5832 5R13 5855 48GG 5877 SRSR 5899 9 49°§ 12°65 917 
39 5911 5922 5933 5944 5955 5966 5977 5088 5999 6010 a c 
) i re Bars 
40 021 6031 6042 6053 GOG4 6075 6085 609K 6107 6117 222 2 24 
4% 6128 6138 6149 61G0 6170 6ISO 6191 G201 6212 G222 33.3 3 3.6 
42 6232 6243 6253 6263 6274 G2R4 6294 6304 G314 6325 - pe < 4 
43 6335 6345 6355 6365 6375 6385 6395 6405 6415 425 BRR 8 FB 
44 6435 Gitd 6154 6164 6474 6484 6493 6503 6513 6522 9777 7 K'4 
S8&R 8 68 
45 6532 6512 6551 6561 6571 G5S0 6390 6399 6609 6n18 «08 9) |= 9 10.8 
46 6628 6637 6646 6650 6085 6675 6681 6693 6702 6712 a 
47 6721 G730 6739 6749 675S 6767 6776 6785 67% BSO3 ae 
48  G812 6821 6830 GS30 6818 6457 GSGG 6875 6891 69893 $5 
49 6902 6911 6920 6928 6937 GONG 6955 6964 6972 6981 as 
| & 
50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7087 i = 
At =—s- 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 2g 
$2 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235 = 4 
53 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316 ag 
64 7324 7332 7340 7248 7356 7364 7372 7380 7388 7396 Siyte 
fs 
33 


Oo tt 2 “3 (49 53 657 wesuero 


TABLES 


Logarithms of numbers from 550 to 999. 


1 2 
7412 7419 


3 
7427 


7490 7497 7505 


7566 7574 
7642 7649 
7716 7723 


7789 7798 


} 7860 7868 


7931 7938 
8000 $007 
8089 8075 


8136 8142 
8202 8209 
8267 8274 
8831 8338 
8395 8401 


8457 8463 
8519 8525 
8579 8585 


3 8639 8645 


8698 8704 


B75h 8762 
8814 8820 
8871 8S76 
8927 8932 
8982 8987 


i 2 


9036 9012 


9299 9304 


£ & 


7435 7443 
7313 7520 
7389 7597 
7664 7672 
7738 7745 


7810 7818 
7882 7899 
7952 7950 
8021 8028 
8089 8UWYG 


S16 §162 


9415 9420 
9463 9469 
9513 0518 


9562 0566 
9600 9614 
9857 9661 
9703 9708 
9750 9754 


9705 9800 
9841 9845 
98868 9890 
9930 9934 
9974 9978 


4 & 


6 q 


7451 7459 
7528 7536 
7604 7612 
7679 7686 
7752 7760 


7825 7832 
7896 7903 
7966 7973 
8035 8041 
8102 8109 


8 9 


7466 7474 
7543 7351 
7419 7627 
7694 7701 
7707 777% 


7839 78416 
7910 7917 
7980 7987 
8048 8055 
8116 8122 


8169 8176 8182 8189 


8235 8241 
8299 8306 


8248 8254 
$312 8319 


8303 8370 8376 5382 


8126 8432 


S488 8494 
8549 8555 
8609 8615 
8669 8675 
8727 8733 


8785 8791 
882 8848 
8899 §0N4 
8054 8960 
9009 9015 


G 7 


939 9943 
9983 9987 


6 3 


8139 8445 


8500 8508 
8561 8567 
8621 8027 
8681 86S6 
8739 8745 


8797 8802 
8854 8859 
4910 8915 
8965 8971 
9020 9025 


8 9 


9074 9079 
9128 9133 
9180 9186 
9222 9238 
9284 9289 


9335 9340 
9385 9390 
9435 9440 
0484 9489 
9533 9538 


9581 0586 
9628 9633 
9675 9680 
9722 9727 


3 9768 9773 


9814 9818 


9991 9996 


8 9 


Interpolate mentally, using the multiplication table. 


Interpolate mentally, using the multiplication table. 


499 


900 


Logantbms of numbers between 1000 and 1499. 


UNIFIED MATHEMATICS 


2 


3 


5 


0326 
0366 
0406 


TABLES 501 


Logarithms of numbers between 1600 and 1999. 


0 1 3 4 4 6 G ri 8 9 


1761 176 1767 1770 W7W721775 1778 =1781 1784 1787 
1790 #1793 1798 1798 1801 1804 1807 1810 1813 12816 
1818 1821 1824 1827 183D 1833 1836 1835 84l 844 
1817 1850 1853 1855 1858 1861 1804 1867 1870 1872 
1875 1878 18381 1884 1886 1889 1892 1895 1898 190{ 


1903 1906 1999 1912 WW15 1917 1920 1923 1026 1928 
1931 1934 1937 1940 1942 1945 1918 1951 1953 1950 


2310 2312 2315 2317 2320 2322 2325 2327 
3330 2333 2335 2333 2340 2343 234% 2348 2350 2353 


502 


20 9.5341 
21 3543 
% 5736 
2% S919 
6193 


30 9.6990 
at) (7118 
7212 
7361 
7476 


7586 
7692 
7 7795 
7893 
79898 


40 9.8081 
4i S169 
42 8255 
43 8338 
44 8418 


A° 60’ 


1Vv =. 20’ 


7.4637 7648 
3088 3068 
5776 6097 
7423 7645 
8613 8783 


9345 9682 
O311 0426 
0961 1060 
1525 1612 
2022 2100 


2488 2538 
2870 2934 
3238 3296 
3373 3629 
3887 3937 


4177 4223 
4447 4491 
4700 47-41 
9939 1977 
5163 5199 


5375 5409 
54576 5609 
5767 S798 
5918 5978 
6121 6149 


6286 6313 
64144 6470 
6595 6620 
6740 6763 
6878 6901 


7012 7033 
7139 7160 
71262 7282 
TREO 7400 
749-4 7513 


7604 7622 
TIN F627 
7811 7828 
7910 7926 
8004 S020 


S096 Brit 
$184 8198 
8269 8283 
S251 8365 
8431 8444 


59 ay 


UNIFIED MATHEMATICS 


Log sin A° from 0° to 45°- 


40’ 00’ 
#0858 *1627 
5050 


4637 
6677 G90 
S82a1 


8059 
9104 9256 


30’ 
9408 
9 


*0070 
0755 
1345 
1863 
2324 


9945 


2740 
3119 


Log cos A° from 45° to 90°, 


60 A° 
*2419 
54285 
7188 


$496 
9403 


+0192 
O89 
1436 


5169 49° 
8255 4R° 
S398 £3° 
S418 £6° 
8495 45° 


Q” A° 


d, 


d. 


Do not interpolate, but 


use the 


special 


table 


which gives these values 


by minutes. 
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Log sin A®° from 45° to 90°. 


G0 9.9274 
G1 9418 
4 


63 
Gt 


70 9.9730 
7 


80 9. 


9757 
9782 
9806 
9&28 


¥8i9 
989 
9887 
990-4 
9919 


993-5 
9916 
9955 
9968S 
9976 


N93 
9939 
9994 
9997 
9999 


60’ 


TABLES 


20’ 


8507 
8582 
8853 
8722 
8789 


8553 8861 


S915 
$975 
9033 
9089 


9142 


9936 
9948 
OYAD 
9969 
9977 


9985 


9990 
99965 


¢€ 


60’ 


9938 
9950 
0061 
0971 
070 


9988 
099) 
0995 


9998 9905 
0000 0000 


40’ 


30 


Log cos A° from 0° to 45°. 


9125 


9177 
9228 


9276 § 


0323 
9368 


O41) 
9453 
9:92 
9530 
9567 


96q2 
9807 
9697 
9725 


J 


97h2 


9778 


9802 
9825 
9846 


9866 
9684 
990) 
9917 
9931 


99t4 
9956 
99668 
9975 
99S2 


9989 
9903 
9907 
9999 


503 
d. P,P 
12 12 
24 12 
12 2 24 
Was 
Ss ta 

6 7.2 
8 28 
o 9 10.8 
10 
9 
9 
8 
8 
8 
7 
7 
G 
7 
7 
A gg 
a2 
5 = 
Zo 8 
fae 

x 

a 

g 
% o 
1 4 
4 L-s) 
3 4 
3 #3 

& 
3 — 
8 
3 Cty 
2 § 
3 & 

a 
2 & 
2aees 
2 
: q 
1 
0 
1 
0 
0 
0 
a. 


504 


A° 0’ 


0’ tan 
log cot 

1° tan 8.2419 
log cot 1.7581 

2° tau $5491 
log cot 1.4569 


3° tan 8.7194 
log cot 1.280% 
4° tan 8.8446 
log cot 1,1554 


5° tan 8.9420 
log cot 1.0580 
6° tan 9.0216 
10g cot 0.9781 
7° tan 9.0891 
log cot 0.9109 


8° tan 9.1478 
log cot 0.8522 
9° tan 9.1997 
log cot 0.8003 


10° tan 9.2463 
log cot 0.7537 
17° tan 9.2887 
log cot 0.7112 
12?tan 9.3275 
log cot 0.6725 


13° tan 9.3634 
vis cot 0.6366 
14° tan 9.3968 
log, cot 0.6032 


15° tan 9.428) 
log cot 0.5719 
16° tan ©4575 
log cot 0.5425 
17° tan 9.48353 
log cot 0.5147 


18° tan 9.5118 
log cot 0.4882 
19° tan 9.5570 
log cot 0.4630 


20° tan 9.561) 
log cot 0.4389 
21° tan 9.5842 
log cot 0.4158 
22° tan 9.6004 
log cot 0.3936 


A° 60’ 


UNIFIED MATHEMATICS 


10’ 20’ 


7.4637 7648 
2,5363 2852 


3089 3669 
6912 033) 
5779 6101 
4221 3899 


7429 7652 
2571 2348 
8624 8795 
3376 1205 


9563 970) 
0437 0289 
0336 0-153 
9664 VHT 
0995 1036 
9005 890 


1569 1658 
8431 8322 
2078 2158 
7922 7842 


3900 3864 
5Y 40’ 


60° Ae 


9409 *0658 #1627 *2419 cot 89° 
7581 tan log 
3 343] cot 88 


4369 tan log 
7194 cot 87 
2806 tan log 


8446 cot 6° 
1554 tan lo 
¥420 cot SS 
0580 tan log 


NAG 70003 *02T6 cot R4° 
0034 #9907 79784 tan log 
678 0786 O8M!I cot 83? 


9109 tan log 
1578cot 82 
$522 tan log 


1997 cot 81° 
$003 tan log 
2463 cot §0 

7337 tan Jog 


2887 cot 79° 
7313 ten log 
3275 cot 7S 
6725 tan log 
3634 cot 3 
6346 tan log 


3968 cot 76° 
6032 ten log 
4281 cot 75 

5719 tan log 


4575 cot 74° 
S425 tan log 
4853 cot 73° 
5147 tap log 
S118 cot 77 

4882 tan log 


S370 cot 73° 
4630 tan log 
5611 cot 70 
43893 tan log 


5842 cot G9° 
4158 tan log 
GOG4 cot 69° 
3936 tan log 
6279 cot 67° 
3721 tan log 


Ae 


Logarithms of tangeats and cotangents, 0° to 237, 


d. 


Do not interpolate, 
but use the special 
table for log tan from 
0° to 9°, and log cot 
frorm 81° to 90°. 


1 

§ BW 78 76 74 

1 82 80 7.8 7.6 7.4 

2 16.4 36.0 35.6 35.2 14.8 

3 24.6 24.0 23.4 22.9 22.2 
432.8 32.0 31.2 30.4 29.6 
541.0 40.039.0 38.0 37.0 

6 49.2 48.046.8 45.0 44.4 

87 .7 57.456.0 54.6 53.2 51.8 
> 8 85.6 64.0 62.4 0.9 59.2 
+4 973.3 72.0 70.2 68.4 60.0 
7S «#672 «70 6S 686 64 
372 70 GS 68 6.4 
216.4 14.013.6 13.2 12.8 
322.6 2).020.4 19.8 10.2 

4 28.3 28.0 27.2 26.425.6 

7] 538.035.034.033.0 32.0 
71 643.2 42.040.8 39.6 38.4 
65 7 90-4 19.0 97.8 46.2 44.8 
Y $57.6 58.0544 62.9 51.2 
o 9 64.8 63.0 61.2 59.4 57.6 
7) 62 60 SS 36 SJ 
1 6.2 6.0 3.8 $6 5.4 
212.4 12.011.6 11.2 10.8 

56 318.618.017.4 16.8 16.2 
5G 124.8 24.023.2 22.4 21.6 
52, 533.0 30.029.0 28.0 27.0 
5 637.2 36.034.8 33.6 32.4 
52 743.4 42.0 40.6 30.2 37.8 
8 40.6.48.0 46.4 44.8 43.2 
49 955.8 $4.052.2 50.4 48.6 
419 S35? 51 5O 49 
46 | $3.52 5.1 50 49 
4G 2 10.6 10.410.210.0 9.8 
44 215.0 15.6 16.3 15.0 14.7 
4 21.2 20.8 20.4 20.0 19.6 

44 596.5 26.025.5 25.0 24.5 
631.8 31.2 30.6 30.0 29-4 

4o 237.) 38.4 35,7 35.0 34.3 
~ §42.441.640.8 40.0392 
ca 9 47.7 46.8 45.9 45.0 44.1 
49 3 47 46 45 44 
1 48 4.7 46 4.5 44 
296 94 92 90 88 
39 314.4 14.1 13.8 93.6 13.2 
3Y 419.2 18.818.4 1$.017.6 
37 324.0 23.5 23.022 522.0 
37 628.8 28.2 27.6 27.0 26.4 
38 733.6 32.9 32.2 31.5 30.8 
38 § 38/4 37:6 36.8 36.0 35.2 
36 9 43.2 42.3 41.440.539.6 

d. PP 


Tararithme of tanuvents and cotanoents. 6T ta 80°. 
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TABLES 


Logarithms of tangents and cotangents, 23? to 46°. 


A° 0 10° § 20’ 
23° tan 9.6279 6314 G348 
log cot 0.372) 3680 3652 
24° tan 9.6486 6520 6353 


log cot 0.3514 3480 3447 


\ 
25° taa 9.GGS7 6720 0752 
log cot 0.3313 3280 3248 
26° tan 9.6882 6914 60416 
log cot 0.3118 3086 3054 
23° tag 9.7072 7103 7134 


log cot 0.2025 2897 2806 


28° tao 9.7257 7287 7317 
log cot 0.2743 2713 2683 
29° tao 9.7438 F467 7497 
log cot 0.2562 2533 2503 


30° tan 0.7614 
log cot 0.2356 
31° tan 11.7788 7816 7845 
log cot 0.2212 2184 2155 
32° tan 9.7958 79SEC 8014 
log cot 0.2042 2014 1988 


70-44 7873 
235% 2327 


39° tan 9.8125 8153 8180 
log cot 0.1875 13947 1820 
34° tan 9.8290 &317 S344 
log cot 0.1710 1083 31650 


35° tan 9.§452 8479 8506 
log cot 0.1548 1h21 3404 
36° tan 9.861% &639 8666 
log cot 0.1387 136) 1334 
37° tan 0.8771 S797 §R24 
log cot 0.1229 1203 1176 


30’ 


38° tan 9.8923 $951 S980 9006 


log cot 0.1072 1046 1020 
39° tan 9.9084 9110 91355 
log cot 0.0916 0890 O865 


40° tan 9.9238 0264 9289 
log cot 0.0762 0736 071) 
41° tan 9.9392 9417 9443 
log cot 0.0808 0583 0557 
42° tan 9.9544 9570 9595 
log cot 0.0456 0130 0105 
43° tan 9.96117 9722 0747 
slog cot 0.0303 0273 0253 
44° tan 9.0843 9574 Y&99 
lox cot 0.0152 0126 010) 
45° tao 0.0000 6925 0051 


A° 6y 6&0’ 40’ 


G 
log cot 0.0000*9975*9919 *9934 


30’ 


40’ 50’ 60’ 


6417 6452 6486 cot 66° 34 
3553 3548 3514 tan log 34 
6620 6651 6887 cot 65° 33 
3380 3346 3313 tan Jog 33 


GS817 GS50 6882 cot 64° 33 
3183 39150 3118 tan log 33 
7009 7040 7072 cot 63° 32 
2901] 2060 2928 tan log 32 
7196 7226 7257 cot 62° 31 
280-1 2774 2743 tan log 31 


7378 7408 7438 cot 61° 30 
2622 2592 2562 tan log 30 
7556 7585 7614 cot 60° 29 
2444 2415 2586 tau log 29 


7730 7759 7788 cot 69° 29 
2270 2241 2212 tan log 29 
7902 7930 7958 cot S&° 28 
2093 2070 2042 tan log 28 
8070 8097 SI25 cot 52° 28 
1930 1903 1875 tan log 28 


&235 8203 8290 cot 56° 27 
1765 1737 1710 tan log 27 
S308 8425 8442 cot 35° 27 
1602 )57h 1548 tan log 27 


8559 8586 8613 cot 54° 27 
$441 1414 1387 tan log 27 
87)8 8745 S77I cot 53° 26 
J2832 3255 1229 tan log 26 
S876 8902 8928 cot 32° 2G 
1124 1098 1072 tan log 26 


9032 9058 BOS cot 51° 26 
Ov8S 0042 0916 tan log 26 
9197 0212 ¥238 cot 50° 26 
OS13 0785S 0762 tan log 26 


Q341 9366 9392 cot 49° 26 
0659 0634 UGOS tan log 26 
94194 9519 9544 cot 49° 25 
0506 0-481 0456 tao fog 25 
9616 9671 9697 cot 42° 25 
0354 0329 0303 tan log 25 


9798 9823 9848 cot 46° 25 
0202 0177 O52 tao log 25 
$949 9975 0000 cot 45° 25 
0051 0025 0000 tan log 25 
0101 0126 0152 cot 44° 25 
*9$99*9S74*9848 tan log 25 


2” tY 0’ Av 


Logarithms of tangents and cotangents, 44° to 67°. 
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UNIFIED MATHEMATICS 


Log sin by minutes from 0° to 9°. 


506 
Ae 0” i te 3’ 5 
0 0 —— 6.4637 7648 9408 “0658 *1627 
10 7.4637 5054 3429 5777 6099 6393 
20 7648 7839 8061 8255 $439 §617 
30 7.9408 G89 §22 952 *078 
40 8.0658 2e5 &70 272 #072 %)69 
50 8.1627 713 797 860 961 *0a1 
1 08.2419 490 561 630 699 766 
1083088 150 210 270 329 388 
20 668 722 775 828 #£§80 931 
30 8.4179 297 278 322 368 414 
40 637 680 723 785 $07 848 
30 8.3030 090 129 167 206 243 
2 085428 464 500 535 571 605 
10 776 $09 812 875 907 939 
20.6007 128 159 189 220 250 
30° 397 «42h 454 483) 5118390 
40 677 70 731 758 784 §10 
50 $40 965 $91 *016 “O11 “066 
3 OS.7188 212 236 260 283 307 
10. 423 445 468 «491 «4513-535 
20 645 667 683 710 731 752 
30 857 877 898 918 939 959 
40 8.8059 078 O98 117 137 156 
50 2a 279 289 307 326 345 
4 088136 454 472 490 508 525 
10 613 ‘°630 Gi7 GES G82 699 
20 783 799 SIG 833 849 $65 
30 936 962 978 994 7010 02h 
40 8.9104 119 135 50 1A6 18) 
50 256 271 286 30) 395, 330 
5 08.9403 417 432 446 460 475 
10 545 $59 573 587 601 44 
20 682 696 709 723 736 750 
30 816 829 842 855 $68 $81 
40 945 958 970 983 996 *008S 
509.0070 083 095 107 120 132 
G 09.0192 204 216 228 240 252 
10 311 323 334 346 357 369 
20 426 1388 449 460 472 483 
30 539 550 561 572 4383 O94 
40 648 659 670 G80 69) 702 
50 755 765 770 TSA 797 $07 
7 09.0859 869 879 syv 900 910 
10. 961 971 981 991 4001 4011 
20 9.1060 070 O80 O89 099 199 
30 157 167 176 4186 195 205 
40 252 261 271 280 289 299 
50 345 354 383 372 381 300 
8 09,1436 445 453 462 471 480 
10 °S2h 433 S42 ASL 560 569 
20 612 620 A2%9 637 636 G33 
30 697 705 714 722 731 739 
40 781 789 797 $0G 814 9822 
50 863 . 871 879 887 895 «03 
4 10’ eee re re wary 


Log cos by minutes from 81° to 90°. 


@ 


6’ v (2 8’ y 10’ A 
22419 *30S8 *306S8 *4180 *4637 50 
6678 6942 7190 7425 7648 40 
8787 8951 7109 %*261 *408 30 
*200 *319 %135 %548 7655 20 
*265 *358 3450 7339 *627 10 
*119 *196 %271 +4346 *419 089 
832 «6890S 92 4025 *088 50 
445 S02 558 G13 66S 40 
982 *032 O82 7131 *)179 30 
459 S04 39 593 637 20 
$90 930 971 *011 *050 10 
281 318 355 392 428 088 
640 7% 708 742 776 50 
-972 *003 %035 *066 %*097 40 
7o SUNY 339 368 397 30 
567 5595) G22.)—Si—i«aG5O—s« G77 20 
837 «686306 &S9) NG) = 950 10 
#090 *115 *140 *163 *188 0 87 
330 354 377 400 423 50 
557 580 602 G23 643 40 
773 «6 7940S « S15) 836Ss 857 320 
979 999 *N19 *039 #039 20 
175 194 213 232 251 10 
363 381 400 418 436 086 
513 S60 578 «595-613 50 
“Ns Gy 749 «67660783. 40 
852, &98 914 930 946 30 
*042 F057 *073 *0S9 *104 20 
196 21) 226 .241 25610 
345 359 874 389 403 O85 
489 503 517 33) 545 50 
628 622 655 669 682 40 
73 776 789 803 $16 30 
$94. 907 ©9190 «32932 = 445 20 
#021 7033 *05A *058 %070 10 
144 15 168 1380 192 084 
204 2760 — 287) 299311 5D 
380 392 4083 415 426 40 
494 S505 S816 527 539 30 
605 616 626 637 648 20 
7iI2 0 -7230~« 7340s 73510 
818 828 838 8319 $59 083 
920 930 940 951 #1 50 
*020 7030 *0:0 4050 %060 40 
WS 128 1388 147 157 30 
214 224 233 212 252 20 
30S) 317) « 32G)0 «-33G)S 3345 10 
399 409 418 427 436 082 
489 198 507 516 525 50 
977) 6 SSGisC*SNS GOB: «612 40 
G63. G72 680 689 697 30 
747 «=75606«6©764 0 «6772 = 781 20 
$30 838 8&7 $55 863 10 
911 919 927 935 943 OS: 
4’ 3 2’ 1’ QO” eA 


0’ 
0 0 

10 7.4637 
20 7648 
30 7.9409 
40 8.0858 
50 8.1627 


2 0 8.2419 
19 §.3039 
20 689 
30 8.4581 
40—s 638 


50 8.56053 
2 0 §.5431 
10 79 
20 8.6101 
30 101 
40 G82 
0 O45 
3 0 B.7194 
10 429 
20 652 
30 865 
40 8.8067 
50 261 
4 0S8Si146 
10 G24 
20 795 
30 060 
40 B.913S 
50 272 
& # 8.91420 
10 563 
20 701 
30 836 
40 966 
50 9.0003 
G6 0 9.0216 
10 336 
20 0=—s « 453 
30 507 
40 678 
50 786 
7 O 9.0S9) 
1 095 
20 9.10UG 
30 194 
40 201 
50 385 
8 O 9.3:78 
10 569 
20 G58 
30 745 
40 S3l 
50 915 
10’ 


g’ 
6.4637 
S051 


TABLES 


Log tan by minutes from 0° to 9°. 


b Ad RU 4d’ 5’ 6’ 7; 8’ y 10’ 
7648 D408 4065S *1627 *2419 *308S *3G68 94180 94637 5 
S429 5777 6000 G398 6678 6942 7190 7424 7648 Au 
8062 8255 8439 SGI? ST87 8951 210 7261 °%409 30 
659 823 952 “O78 *200 9319 95235 *548 °G58 20 
S70 972 4072 «6*170 «=*265 «*359 4450 *540 9627 10 
795 SSO 962 *O11 *120 *196 *272 *34G6 *419 089 
562 631 700 767 833 899 963 *026 *089 50 
211 271 330 389 446 503 559 614 669 40 
776 &29 86831 932 9$3 "023 *0S3 13% 181 30 
276 323 370 «416 «6461 )6SG si5551) 595s G38 20 
723 767 SO 851 502 933 973 *Ol3 *033 10 
131 170 208 246 283 321 358 394 431 089 
503 S38 S73 GOS 3 677 7ll 745 779 10 
h 87 911 943 975 *007 *038 070 *101 40 
163 193 223 254 283) 313) 34300-3372) 401 30 
459 457 515 ot4 57] S99 G27 G54 6&2 20 
736 762 TS9 815 842 868 894 920 945 10 
996 *021 *O41G *O71 096 4121 £145 *170 *194 a 87 
242 266 290 313 337 360 383 406 429 50 
475 497 620 St2 S65 587 GOO 631 65240 
698 717. 730 760 78t 802 823 841 5865 30 
906 927 947 967 988 M08 28 *D1IS 067 20 
10? 328 346 165 185 204 223 2232 261 10 
299 317 336 355 373 392 410 428 446 088 
483 501 418 536 554 572 &SO 607 624 50 
659 676 6904 711 728) 7450 7620 «77K SO79H 40 
§29 8415 862 878 895 911 927 14 940 30 
992 *008 *024 *010 *056 *071 *OS7 *10% 318 20 
150 165 180 196 211 226 241 258 272 10 
302 316 331 346 361 376 390 405 420 085 
449 463 477 492 6 520 SH HO 563 SO 
SY1 G05 619 633) 616 «86660 «6671 «~2GSS) 701 40 
729 742 %736 769 782 79% 800 823 836 30 
862 875 888 01 O15 927 910 953 986 20 
992 4005 *O17 *030 “013 9055 06S 080 “093 10 
118 130 143 «©6155 0) «6167 «6180 «6192 204 216 0 &£ 
2410 253 265 277 289 300 392 324 336 50 
360 371 383 4595 407 418 430 411 453 40 
47G 487 499 SIO) 421) 3330 HMA SUS (567 30 
489 600 Gil 622 633 G3 656 G87 ~~ =6678 20 
699 710 721 732 743 758 WGI 775 7&6 10 
$07 81S 828 839 S&9 S60 871 SSl $91 083 
912 923 933 943 954 964 974 9814 905 SU 
4015 7025 *035 *O15S *055 *066 4076 *086 *0Y6 40 
116 125 135 6145 155 165 175 185 194 30 
914 223 233 243 252 262 272 281 291 20 
310 319 329 S38 348 357 367 376 395 10 
404 413 423 432 411 450 460 409 478 0 6% 
406 505 515 S524 S33. S42 551 560 569 50 
587 596 605 6tR 622 G31 GiO G49 65540 
G75 G84 693 7 710 719 728 736 745 30 
762 771 779 ‘788 797 80S 814 822 831 20 
SiS 856 SGt 9873 851 890 895 906 91510 
931 940 818 953 964 973 981 989 507 0 8 
8’ 7 6’ 6’ 4’ Av 2! i (ta ? o 


Log cot by minutes from 81° to 90°. 
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4384 
4510 
4695 
4818 


UNIFIED MATHEMATICS 


Numerical values of the sine function, 0? to 45°. 


10’ 


bs tl 


0058 
0233 
0407 
0581 
0756 


0929 
1103 


47 


30° 


COMUPHLWN ws 


P.P 
30 29 

1 30 2.9 

2 60 5.8 

3 9.0 8.7 

412.0 11.6 

§ 15.0 14.5 

G 18.0 17.4 

T 21.0 20.3 

§ 24.0 23.2 

9 27.0 26.1 
23 7 

1 28 2.7 

2 5.6 5.4 

3.8.4 8.1 

41).2 108 

6 14.0 13.5 

G 36.8 16.2 

7 19.6 18.9 

8 22.4 21.3 

9 25.2 24.3 
26 23 

1 26 2.5 

2 $.2 650 

3 78 7.5 

4 10.4 30.0 

6 13.0 12.5 

6 14.6 15.0 

2? 18.2 17.4 

§ 20.8 20.0 

8 23.4 22.5 
24 23 

1 2.4 2.3 

2 48 4.6 

3°72 6.9 

4 96 92 

S$ 12.0 11.5 

6 14.4 13.8 

7 16.8 16.1 

8 19.2 18.4 

9 21.6 20.7 

22 21 20 

2.2 2.1 2.0 

4.4 4.2 4.0 

6.6 6.3 6.0. 

88 8.4 §.0 

11.0 10.4 10.0 

13.2 12.6 12.0 

15.4 14.7 $4.0 

17.6 16.8 16.0 

19.8 18.9 18.0 
Far. 


Numerical! values of the cosine function, 45° to 90°. 
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Numerical values of the sine function, 45° to 90°. 


10’ 


7092 
7214 
7333 


$0’ 


20’ 


$0’ 


7173 
7204 
TAQ 
7528 
7642 


7753 
7862 
7069 
8073 
$175 


$274 
8371 
84165 
8557 
8846 


19 


OY 


$290 


_ 8387 


S480 
8572 
8660 


8746 
$829 
$910 
895S 
9063 


9135 
9205 
272 
9336 
9397 
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Numerical valoes of the cosine function, 0° to 45°. 
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UNIFIED MATHEMATICS 


Numerical values of the tangent function, 0° to 45°. 


9713 § 


5Y 


30’ 


N87 
0262 
137 
OG1Z 
0787 


0963 
1139 
1317 
1496 
1673 


1853 
2035 
2217 
2401 
2586 


40' 


0116 
0291 
U466 
0641 
O816 


woz 
1169 
1346 
1524 
1703 


50’ 


OIA5 
0320 
(M95 
0670 
0846 


1022 
11038 


3607 
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Numerical values of the cotangent functian. 4h? to 90?. 
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Numerical values of the tangent function, 45° to 90. 


1° 2% 


1.012 


8.345 §,.556 
9.788 10.078 


85 11.430 11.820 12.251 
86 $4,301 14.924 15.605 
87 10.081 20.206 21.470 
88 28.636 31.242 34.268 


30’ 4’ 
1,018 1.024 
1,054 1.060 
1,091 1.098 
1,130 1.137 
1.17) L.U7® 
1.213 1.220 
1,257 1,263 
1.803 “311 
Last 1.380 
1,402 1401 
1.455 1.464 
1,511 1.520) 
1,570 1.580 
1.6322 1.643 
1,693 1.70 
1.767 1.780 
1.842 1.855 
1.921 1.935 
2.006 2.020 
2.097 2.112 
2194 2.211 
2.300 2.318 
2.414 2.434 
2.530 2,560 
2.675 2.609 

30’ 

2,824 2.850 
2,989 3.018 
3.172 3.200 
3.376 3.412 
3.606 3.647 
3.867 3.914 
4.165 4.219 
4.511 4.574 
4.015 4.980 
5.396 7.485 
5.976 4.084 
6.69) 0,827 
7.596 7.770 
8.777 =. 9.010 
10.385 10,712 
12.706 13.167 
16.350 17.160 
92.004 22.542 
) 9A 


38.188 42.96 
89 57.200 68.750 85.040 114,59 171.80 


60”) 8=6—S50” 40’ 


30’ 20’: 


30° 6’ d. 
1.030 1.036 44 6 
1,066 1,07249 G 
1.104 1.11142 6 
1.144 1.15041 6 
1.185 1,192 40 7 
1.228 1.23539 7 
1.272 128088 & 
1.319 1.32737 8 
1.368 1.37636 8 
1.419 1,42835 9 
1.473 1,483 %4 9 
1.530 1.51033 10 
1.590 1,600 32 10 
1.653 1.66431 LI 
1.720 1.732 30 11 
1.792 1.804 29 12 
1.868 1.881 28 13 
1.949 1.963 27 14 
2,035 2.050 26 14 
2,128 2.14525 16 
2.229 2.24624 17 
2.337 2.350 23 18 
2.455 2,475 %2 20 
2.583 2.605 21 22 
2.723 2.747 20 24 
2.877 2.904 29 26 
3.047 3.078 BN 29 
3.237 3.27117 32 
3.450 3.487 16 36 
3.689 3.732 1541 
3.982 4,011 1446 
4.275 4,331 13 53 
4.638 4,705 J2 62 
$.066 5,145 $173 
5.576 5,671 1088 
6.197 6.314 9 
6.968 7.115 38 
7.953 8.144 7 
9.255 9.514 6 
11,059 11.430 5 
4 
13.727 14.301 ¢ 
18.075 19.081 3 
26,492 25.636 2 
49.104 357.290 1 
343.77 infinit. 0 
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Numerical values of the cotangent function, 0° to 45°. 


5 = a a 
h A 


Ae 
Ravfans 
‘ A? RK 
f at ADIANS 
a 0.035 ae " : 
8 12 ae ADIANS 
: ne 0.820 ee 2 " 5 
5° 0.070 0.838 ee 108 at 
6° 0.057 49° ats te se : 
0.103 50° aes Ge ed 2 
7? 51° 0.873 3° - 4 
ye 0.122 0.890 es 1338 re 
9° 0.140 5pe is Lazo te : 
0.157 53° ae 1c ‘ ; 
10° 54° 0.925 ac _ ye 
g si 0.925 35° 1.693 AG 
lye 0.192 s-o ae as ie 
0.209 Pe ae a a a 
13° 57° 0.977 1s bs if 
14° 0.227 Pte te in : 
15° 0.244 5g° eos Be be 
0,262 ee os ee 
16° 60? 1.031 yo - F 
17? 0.279 ok ES i : 
' a tae 1,815 148° 2 
0.314 622 1.065 te Ee a 
19° 63° 1.082 ieee : a i 
2u° 0,332 sine S & : 
2)° 0.349 64° ge 1886 oe 
= oe ee 1.883 152° 2.633 
22° 66° 1,134 ae a Re 
99° 0.384 1,152 ane 1320 8 
: a a awe 1,920 154° 9 
0.419 6x 1.169 le io i 
25° 69° 1.187 Nee _ a 
26° 0,436 ‘abe a 38 c 
97° 0,454 7° 114° edhe L380 ; 
0.471 71° 1,222 ser ES a 
23° 720 1,239 Mes _ is 
: tf 1.299 be 2.007 2.775 
$o0° 0.506 73° ; ee 2048 ee 
- s Ss aes 161° 2.793 
31° 75? 1.292 ae = ; 
32° 0,541 Sioa es si . 
33° 0.559 7A 120° 2.077 183° 
0.376 Be up oS 
34° 7R° 1.344 ree fe A 
35° 0.593 nee i Ht 2 
: a 2 1238 2.129 166° ; 
- e a 2.129 167° 2.897 
37° 81° 1.396 Eee - = 
3K O.GAG As ES th . 
s re e sees 2.182 169° 
0,681 ee ato 22 i. = 
49° g4° 1,449 ls _ = 
i a : i 128° PAS 7p 2.985 
42° 0.716 835° ‘es ait i 
se . - 2.25] 173° 3.002 
43? 87° 1.501 nb < va 
44° 0.750 ie ia 3 . 
45° 0,768 BS° = Sa 20 ie 
0.785 By = MS = We 
90° 1 53 inte a = 
1,571 nee 2 380 29 
135° oat 175° 
30 one 3.107 
180° 3.124 
3.142 


Minutes as Decimals of 
One Degree or Seconds 
as Decimals of One 


Minuto 
1. .017 
2 .03% 
3 .050 
4 .067 
5 .083 
6 .100 
if abs 
§  .183 
9 .150 

10 167 
11 183 
12 + .200 
13) (217 
14.243 
15.250 
160.267 
ye eek! 
18.300 
19 217 
2 Bag 
21 350 
22 .367 
23. ABD 
24 400 
25 ~=«.417 
26.433 
27 ASO 
28 «AGT 
2948S 
30 = .600 


31 


, 32 


33 
34 
35 


36 
37 
38 
39 
40 


41 
$2 
43 
HA 
45 


46 
47 
43 
49 
30 


> | 
52 


317 
533 


ach ot pe fe 


RO mt oe pe 


TABLES 


Growth Function, oe 
Decay Function, «—* 


e* or ef 
Value —logiy 
1.000 0.000 
1.105 0.043 
1.221 0,087 
1.350 0.130 
1.492 Q.174 
1.649 0.217 
1,822 0,261 
2.014 0.204 
2.226 0.347 
2.480 0.391 
2.718 0,434 
3,00£ 0,478 
3.320 ©0521 
3.769 0.565 
4.055 0.608 
4.482 0.651! 
4.953 0.695 
§.474 0.738 
6.050 0,782 
6.686 0.825 
7.389 0.869 
8.166 0.912 
9.025 0.955 
9.074 0.999 

11,02 1,028 
12.18 1.086 
13.46 1.129 
14.83 1.173 
16.44 1.216 
18,17 1.259 
20.09 1,303 
22.20 1.246 
24.53 1.390 
27.32 1.433 
29.96 1,477 
33.12 1,520 
54.0 1,737 
00.02 1.954 
148.4 2.173 
403.4 2.606 
1096.6 3.040 
2981.0 3.474 
$103.2 3,909 
22028. 4.343 


513 
e on oI 
Value logic 
1,000 0.000 
0,905 9.957 
0,819 9.913 
0.741 9.870 
0.670 9.820 
0.607 9.783 
0.549 9.739 
0.497 9.696 
0.449 9.653 
0.407 9.609 
0,368 9,566 
0.3.38 9,522 
0.301 9.479 
0.274 9.435 
0.247 9,392 
0.223 9.349 
0.202 9,305 
0.183 9.262 
0.165 9.218 
0.130 9.175 
0.135 9,131, 
0.122 9.088 
O.121 9.015 
0.100 0,001 
0.091 8.958 
0.082 8.914 
0.074 8.871 
0.067 §.§27 
0.061 §.784 
0.055 §.741 
0.050 8.687 
0.015 8,654 
0.041 §.610 
0.037 8.567 
0.033 §.523 
0.030 8.480 
0.018 8.263 
O.0OllL 8.040 
0.0067 7.829 
0.0025 7.394 
0,0009 6.960 
0.0003 6.526 
0.0001 6.091 
0,0000 5.657 


514 UNIMNED MATHEMATICS 


The accumulation of 1 at the end of 22 years. 


Years. 13%. 2%. 


# 1.0150 1.0200 
2 1.0302 1.0401 
3 1.0457 1.0612 
4 11,0614 1.0824 
5 1.0773 1.1041 
6 1.0934 1.1262 
SEL 100S Me LEAST 
$ 1.1265 1.1717 
9 1.1434 1.1941 
40 «1.1605 = 1.2190 
1 4.1779 = 1.2434 
t2  1.)95% 11,2682 
M3) 1.213G = 1.2936 
4400 1.2315) 1.3195 
15 1.2502 1.3439 
4G 1.2690 1.5728 
AZ 1.2850) =1.4902 
1.30738 1.4282 
19 «1.3270 = 1.4583 
20 1.3469 1.4939 
20 U.8671 1,597 
22 «1.3876 = 1.5460 
23 «1.4084 = 1.5709 
24 1.4295 1.6084 
25 1.4509 11,6406 


St 1.5865 1.8476 
32 «61.6303 = 1.8945 
33 1.0345 §=1.9222 
of =1.6590 1.9607 
35 «1.6839 1.9999 


36 1.7091 2.0399 


60 2.1052 2.6918 
CO 2.4432 3.2810 
70 26353 3.9906 
80 3.2907 4.875 
90 3.8190 5,943] 
100 4.4321 7.2447 


1.2801 


1.3121 
1.3449 
1.3735 
1.4130 
1.4483 


1.4815 
1.5216 
1.5597 
).5987 
1.6386 


1,6796 
1,7216 
1.7636 
1.8087 
1.8539 


1.9003 
1,9478 
1.9985 
2.016-4 
2.0976 


2.1500 
2.2088 
.2.2589 
2,3153 
2.8732 


2.4325 
2.4933 
2.5957 
2.6196 
2.6851 


3.4371 
4.3998 
5.6331 
7.2096 
93,2299 
11,.$137 


2%. 


3%. 


1.0300 
1.0609 
1.0927 
1.1256 


1,1593 


2.1566 
2,2213 
2.2879 
2.3566 
2.4273 


2.WU1 
2.5751 
2.65233 
2.7319 
2.8139 


3%. 


A%- 
1.0400 
1.0816 
1.1249 
1.1699 
1.2167 


1.2633 


10,5050 
4%. 


Years. 


Uti dma Qa = 


yr=(1 +4)". 
5%. 6%. 
1.0300 1.0600 
1.1025 1.1236 
1.1576 1.1910 
1.2155 1,2625 
1.2763 1.3382 
1.340) 1.4185 
1.4071 1.5036 
1.4775 1.5938 
1.5513 1.6895 
1.6289 4.7908 
1.7103 1.898: 
1.7959 2.0122 
1.8856 2.1329 
1.9799 2.2600 
2.0788 2.3866 
2.1829 2.5404 
2.2920 2.6923 
2.4066 2.8543 
2,270 3.02.56 
2.9533 3.2071 
2.7860 $3996 
2,9253 3.0034 
3.0715 3.8197 
3.2251 4.0489 
3.3564 4.2919 
3.5557 4.5494 
$.7385 4.8223 
3.9201 5.9117 
4.1161 5.4184 
4.3219 §,7435 
4.5380 6.0581 
4.7G19 8.4534 
5.0032 6.8406 
4.2533 7.2510 
5.5160 7.6861 
5.7915 8.1473 
6.0814 8.6361 
6.3855 9.1543 
8.7048 9.7035 
7.010) 10,2857 
11.4571 18,4202 
18,6792 32.9877 
30.4 264 59.0759 
49.6514 105.7960 
80.7305 189.4645 
131.5013 339.3021 
5%. 8%. 


Years. 


TABLES 


The present value of 1 due in 72 years. v= (144) 


Years. 14%. 
A 0.9852 
2 9.9707 
3 0.9563 
4 0,9422 
5 0.9283 
g& 0.9145 
7 0.9010 
8 0.8877 
9 0.8746 

10 0.5617 
1d) 0.8489 
12) «0.8564 
13 = 0.8230 
14 0.8118 
15 0.79% 
18 0.7880 
10.7764 
18 0.7619 
19 0.7530 
20 0.7425 
21 0.7315 
22 0.7207 
23 0.7100 
24 0.6995 
25 O6892 
26 0.6790 
27 =—-0.66290 
28 = =0.6591 
2D (0.8494 
30 = 0.6398 
31 = 0.8303 
32 = 0.6210 
%3 0.6118 
3¢ 0.6028 
35) 0.5939 
360s O.5S51 
a7 0.5764 
33 0.5679 
39 =—-0.5595 
40 0.5513 
60 0.4750 
60 0.4093 
70 = 0.3527 
KO =: 00.303 
90 0.2659 
100) (0.2256 


Yeass, 13%. 


2%. 24%. 
0.9505 0.9756 


0.8043 0.7621 
0.7885 =O. 7488 
0.7730 0.7254 
0.7579 = 0.7077 
0.7430 = 0.6905 


0.6730 0, 6 103 


0.6598 0.5954 
0.6468 0.5809 
0.6342 0.5667 


0.5K) 0.4234 
0.4902 0.4)1) 
0.4806 0.4011 
0.4712 0.3913 
0,462 0.3817 
0.45290 0.3721 


3%: 


V.7224 
0.7014 
V.6810 


4%. 
0.9615 


0.1407 
0.09351 
0.0642 
00434 
0.0293 
0.0198 


4%. 


0.3769 


0.3589 
0.3418 
0.3256 
0.3101 
0.2953 


0.2812 
0.2673 
0.2551 
0.2429 
0.2314 


515 
6%. Years. 

0,9434 | 
0.8900 2 
0.8396 3 
0.7921 qd 
0.7473 5 
0.7050 ¢ 
0.6651 3 
0.6274 8 
0.4919 y 
0.5584 10 
0.5268 13 
0.4970 12 
0.4688 13 
0.4422 14 
0.4173 15 
0.3936 16 
0.3714 17 
0.3503 1s 
0.3305 19 
U.3118 2U 
0.2942 21 
0.2775 vais 
0.2618 g 

0.2470 24 
0.2330 25 
0.2198 26 
0.2074 27 
0.1956 ax 
0.1816 20 
0.1741 30 
0.1643 SL 
0.1540 32 
0.1462 33 
0.1379 Ro | 
0.1301 a5 
0.1227 3U 
0.1158 37 
0.2092 34 
0,103} 39 
0.097 4a 
0.0343 5 
0.0303 60 
0.0369 20 
0.0005 $0 
0.0053 90 
0.0029 100 

6% Years 
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The accumulation of an annuity of 1 per annum at the end of 2 years. 
Clint) 
t 


8) = 

Years. 14%. 2%. 25%. 3%. 4%. 5%- 6%. Years. 
1 : 1.0000 1.0000 1.0000 1.0000 1.0000 1 
2 2.0150 2.0200 2.0250 2.0300 2,0400 2.0500 2.0600 2 
3 3.0452 8.0604 3.0756 3.0009 3.1216 3.1425 3.1836 3 
4 4.0909 4.1216 4.1425 4.1836 4.2465 4.3101 4.3746 4 
6 5.1523 5.2010 5,2563 $.3091 5.4163 §.5256 5.6371 6 
6 6.2296 6.3081 6.3877 6.4684 6.5330 6.8019 6.9733 6G 
7 7.3230 7.4343 T.BAT4 7.6625 7.8983 8.1420 8.2928 7 
8 8.4328 8.5830 8.7361 6.8923 9,2142 9.5491 9.8975 8 
) 9.5593 9.7546 9.9545 10.1591 10.5828 11.0266 11.4913 9 
10 10.7027 10.9497 11.2034 11.4638 12.0061 12.577 13.1808 10 


{tl 12.8633 12.1687 12.4835 12,8075 13.4864 14.2068 14,9716 #1 
12 13.0412 13.4121 13.7956 34.1920 15.0258 15,9171 16.8699 12 
A3 14,2368 24.6803 15.1401 15.6178 16.62G8 17.7130 18.8821 15 
{4 15.4504 15.9739 16.5190 17.0863 18,2919 =6999.59868 21.0151 14 
315 16.6821 17.2934 17,0319 18.5989 20.0226 21.5783 23.2760 16 


16 17.9324 18,6393 19.3802 20,1469 21.6245 23.6575 25.6725 16 
12 19.2014 20,0121 20.8647 21.7616 23.6075 25.6405 28.2129 17 
18 20.4894 21.4123 22.3863 23.4144 25.6454 28.1324 30.9057 18 
19 21.7967 22.8406 23.9460 25.1169 27.6712 30.5390 33.7600 19 
20 23.2237 24.2974 25.5447 26.8701 29.7781 33.0060 36.7856 20 


23) 24.4705 §=25.7833 27.1833 28.6765 31.9692 35.7193 39.9927 24 
22 25.8376 27.2900 28,8629 30.5368 34.2480 38.5052 43,3923 22 
23 «27.2251 238.8450 30,5844 32.4529 36.8179 41.4305 46.9958 23 
24 28.6335 30.4219 32.3490 34.4285 39,0826 44.5020 50.8156 24 
235 30.0630 32.0303 34.1578 36.4593 41.6459 47.7271 TA.BHS5 2 


26 31.5140 33.6709 36.0117 36.4530 44,3117 oy 1135 59.1564 26 
2% «32.9867 35.3443 37.9120 40.7006 47.0842 54.6691 63.7058 27 
23 34.4815 37,0512 39.8598 42.9309 49.9676 58.4028 G&5281 28 
29 35.9987 38.7922 43.8563 45.2189 52.9663 62.3227 73.6398 29 
30 37.6387 40.5681 43.9027 47.5754 56.0839 66.4389 79,0582 30 


31 39.1018 42.3794 48.0003 50.0027 59.3283 70.7608 &4.8017 31 
32 40.6883 44.2270 48.1503 . 52,5028 62.7015 75.2988 90.8898 3% 
S$ 42.2086 46.1116 50.3540 55,0778 66.2095 80.0638 7.3332 33 
R4 42,9331 48.0338 52,6129 57.7302 69.8579 §5.0670 104.1838 4 
35 45.5921 49.9945 54.9282 60.4620 73.6522 90,3203 111.4348 35 


386 47,2780 51.9944 57.3014 63.2759 77.5983 95.8363 119.1209 36 
337 648.9551 54.0343 59.7339 66,1742 §1.7022 103.6281 127.2681 37 
38 50.7199 56,1149 62.2273 69.1594 85.9703 107.7095 135.9042 38 
39 52,4807 58.2372 64.7830 72.2342 90.4092 114.0950 ,145.0535 39 
40 54,2679 60.4020 67.4026 75.4014 95.0255 120.7998 154.7620 40 


$0 73.6828 84.5791 97.4813 112.7969 152.6671 209.3480 290.3359 50 
GO 96,2247 114.0515 135.9916 163.0524 237.9907 353.4837 533.1282 40 
30 122.3638 149.9779 185.2841 230.5941 361.2905 588.5285 967.9322 70 
80 152.7109 193.7720 248.3827 321.3630 551.2450 971.2288 1746.5999 80 
90 187.9299 247.1567 329.1543 443.3489 827.9833 1594.6073 3141.0752 90 
100 228.8030 312.2323 432.5487 607.2877 1237.6237 2610.0252 5638.2681 1060 


Years. 13%. 2%. 23%. 3% £%, 5%. 6%. Years. 


TABLES 517 


The preseat value of an annuity of 1 for 22 years, 


1 — ap 
an — : 

Years. 18%. 2% 4%. 8%. 4%. = « ST ~=—Sis«e Years. 
1 0.9852 0.9804" 0.9756 0.9709 0.9015 «0.9524 0.g4sat 
2 1.9559 1.9416 19274 1.9135 S861 185014 18339 2 
S 29122 2/3639 28560 2/8286 «2.7751 «2.7292 «20730 
4 38544 3.8077 3'7620 3.7171 3.6209 35160 34051 ¢ 
5 4.7827 4.7135 416458 4.5797 44318 93295 40125 5 
6 3.6972 5.6014 5.5081 °3.4172 5.2421. 5.0757 «4.915 6 
7 65982 64720 0.3494 6.2303 80021 3.7864 5.5821 7 
S 7.4859 7.3955 7.1701 7.0197 6.7827 64632 goons § 
® 83605 81622 7.0709 75861 74353 71078 6/8017 

10 9.2222 8.9828 9« 8.7521. «= «83202 «1109s 7°7217 7.3601] 
14 10.0711 97868 9.5142 9.2526 8.7605 §3004 7.8809 41 
12 10.9075 10.5753 10.2578 9.9540 03851 8SG33 89838 12 
13. 11.7315 11.3484 109832 106350 0°9856 9.3930 85527 «43 
1a 12.5934 121062 116909 11.2961 105631 9'8986 92950 1k 
16 13.3432 12.8193 12.3814 11,9379 11,1184 10.3797 9.7122 15 
16 14.1313 13.3777 13.0550 12.5011 11.6523 0.8378 10.1059 36 
17 14.0076 14.2919 13.7122 13-168) 32.1057. 11.274) 1047731 
18 15.6726 14.9020 14.3544 13.7535 126593 116890 108276 13 
19 16.4262 13.6785 14.9789 1413238 13.1310 12.0853 L138] 19 


20 17.1686 16.3514 15.5892 14.8775 13.5903 12.4622 11.4689 20 


2100617.0001) 17,0132 1G628t5 14.4150 14,0292 12.8212 11.7641 2) 
23 IR.G208 17.6580 16.7654 15.9369 14.4511 13,1630 12.0416 2 
@% 19.3309 18.2922 17,332) 16.4426 14,8568 13.4886 12,3034 23 
240» «=20.0304 18.9139 17.8950 16.9855 13.2470 13.7086 12.5503 24 
25 «920.7198 §=19.5233 18.4244 17.4131 15,6221 14.0940 12,7934 25 


28 21.3986 20.1210 18.9506 17,8768 15.9828 14.3752 13,0032 26 
27 22.0676 20.7089 19.4650 18,3270 16.3296 14.6130 13,2105 27 
23 22.7267 21.2813 §=19.90619 18.7641 16.6931 14.8981 13,4062 28 
29 23.3761 2.8141 204535 19.1885 16.9837 15.141] ~ 13,5307 29 
80 24.0188 22.3965 20.9303 19.6004 17.2920 15.3725 13.7618 30 


31 024.0461 86.22.9377 921.3954 20.0004 17.5885 15.5928 13.9291 at 
32 23.2671 23.4683 21.8492 20.3888 17.8736 13.8027 14.0840 392 
33 «25.8700 23.9886 22,2019 20.7858 18.1478 16,0025 14.2302 23% 
34 626.4517 24.4986 22.7238 22.9339 19.4912 16,1929 14,368) 34 
35 27.0756 924.9086 23.1452 921.4872 = 1R.6646 «16.3742 IAANB2 = 


36 27.6607 25.4888 23.5563 21,8323 189083 16.5489 14.6210 36 
32. 28.2371 25.9895 23.9573 22.1672 19,1426 16.7113 14,7368 - 37 
33 28.8051 826.4400 924.3486 = «22.4925 §=10,.9672 16.8679 14.8460 38 
39 29.3046 26.9026 24.7303 22,8082 19,5845 17.0170 14,9491 39 
40 29.9158 27.3555 25.1028 23.1143 19.7928 17.1591 = 15.0463 40 


60 31.9997 31.4236 28,9623 25.7299 21.4522 18.2559 15,7619 S50 
60 39.3803 34.7809 30.0087 27.6750 22.8235 18.9203 16,114 60 
70 43.1549 37.4987 32,8979 29,1234 23.3085 19,3427 16,2845 70 
RO 46.4073 39.7445 344538 30.2003 23.9151 19,5965 16,5001 80 
90 49.2009 41.5869 35.6053 31.0024 24.2673 19.7523 16,5737 80 
100 51.6247 43.0983 36.614] 31.5989 24,5050 19.8478 16.6175 100 


Years. 14%. 2%. 24%- 3%. 4%. 5%- 6%. Years 
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The annual sinking fund which will accumulate to 1 at the end of 2 years. 


i 


Sm +1 


Years. 13%. 


1, 1.0000 
4.4963 
8 0.3254 
4 0.2444 
5 0,1941 
6 0.1605 
7 0.1366 
8 0.1186 
» 0.1046 
10 =0.093+4 
11 0.0843 
t2 0.0767 
130.0702 
14 0.0017 
d §=0.0599 
18 0.0458 
1% = 0,0521 
IS 0.0488 
19 0.0439 
20 0.0432 
21 =0.0409 
22 0.0387 
23 0.0367 
24 0.0349 
25 0.0343 
26 0.0317 
2% = =0..0303 
28 0.0290 
2% 0.027% 
30 = 0.0266 
310 -0.0256 
82 0.0246 
33 0.0236 
3$ 0.0225 
3a 0.0219 
36 0.0212 
320.0204 
38 -0,0197 
$9 0.0191 
40 0.0184 
50 (0.0136 
6@ 0.0104 
70°=—-0.0182 
80 §=0.0065 
§9@ 0,098 
100 = 0.0044 


Years. 13%. 


y . . Y il 
» To obtain add 7, since =— 
Lay a] Mie 

2%. 2%. 3%. 4%, 5%. G%. 

6000 «=—s-1.0000~—Ss-1.0000 ~—: 1.0000 1.0000 1.0000 
o49s0 0.4938 0.4926 0.4902 0.4878 0.1854 
0.3265 0.3251 0.3235 0.3203 0.3372 0.3141 
0.2426 0.2408 0.2390 0.2355 0.2320 0.2286 
0.1922 0.1902 O.1884 0,1846 0.2810 0.1774 
0.1585 0.1566 0.1546 ° 0.1506 0.1470 0.1434 
0.1345 0.1325 O.1L2305 0.1266 0.1228 0.1191 
0.1105 0.1145 0.1125 0.1085 0.1047 0.1010 
0.1023 0.1005 0.095t 0.0945 0.0107 0.0870 
0.0913 0.0893 0.0872 0.0533 0.0795 0.0759 
0.0822 0,.08QI 0.0781 O.074t 0.0704 0.0868 
0.0746 0.0725 90.0705 0.0666 0.0628 0.0593 
0.0681 0.0660 0.0640 0.0601 0.0365 0.0330 
0.0026 0.0605 00585 0.0347 0.0510 0.0476 
0.0578 0.0558 0.0438 0.0199 0.0463 0.0420 
0.0537 0.0516 0.0496 0.0438 0.0423 0.0390 
0.0500 0.0479 0.0460 0,0122 0.0187 0.0354 
0.0467 0.047 0.0427 0.0390 0.0355 0.032 
0.0438 O.0418 0.0398 0.0361 0.0327 0.0296 
0.0412 0.0391 0.0372 0.0336 0.0302 0.0272 
0.9388 0.0368 0.0340 0.0312 0.0280 0.0250 
0.0366 0.0346 0.0827 0.0292 0.0260 0.0230 
0.0347 0.0327 0.0808 0.0273 0.0241 0.0213 
0.0329 0.0309 06.0290 0.0256 0.0225 0.0197 
0.0312 0.0293 0.0274 0.0210 0.0210 0.0182 
0.0297 0.027 0.0259 0.0226 0.0196 0.0169 
0.0283 0.0264 0246 0.0212 0.0183 0.0157 
0.9270 0.0251 0.0233 0.0200 0.0171 0.0146 
0.0258 0.0239 0.0221 0.0189 0.0160 0.0138 
0.0246 0.0228 0.0210 oa.at7s 0.0151 0.0128 
0.0236 0.0217 0.0200 0.0169 0.0141 0.0118 
0.0226 0.0208 06.0180 0.0149 0.0123 0.0110 
0.0217 0.0199 0/0182 0.0151 0.0125 0.0103 
0.0208 0.0190 00173 0.0143 0.0118 0.0096 
0.0200 «0.0182 0.0165 0.0136 0.0111 0.0090 
0.0192 0.0175 0.0158 0.0129 0.0104 0.0084 
0.0185 0.0167 0.0151 0.0122 0.0098 0.0079 
0.0178 0.0161 0.0145 = 0.0116 0.0093 0.0074 
0.0172 0.0154 0.0138 9011) 0.0088 0.0069 
0.0166 0.0188 0.0133 0.0105 0.0U83 0.0065 
0.0118 0.0103 0.0089 0.0066 0.0045 0.002 
0.0088 0.0074 0.0061 0.0042 0.0028 0.0019 
0.0067 6.0054 0.0048 0.0027 0.0017 0.0010 
0.0042 0.0030 0.0031 Oona 0.0010 0.0006 
0.0010 0.9030 0.0023 0.00121 «0.00062 ~—-0 00022 
0.0032 0.0023 0.0018 = O.MOORLs.0NRR ~—sO000TS 

wae 24%. 3%. 4%. 5%, 6%. 


on 
100 


Years. 


INDEX 


Abel, 204, 399. 

abscissa, 67. 

absolute value, 104, 

addition, formulas, 237. 
geometrical, 13. 
of numbers, 4, ’ 

aéroplane, 277, 278, 388. 

Abmes papyrus, 90. 

air-pump, 179 ff. 

Al-Battani, 126, 216. 

Alexander III Bridge in Pans, 309. 

algebra, fuudamental theorem, 392. 
literal, 12. 

algebraic functions, 66 ff., 392 ff, 

Almagest, 125. 

amplitude, of complex numbcr, 444. 
of S. kf. M., 412. 
of sivusoid, 408, 410. 


angie, between two lives, 246 ff., 461. 


depression, 210. 

‘ direction, 457. 
measurcmecnt, 120 if. 
of incidence, 262 ff. 
of refraction, 262 ff. 

annuity, 183 ff. 


approximations, Jogurithms, 48, 140 


ff., 274, 
numencal, 31 ff., 93. 
tngonometric, 170 ff. 


anti-sine, -cosine, -tangent, ctc., 137. 
Arabic mathematics, 90, 119, 126, 


203, 256. 
Archimedes, 183, 404, 438. 
arc 6in, —cos, tan, ctc., 137, 
area, of an cllipse, 287 ff. 
of an inscribed quadrilateral, 261. 


of a triangle, 51, 209 6., 238 ff., 261. 


Argand, 450. 

arithmetical series, 166 ff. 
mean, 172 ff. 

asymptote, 325. 

auxiliary circles, 282 ff. 


Babylonian mathematics, 111, 183. 
bacteria, growth, 423, 427. 
barometric pressure, 60, 426 ff. 
Bhaskara, 26). 
binomial series, 193 ff. 
biquadratic, 392, 399. 
bisector, of the angle between two 
lines, 160 &, 

perpendicular, 151, 164. 

Briges, 49. 


capacity, of a can, 53, 73, 83, 100. 
of 5 castern, 94. 
Cardan, 399. 
cardigid, 437. 
Carrel, 430. 
centigrade scale, 2, 86, 108. 
centimeters and inches, 103. 
characteristic, 44. 
chess-board problem, 157. 
Chinese mathematics, 203. 
circle, 220 ff. 
auxiliary, 282 ff. 
circular sections of a conc, ctc., 489 ff. 
circumferential velocity, 115. 
cissoid, 437. 
Colosseum in Rome, 288, 362. 
compass, geometrical, 4. 
muriner’s, 114. 
complex numbers, 439 ff. 
components of « vector, 152 ff. 
compound interest, 54 ff. 
conchoid of Nicomedes, 437. 
congruent angles, 116. 
conjugate hyperbolas, 328. 
numbers, 441. 
cone, 483. 
conic sections, 287, 483 ff. 
connecting rod, 421 ff. 
continuous functions, 393, 397. 
codrdinate axes, 453. 
planes, 453. 
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INDEX 


codrdinates, 67 ff., 115 ff., 118, 435, Euler, 243. 


453. 

cosecant, definition, 120. 
cosiae, definition, 117 ff. 

law, 252 ff. 
cotangent, definition, 120, 125 &. 
crank arm, 421 ff. 
cuhic, 392, 399. 

curves, 466. 
cubical parabola, 74. 
curvature of the carth, 146. 
cyclic interchange, 252. 
cylindrical surfaces, 466 ff. 


damped vibrations, 431 ff. 
decagon, 124. 
decimal, recurring, 177. 
defiection angle, 217. 
De Moivre, 445. 
departure, 210. 
depression, 210. 
Descartes, 69, 449. 
dihedral angle, 456. 
dip, 210. 
directed Jine, 1. 
direction angles, 457, 470. 
cosines, 457. 462. 
directrix, of a conic, 289, 309, 320. 
of a cylinder, 467. 
discount, 190, 386 ff. 
discriminant, 89. 
distance, between two points, 104 ff., 
A58. 
from a point to a line, 15S ff., 487. 
from a point to a plane, 471. 
division, 5. - 
abbreviated, 35. 
graphical, 9, 10. 
synthetic, 25, 304 ff. 
duplication of a cube, 204 ff. 


eccentricity (e), 289, 297, 347. 

Egyptian mathematics, 90, 175, 183. 

electrical phenomena, 108, 412, 
415 ff., 432. 

element of a cylinder, 467. 

ellipse, 280 ff. 

ellipsoids, 476 &. 

elliptical arch, 295, 307, 355. 

gears, 356 ff. 

elliptic paraboloid, 481 ff. 

equilateral hyperbola, 327, 329. 

Euclid, 183. 


evolution, 41. 
explicit function, 58. 
exponent, 40. 


Fahrenheit scale, 2. 86, 103. 
family of surfaces, 465 ff. 
Ferm Loan Act, 188 ff. 
Fermat, 69. 
Ferrari, 399. 
Fiori, 399. 
fly-wheel, 434. 
focal distances, 291, 327. 
focus, 259, 299 ff., 305, 309. 
fourth dimension, 152 ff. 
Franklin, 56. 
frequency, 412. 
functions, 58, 
algebraic, 66 ff. 
linear, 77 ff., 101 f¥., 149 ff., 155 &f., 
462 ff. 
quadratic, 87 ff. 
trigonometnc, 110 ff. 


Galton, 179. 
Gauss, 392, 450. 
gencrator, of a cylinder, 467. 
of a surface, $91. 
geometrical mean, 178. 
series, 176 ff. 
Glover, 188. 
graphical) methods, 13 ff., 169 .,180 ff. 
greater, 1, 3. 
Greek mathematics, 119, J25, 1583, 
242, 250 ff., 287. 


half-ang)e formulas, tngonometnc 
functions, 217 ff. 
oblique triangle, 258. 
Halley, 428. 
healing of a wound, law, 429 ff. 
helical spring, 414 ff. 
Hero, 51, 69, 261. 
Hw! Auditorium, 352, 362, 389. 
Hindu mathematics, 119, 26). 
hyperbola, 320 ff. 
hyperbolic paraboloid, 481 ff. 
hyperboloid, of one sheet, 475, 479 ff. 
of two sheets, 475, 479 ff. 


imaginary oumbers, 439 ff., 449, 430. 
implicit function, 38. 

index of refraction, 262 ff. 

indices, theory of, 40 §. 


INDEX 


induction, mathematical, 167, 198. 


infinity, 97 ff., 176 f., 181, 200 ff., 


311 ff., 323 ff, 
integers, 3. 
intercepts, §2 ff. 
interest, 54 ff., 92, 183 ff., 200, 423. 
interpolation, 46 ff., $40 ff., 170 ff. 
intecsections of graphs, 80 ff., 465. 
ipverse functions, 137. 
involution, 41. 
irrational aumbers, 10 ff. 


Kepler, 287. 
Khowarizmi, 90. 


latitude, G7, 147. 
lead of a serew, 211. 
Leibniz, 69. 
light-waves, 415. 
Itmacon, 437. 
limiting values, 97 ff. 
linear function, 77 ff., 
155 f., 462 ff. 
logarithms, 41 ff. 
London Bridge, 251, 284. 
longitude, 67, 147. 


mantissa, 44. 

marimum, 398. 

mean, arithmetical, 172 ff. 
geometrical, 178. 
weighted, 173. 

measurements, 3) ff., 37. 

mercury, expansion of, 63, 85, 103. 

mid-point formula, 107. 

minimum, 3908. 

minutes, 11). 

modulus, 444 ff. 


Mohammed ibn Muse al-Khowanzni, 


90. 
multiplication, 5. 
abbreviated, 34. 
graphical, 25. 
musical] scale, 414. 


Napier, 49. 
Nasir ad-Din at-Tusi, 256. 
natural logarithms, 425 ff. 
negative angles, 110. 

numbers, 6. 
Newton, 69, 203 ff., 260 ff., 287. 
Nicomedes, 437. 


101 ff., 149 ff., 
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normal form, of the cquation of a 
line, 155 ff. 
of a plane, 470 ff. 
norma) distribution curve, 428. 
du Noly, 431. 
numbers, } ff. 
claseification, 3. 
definition, 3. 


oblate spheroid, 476, 478. 
Oldenburg, 203. 

Omar al-Khayyam, 204. 
one-to-one AU a ed 1? 
orbit of the earth, 38, 29 
ordinate, 67. 

organ-pipes, 388. 

origin, 1, 453. 


parabola, 73, 309 ff. 
parabolic arch, 317. 
reflector, 315, 319. 
paraboloids, 481 ff. 
parallel lines, 149, 462. 
planes, 471. 
parameter, 100. 221, 281, 326, 457 ff., 
464, 468. 
Pascal, 203, 437. 
peadulum, 38, 390, 54, 100, 213, 317 f1., 
427, 434. 
percentage error, 31, 36. 
perpendicular lines, 149, 462. 
phase~angle, 412, 416. 
piston-rod motion, 420 ff. 
point of division, 105 ff., 
point-alope formula, 301. 
polar-codcdinates, 115 ff., 118. 435 ff. 
population statistics, 57, 65 ff., 179. 
premium, 190. 
present value, 154 ff. 
progressive computation, 195, 201 &. 
projectiles, 87, 03, 94, 99, 100, 154, 
214 ff., 278 ff., 317. 
projecting planes, 468 ff. 
projection of vectors, 152 ff., 156 ff. 
prolate spheroid, 476, 475, 
Ptolemy, 125, 242. 
Pythagoras, 125. 


quadrants, 113. 

quadratic form, 95 ff. 
function, 87 fi. 
graphical solution, 90 ff. 
solution, &8 ff, 


108, 459, 


022 


radian, 111 ff. 
radical axis, 231 &. 

center, 233. 
railroad curves, 217 fi. 
rational numbers, 7. 
real numbers, 2. 
Recorde, 13. 
rectangular hyperbola, 327, 329. 
rectilinear generator, 491 ff. 
reflection of light, 261 ff. 
tefraction of light, 261 ff. 
Regiomontanus, 237. 
regular polygons, 448, 450. 
related angles, 128 ff. 
remainder theorem, 26, 394 ff. 
resultant, 152. 
Rialto in Venice, 213, 225, 236. 
right focal chord, 292, 310, 323. 
right-handed system of axes, 454. 
roots of unity, 447 ff. 


rotation, positive and negstive, 110. 


rujed surfaces, 491 ff. 


scalar line, 1. 

screw, 21]. 

secant, definition, 120. 

seconds, 211. 

senes, arithmetical, 166 &. 
binomial, 193 ff. 
geometrical, 176 ff. 

Significant figures, 31. 

silo, 53, 76, 100. 

simple curve, 217. 


simple harmonic motion, 409, 412. 


sine curve, 407 Sf. 

definition, 117; 

Jaw, 255 ff. 
sinking fund, 159 ff. 
sinusoid, 407 if., 419. 
skew lincs, 441. 
slope, 101, 149 ff., $97 ff. 
slope-intercept formula, 101. 
sound, &6, 99, 107, 306, 412 ff. 
specific gravity, 39. 
sphere, 458, 474, 476. 
spherical segment, 405. 
spheroids, 478. 


INDEX 


epiral, 21], 438. 
squaring numbors, 21, 73. 
statistics, 59 fF. 
Steinmetz, 440. 
subtraction, 4. 
goometrical, 13. 
symbols, 13. 
synthetic division, 25, 394 ff. 


tables, 46 ff., 139 ff., 495 ff. 
tabular difference, 48, 141. 
tangent, definition, 119, 125 &. 
law, 261. 
planes, 490 ff. 
to a curve, 227, 230, 298 ff., 301 ff., 
315 ff., 490 ff. 
Tartaglia, 399. 
temperature chart, 60. 
tensor, 444. 
Thales, 266. 
transformation of codrdinates, 371 ff. 
transition curves, 217, 389 ff. 
triangle, trigonometric solution, 251 
ff., 266 ff, 
trisection of un ungle, $99. 
two-point formula of a linc, 101. 
tuning fork, 412, 


variable, 12. 
variation of trigonometric functions, 
J26 ff. 
vector, 115, 152 ff., 444 ff. 
in space, 456. 
vectorial] angle, 115. 
vibrations, 407, 412 ff. 
Viéte, 13, 242. 
yoice records, 413. 


water, weight, volume, ctc.. 61 ff., 
85, 103. 

wave lengths, 413. 

Wave motion, 407. 

Wessel, 449. 

Widmann, 13. 


Zeno, 177. 
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